HOMEWORK 9 — DUE NOV 21ST

MATH 25

There are two sections: A and B. Please return each part to the proper CA.
In all these problems, if R is a ring, R* = R\ {0}.

A. PROBLEMS GRADED BY BENJAMIN

A.1. Let (E,d) be a metric space, and let f : E — C be a function. Write f(z) =

a(x) + ib(x) where a, b are two functions from F to R.

(1) prove that f is continuous if and only if @ and b are continuous.
(2) prove that if f, g are two continuous functions from (F,d) to C then f+gand f-g

are also continuous.

A2, Ifm € Zsy let ¢(m) = card{1 < x < m, ged(x,m) =1}. If G is a group and if g € G,
the order of g is the smallest m > 1 such that ¢™ = e. Don’t confuse this with the order of
G which is card G.

(1) prove that the order of g is the order of the subgroup it generates in G (assume that

G is finite).

(2) prove that if G is any finite group and if g € G then the order of g divides the order
of G.

(3) prove that if n > 1, then }_, &(d) = n (here 3, means the sum over all divisors
d of n).

(4) show that if G is a cyclic group of order n and d divides n, then there are ¢(d)
elements in g of order d.

(5) in (5)-(7) let K be a field and let G be a finite subgroup of (K*, x) of order n. Prove
that there are at most d elements ¢ € G such that g? = 1.

(6) prove that there exists an element g € G which is of order n.

(7) prove that G is cyclic.

(8) let G be the set of invertible elements in Z/24Z. Prove that G is not a cyclic group.

A.3. Let S* be the set of complex numbers z such that |z| = 1 and let C,, be the set of

complex numbers such that 2" = 1.
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(1) prove that (S', x) and (C,,, x) are compact subgroups of (C*, x).

(2) are there any other ones?

A4 If P(X) =X+ aq 1 X1+ +ag € C[X], let R be the largest of the |z;| where
21, , 24 are the roots of P in C. Prove the following inequalities:

(1) if 7 > 0 satisfies 7¢ > 329 |a,|r?, then R < r.

(2) R< max(l,Z?:_ll la;|) (Montel)

(3) R <14 maxj<g<q|ax| (Cauchy)

(4) R<|1—ag-1|+ |ag-1 — ag_s| + -+ + |as — ag| + |ag| (Montel)

(5) ifa; e Rforalliand 1 > ag_1 > aqgo> -+ > ag >0 then R <1 (Kakeya)

B. PROBLEMS GRADED BY INNA
B.1. Find a formula for y_;_, cos(kz) and for >°)'_ sin(kx). Hint: consider 14"+ - -+

B.2. Prove that if P € C[X] is a non-constant polynomial, then the function z — |P(z)|
has no local maximum in C (a local maximum is a point zy € C such that there exists § > 0
with the property: if |z — zo| < §, then |P(z)| < |P(z0)]).

B.3. Let P(X)=ag+a X + -+ a;X? € R[X] be a polynomial of degree d. We say that
P is split in R if one can write P(X) = a4(X — ay) -+ (X — ay) where the a;’s are (not
necessarily distinct) elements of R. For example X? — 2X + 1 is split but not X2 + 1.
(1) prove that if P is split then P’ is split.
(2) more generally, prove that if A € R, and if P is split, then P’ + AP is split (hint:
consider the function z +— P(x)e’?).
(3) prove that if a polynomial by + b; X + - - - + ;X and P(X) are both split then so is
the polynomial byP(X) + by P'(X) + - -+ + bgPD(X).

B.4. 1If z1,--- ,z4 are complex numbers, the convex hull of the z;’s is the set of complex
numbers of the form 2 = A\jz; + -+ 4+ A\gzq where \; € Rspand Ay +--- 4+ \; = 1.

(1) for n = 2,3,4,5 describe the convex hull of the n solutions of the equation 2" = 1
(draw a picture!).

(2) Let P € C[X] be a polynomial of degree d, whose roots are zy,- - , z4. Prove that
P@U_i:1
P(X) & X-z

(3) use this to show that the roots of P'(X) lie in the convex hull of the roots of P(X).




