Problem Set #10A — Solutions

Mike Greene
Math 25

Problem 1.

Claim 1.1. Let C C R? be a smooth curve defined by F(z,y) = 0. Let ¢ : R — R2 be a
differentiable map such that the image of ¢ lies in C'. Then for any ¢t € R,

Img(Dd)(t)) C T¢(t) C

and that these two sets are equal if Dg(t) # 0.

This is a special case of problem two. (One must recall, of course, that if the derivative of a
map R? — R is nonzero, then it has maximal rank.)

O

Problem 2.

Claim 2.1. Let M C R" be a smooth k-manifold defined as the kernel of F : R* — R** and
let ¢ : R™ — M be differentiable. Then

Img(D¢(t)) C Tyo)M

and, when m = k, these two sets are equal if D@(t) has maximal rank.

Because M is smooth, F' is differentiable. But, because Img(f) C M, we know that F o ¢ is
everywhere zero. We thus have, for all t € R™:

0=D(F o ¢)(t) = DF(¢(t)) - D¢(t)

Therefore, for all v € Img(D¢), we know DF(¢(t))-v = 0, and thus v € ker(DF(¢(t)) = Ty M.
Consequently,
Img(D¢) C Tyy M

Now, suppose that m = k and D¢(t) has maximal rank (i.e. rank k). Then, we know that
dim(Img(D¢(t))) = k. Conversely, because M is smooth, DF has rank maximal rank (i.e.
rank n — k), giving dim T3;) M = k. Finally, we note the both Img(D¢(t))) and Ty M are
subspaces of R” and thus Img(D¢(t)) is a subspace of Ty M. Because they both have the
same dimension, we can conclude that

Img(Dg(t))) = TyryM

Problem 3.

Let S C R® be a smooth surface.
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Part i.
Claim 3.1. Let h : R*> — R be a differentiable function. Then the restriction f := h |g is
differentiable.

x
Let @ € S. Then, wlog, S can be expressed, around a, as {( Y ) | z,y € R} for some

9(z,y)
smooth g : R — R. We will define ¢ : R — R? by:

Cj) ” g(ﬂi y)

We know that f is differentiable iff f := f o ¢ is. Well, we know that f = h |s, thus f = (h |5
)o@ = ho¢p. We already know that h is differentiable, so if we can prove that ¢ is as well,
then f is the composition of two differentiable function and is thus differentiable itself. To do
this, we calcluate

Jo(ar,a2) =

1 0
0 1
Dig(ar,a2) Dag(ai,az)

Because all of the partial derivatives are well-defined and continuous, J¢ = D¢, proving that
¢ is differntiable.

O
Part ii.

Let a € S, and let the third coordinate of points on S near a be given implicitly as a smooth
function, g : R2 — R, of the first two.

Claim 3.2. Let f: S — R be a differentiable function such that f = h |g for some differentiable
function h : R?> — R and such that f has a local maximum at a. Then Vh(a) is perpendicular to
S at a. That is, either Vh(a) = 0 or Vh(a) is perpendicular to T,S.
z
Because S is a smooth manifold, there exists a function F : R®> — R such that S = {|y | |

z
x
F(|y|)=0} We define ¢ as in the preceding claim. We then see that
z
1 0
D¢(a1, az) = 0 1

Dig(ar,a2) D2g(ai,az)
where a =: (a1, a2, a3). This clearly has rank 2, thus by question 2, we know that
Img(D¢(ar,a2)) =TuS
Now, let v € Img(D¢(ay,as)). Then v = D¢(ay,az)(u) for some u. Consider
6h(a/) v = (Df(a17a2aa3)) ('U)
(D f(ax,az,a3)) (Dé(ay,az)) ()
D(f o ¢)(a1,a2)(u)

Df(ay,az)(u)
-0

Il



Problem Set #10A — Solutions: Problem 3 Mike Greene

since f is differentiable (by the previous part) and since the local maximum of f at a implies
that D f(a1,as) = 0. Thus Vv € Img(D¢(a1,as)) = T,S we have V(a) -v = 0 and thus V(a) is
perpendicular to 7,.S.
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