Math 25a/55a — Honors Advanced Calculus and Linear Algebra
Solutions to Problem Set B

1. (Rudin, page 24, 7) (a) First, I will show that |J;_, A4; C B. To this end, let = be an
arbitrary element of [ J_, A;. From the definition of a union, x € A; for some i. That is, x
is in the closure of A;, so there is a sequence of points x,, € A; such that x,, — x. But each
point z,, is in A; C |J;_; A = B. So {z,} C B, so z is a limit of a sequence in B. That is,
x € B. We have shown that any element z of [ JI_, A4; is also in B. That is, [J|_, 4; C B.

Now, I want to show the other inclusion, namely B C U, A;. So, let z € B. There is
a sequence of points z,, € B = U?:l A; such that z,, — x. Now, let’s use the fact that B is
defined as the union of finitely many sets: There has to be at least one A; containing z,, for
infinitely many values of n. The reason is that, for each of the infinitely many n, z, has to
be in some A;. If each A; contained x,, for only finitely many values of n, there would be
only finitely many values of n with z, in any of the A;’s. There would be infinitely many
n’s left over, with no A; to belong to.

So, let’s suppose that some particular A; contains infinitely many x,,. We can form a
subsequence of x,, consisting of just the points in A;. This subsequence converges to = just
as readily as the whole sequence, so z is the limit of a sequence in A;. That is, z € A;, so
z € U, A;. We have shown that B C [J_, A;, so combining this with the other inclusion,

B =, A, and we're done. ) ) )
(b) The proof that | J;2, A; C B works the same as the proof in (a) that |J_, A; C B.
Just replace every “n” with an “oco”.

To show that it is possible that Ui A # B, consider 4; = {1, 45,... 1} = {2},
We can show A; = A;; for instance, use the fact that a single-point set is closed, and that the
union of finitely many closed sets is closed. (It is easy to see from the either definition of limit
point that a single-point set {x} can have no limit points. Therefore, it is a true statement
that {z} contains all its limit points. Therefore, {z} is closed.) So UJ;2; 4; = U;2; Ai. Now,
B = U2, Ai = {£}52,, so the seqence +, which converges to 0, is in B; therefore 0 € B.
But 0 ¢ B=J2, A = U2, 4i, so we have found a point which is in B but not | J;2, 4;, so
U;)i1 Az‘ 7’é B.

2. (a) Suppose {x,} € Iy, s0 > " |x,| is finite. (This is also expressed by saying that the
sum converges.) We will show that Y " (x,,)? is finite, so {x,,} € l». First, we need a lemma.

Lemma. If >0 a,, converges, then a, — 0 as n — oc.

Proof. By hypothesis, sy = Zjlv a, converges to some limit (the sum of the series) as
N — oo. Any convergent sequence is a Cauchy sequence; that is, for any € > 0 there is an
integer ng such that once N > ng and M > ng, d(sy, sy) < €. In particular, since the last
part is true for any M > ny, it is true for M = N 4+ 1, s0 € > d(sy, Sny+1) =[Sy — sy-1] =
1SV a, — SV a,] = Jan|. (Note that T can replace d with absolute values only because
we are working in R, with the standard metric.) I have shown that for any € > 0, there is
an integer ng such that once N > ng, d(ay,0) = |ay| < €. In other words, ay — 0. QED.

Applying the Lemma, we see that |xy| — 0. Therefore, there is an integer ng such that
whenever N > ng, we have |zy| < 1. (I got this by taking e = 1 in the definition of limit.)
For N > ng, we have (z,)* < |z,|. That is, after we pass ng, every term of > °(z,)? is less
than or equal to the corresponding term of 1% |x,|, so the sum of any chunk of terms (z,,)* is



less than or equal to the sum of the corresponding chunk of |x,|’s, which is less than or equal
to 35 [ra]. So, for N > mo, 30 (@) = 200 (@) + 20 1 (@) < X00(0,)? + 35 [z
This last expression is a finite constant, independant of N, so the limit as N — oo of the
partial sums must also be < Y7 (x,)? + > |zl so this limit (i.e., the value of Y °(z,)? is
finite. (More rigorously, this is an upper bound on an increasing sequence, which converges
to a (finite) value.) Therefore {x,} € l5. We have shown that {1 C ls.

The next inclusion is easier. If {z,} € Iy, then Y ["(x,)? converges, so by our Lemma,
(,)> — 0. A convergent sequence is bounded, so (z,)? is bounded, so z,, is bounded, so
{z,} € l. We have shown that Iy C .

If {,} € 1, then Y °|z,| is finite, and so is |a| Y |za| = D7 |ax,|. (This step needs
to be checked in terms of the definition of the sum of a series as a limit of partial sums, but
it’s not hard.) Therefore, {ax,} € l;. Similar results can be proved for I and [, using
S (ax,)? = a? > % (2,)?, and |x,| < M = |ax,| < |a|M (ie., |a|M is a bound for {az,}).

Now let’s consider the series {z, + yn}. For Iy, SN 20 + yal < oV 2] + N yn] <
S an| + 327 |yal, which is a (finite) upper bound on an increasing sequence of partial
sums, which converges. Therefore, {z, + y,} € [y, provided {z,,} and {y,} are also in ;.
Furthermore, since we have an bound on the sequence {3V |z, + y|}, we also know that
its limit (i.e., D7 |Zn + yn|) is less than or equal to that bound. (The limit of a sequence
in (—oo, A] must also be in (—oo, A] since this interval is a closed set.) In other words,
S e+ ynl <300 |wn] + 307 [yn]. We'll need this for the triangle inequality.

In Iy, we see that (327 (Z, + 4)2)Y2 < (N (22)2) Y2 4+ (0 (ya)?)/? is true because of
the triangle inequality for dy on RN (consider the points 0, {z,}N_,, and {z, + y. }2_)).
Squaring both sides, Zjlv(xn +yn)? < Zjlv(xn)Q + Zjlv(yn)Q + 2(Z¥(xn)2)1/2(Ziv(yn)Q)l/Q'
Using the same technique as in /; to let N go to infinity, we see Y 1 (@ +¥n)? < D 1 (zn)*+
S ()2 + 20025 (20) )2 (325 (y)?) V2. In particular, >7°(w, + y,)? is finite. Also, taking
a sauare 10ot, (533 (T + gal)V2 < (S5 (@n)2)2 + (5 (g2

On lo, if |z,| < M and |y,| < P, then |z, + y,| < M + P, which is an upper bound on
an increasing sequence.

Finiteness of the three metrics is now easy. If {x,} and {y,} are in one of our spaces, so
are {(—1)y,} and {x, + (—1)y,} since we’ve shown any sum or scalar multiple of one of our
sequences is also in the relevant space. The condition that {z,, — v, } is in the space implies
that the relevant sum converges (for l; and ly), or that |z, — y,| is bounded and thus has a
supremum (for l..).

The only thing left to check is that these alleged metrics really are metrics. Positivity
and symmetry are trivial; I'll just check the triangle inequality. Given {z,}, {y,}, and {z,},
let a, = x, — y, and b, = y, — 2,,. (Note that {a,} and {b,} are in our space, whichever
space we are dealing with.) For l1, we must show that > " |a, + b, < D 7 |an] + D7 [bal-
But I already showed this, in the discussion of the sum of two sequences. For [, I already
showed the analogous equation, (3.7°(a, +b,)%)Y? < (327 (an)) Y2+ (027 (b,)H)Y2. For Lo,
lay, + bn| < lan| + |bn| < sup |ay,| + sup |b,|. Therefore, sup |a,| + sup |b,| is an upper bound
for |a, + by,|, so it must be greater than or equal to the least upper bound for |a,, + b,|, i.e.
sup |a, + by,| < sup |a,| + sup |b,|.

(b) We showed in Problem Set A that for 7,y € RY, we have do(z,y) < dy(z,y) <
di(x,y). We can generalize this result to our spaces of sequences. For if z = {z,} € l;,y =



{ya} € b, then (27 (20 = 9))"? < 20 |20 = gl < X7 N0 = yal = dil{za}, {y))-
Therefore, S (2, — yn)? < (di({zn}, {yn}))? so0 letting N go to infinity (as I have done,
more rigourously, several times already in this problem set) and taking the square root, we
have dy(z,y) < di(z,y) for x,y € .

Letting {z®} C I, and plugging y = 2 into the above inequality, we see that if
dy (2", x) < € then dy(x™, x) < €. From this it follows from the definition of limit that if
lim 2 = z with respect to d; then lim z() = 2 with respect to dy. (By the way, note that
we need to use the fact that [; C I, to show that dy(z¥, z) is even defined.)

The same argument will show that limz® = z with respect to d, implies limz® = z
with respect to d, provided we can show do(x,y) < da(x,y) for z,y € l. But for any N,
ey — yn| < maxicnen|Tn — yn| < (00 (20 — yn)?)Y/? using that result from Problem Set
A, 50 |70 — Yol < 5 (20 — yn)H)Y? = da(x,y). Therefore, dy(z,y) is an upper bound for
Tn, — Yn, SO it is greater than or equal to sup |z, —y,|, so we have proved our relation between
dy and d,. The argument I used for d; and dy works again, and completes the problem.

(¢) doo(2,0) = sup{1/i,0} = 1/i, and do(x@,0) = ((1/i)% + (1/1)> + ---(1/i)?)}/? =
(i - (1/4%))"/2 = i~1/2. Both of these quantities can be made less than any given ¢ by taking
i sufficiently large. That is, 29 — 0 in dy and du.

Let us suppose 29 — x in d;, for some z, and try to derive a contradiction. By part
(b), it’s also true that ¥ — 2 with respect to dy, also. But (¥ — 0 in dy, and a limit (if it
exists) is unique, so we see that = 0. However, d,(z®,0) = 1/i+1/i+---+1/i = 1. (Note
that this is indeed finite, so (9 €[4, so it at least make sense to ask whether 2 — 0.) This
definitely can’t be made smaller than arbitrary €; for instance, if € = 1/2, then no choice of
i will make d;(x®,0) < e. So 9 £ 0, and we have a contradiction. This establishes that
2 does not converge under d;.

If we let 28 = i7%/2 if n < i, and 2 = 0 otherwise, it is easy to see that doo (2@, 0) =
i~1/2 and thus that ® in d.,. However, dy(2™,0) = 1. (Note again that this is finite, so
@ € l,.) The same argument as above shows that z(") does not converge in ds.

(d) Let © = {x,}—, and y = {yn},—,. Define d(z,y) = > °n?min{1, |z, — y,|}. The
idea of the “min” is that we chop off each distance if it gets too large, so we have something
bounded to work with. That is, min{1, |z, — y,|} < 1, so the nth term in the infinite sum is
less than or equal to 1/n?. Now, Y ;" n~? converges, a single-variable calculus fact I confess
I've forgotten how to prove without the Integral Test. (Rudin proves this fact in Theorem
3.28, so you can look there for a proof.) It follows that any partial sum of our big ugly
sequence is less than or equal to the corresponding partial sum of n~2, which is less than or
equal to the infinite sum of n2, so >0 n~?min{1, |z, — y,|} converges. (This argument,
which I have now used many times on this problem without stating a general theorem, is
the Comparison Test. Look at Rudin Theorem 3.25 for a statement of the test.)

So, at least we have a well-defined function. Is it a metric? Symmetry and positivity
are still easy (note that min{1l,a} is 0 when a = 0 and is > 0 when a > 0). The triangle
inequality is not too hard; just break it up into cases depending on whether various distances
are more or less than 1, and use the triangle inequality for the standard metric on R. (There
may also be a slick way to prove the triangle inequality here, but I couldn’t think of one.)

Finally, let’s check that this metric has the desired property. Suppose ng) — x,, for all n.
We want to show () — 2 under our metric on X. Let ¢ > 0 be given. Find some M so that



> oas1n 2 < €/2. We can do this because ) 1" n~* converges, so we can force the tail end
to be as small as we like by starting the sum late enough (i.e., at M instead of at 1). (More
rigourously you can use the fact that the partial sums form a Cauchy sequence to prove this.)

Now that we’ve found M, let’s look at xii), xgi), ...,and xS\Z/[) Each of these converges to some

limit; so for each n < M, we can find an NN, such that \xﬁf) — x,| < €/(2M) once i > N,,.
Therrefore, n~2min{1, |z$) — z,|} < min{1, |2{) — z,|} < |25 — 2,| < ¢/(2M). So, letting
N = max{Ny,..., Ny}, we see that once i > N > N,, we have n=2min{1, [z} — 2,|} <
¢/(2M); therefore "1 n~2 min{1, \xff) — x,|} < €/2. We have broken our original sum into
two parts each of which is < ¢/2, so d(z?, ) < e. (Yes, I'm add a finite sum to an infinite
series and I haven’t proved anything about that, but the gaps I'm leaving can be filled.)

So one direction of our claim is proved. We need only show that if 2 — z under
our metric, then ) — x, for each n. Let n and € > 0 be given. We must show that
]ng) — x| < € for large enough i. But since 2 converges, we can find N so large that
when i > N, we have d(z, z) < ¢/n%. So (looking back at our definition of d) we have
an infinite series of nonnegative terms, whose sum is less than ¢/n?. Therefore, each term
must be less than €/n?. In particular, the nth term must be less than that, which gives us
min{1, |x£f) — z,|} < €. Let’s assume for now that e < 1 (after all, the important values of e
are the really small ones). Then |x£f) — | < €, once ¢ > N., This takes care of € < 1. In
particular, this works for e = 1/2. But that means we can make |z — z,| < 1/2 < € (by

taking large enough i) if € > 1. So we’re done for all values of €. So zd - x, as desired.
This completes the proof.

3. (a) We first show continuity of f. ., at an arbitrary point y, outside B.(z¢). In this
case feuro(yo) = 0. Let > 0. We are looking for § > 0 such that whenever y € Bs(yo),
fewo () € Bg(fezo(yo)), or equivalently, fe.,(y) < B (as feu(¥o) = 0 and the function takes
on only nonnegative values).

Let 6 = ef. Let y € Bs(yo). By the triangle inequality, d(y, z¢) > d(xo, yo) — d(y, yo) > € — 9.
Then

M<1_d:§<%:ﬁ, (1)

€ € € €

fe,xo(y) =1-

as desired.
When yo is in Bc(zg), continuity of f ., at yo is implied by continuity of the function
g: X — R, g(x) =d(z, o), which was proved in last week’s problem set.

(b) Let us suppose that 3z € X such that Ve > 0, B.(x) N B1(a,) # 0 for infinitely many
points a,, making up a subsequence of a,,; let it be called b,,. For a certain € and every n, let ¢,
be a point in Be(x)N B (by,). By the triangle inequality, d(z, b,) < d(z, ¢;)+d(cy, by) < e4=.
Hence for sufficiently lgrge n and conveniently small € we can get d(x,b,) to be as small as
we want, i.e. b, converges to x. This contradicts the hypothesis that a, has no convergent
subsequence, therefore Vo € X, Je > 0 such that f1 , is zero on all points of the ball B(z)
(which by definition of f,,, is equivalent to sayi;lg that Be(z) N Bi(a,) = 0) for all but
finitely many values of n. !

(c)For every z, f is a finite sum of continuous functions on a neighborhood of x, hence f
is continuous at z.



We want to show that f is unbounded, i.e. YM > 0,3z € X such that f(x) > M. Let
M > 0 and choose ny € N such that ng > M. f(a,,) consists of a finite number of positive
terms one of which is nof 1, (an,). Therefore f(an,) = nof 4, (an,) =no > M, proving
that f is unbounded. We h?xve thus shown that if X is not compoact, there exists a continuous
unbounded function f : X — R. Equivalently, if all continuous functions f : X — R are
bounded, then X is compact.

4. Throughout this problem, recall that a map between metric spaces is continuous if
and only if the inverse images of open sets are open, or equivalently, that the inverse images
of closed sets are closed. Also understand that if X is a metric space and Y C X, then the
open sets of the metric space Y (with the induced metric) are precisely the sets of the form
UNY, where U is an open subset of X (an easy exercise). The corresponding statement is
true of closed sets.

(a) We are given a surjective continuous map f : X — {0, 1} where {0, 1} has the discrete
metric. Since the set {0} is both open and closed, the preimage f~'(0) is both open and
closed. Since f is surjective, this set is neither empty nor all of X, so we are done. Conversely,
if there is a nonempty subset U of X not equal to X that is both open and closed, then
define f to map elements of U to 0 and the elements of the complement U¢ to 1. f is clearly
continuous (just check inverse images of the only four possible open sets).

(b) X is connected and we have f : X — Y continuous. Observe that this defines
a continuous map [’ : X — f(X). (Why is f' continuous?) Now assume f(X) is not
connected. Then there is a continuous map from f(X) to {0,1}. And if we compose this
with f’, we obtain a continuous map from X to {0, 1}. This is a contradiction by part (a).

(c) Consider a connected subset S of R. Now if 2,y € S and a is between x and y, then
a must be in S. (Otherwise, consider the set [a,+00) NS = (a,+00) NS C S.) Then let
a = inf S and b = sup S with the obvious co conventions. Since a < z < b implies that
a<r<x<s<bforsomer se S implies that x € S, we obtain (a,b) C S. Finally, add a
or b to (a,b) as appropriate.

(d) Consider an interval I in R. Choose any nonempty A C I that is both open and
closed. And consider any x € A. Now suppose that there exists y € I\ A. Say that © < y
(the other case is the same argument). Let z = sup(A N [z, y]). Since A is closed, A N [z, y]
is closed. Because z is a limit point of AN [z,y], 2 € AN [z,y] C A. In particular, z < y.
Since A is open, we can find a ball around z contained in both A and in [z, y], contradicting
that z is the supremum.

(e) If f:]a,b] — R is continuous with f(a) < 0 and f(b) > 0, then f([a,b]) is connected
by (d) and (b), thus an interval by (c). And 0 is in this interval since the interval contains
a positive and negative value.

(f) Assume we have a homeomorphism f : S* — [0,1]. Choose x so that f(x) € (0,1).
Then the restriction map f |s1\(z1: ST\{z} — [0, f(x)) U (f(x), 1] is a continuous map from
a connected space onto a disconnected space, a contradiction by (b).

Two spaces X and Y are homeomorphic if there exist continuous maps f: X — Y and
g :Y — X such that fog and go f are the identity maps. (It is a simple exercise that
this is equivalent to the existence of a continuous bijective f whose inverse is continuous.)
So in our case, the map f : (0,1) — S™\{1,0} defined as f(t) = (cos(2nt),sin(27t)) is
continuous. (It maps to S'\{1,0} since cos? +sin? = 1. You can check also that {1,0} is



not in the range.) As for a map g going in the other direction, define g : S*\{1,0} — (0,1)
as g(z,y) = % arccosx when y > 0 and 1 — % arccos r when y < 0. By arccos we mean for
the function to take its range in the interval [0, 7r]. This is continuous since it is continuous
on the upper and lower halves and at the single point {—1,0}. Lastly, verify that f o g and
go f are the identity.



