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Problem 1

This was problem 3.5.1 in the textbook.

Let V be a vector space. A symmetric bilinear function on V is a mapping
B :V xV — R such that:

(1) B(avs +bva, w) = aB(v1,w)+bB(ve,w) for all v1,vs,w € V and a,b € R;

(2) B(v,w) = B(w,v) for all v,w € V.

Part (a). You were asked to show the following implication:

A € Mat(n,n) symmetric = Ba(v,w) = vT Aw symmetric bilinear form.

All that needs to be done is to check for bilinearity and simmetry:
(1) Bilinearity.

Ba(avi +bvy, w) = (av; +bve)T Aw = av] Aw+bvIw = aB4(vi,w)+bB4 (v, w)

Above we have used the fact that the transpose map is a linear map from
Mat(n,n) to itself.

(2) Symmetry. We know A is symmetric iff A = A”. Also, since v{ Avs € R
is a scalar for any v1,v9 € V, it equals its own transpose. Using this, we get:

Ba(w,w) = vTAw = (vT Aw)T = wT AT (vT)T = wT Av = Ba(w,v)

Above we have used that for any two matrices A, B which can be multiplied,
we have (AB)T = BT AT.

Note that because of symmetry, B has to be bilinear in both coordinates,
namely:

B(v, awy +bws) = B(aw +bwa,v) = aB(w1,v)+bB(w2,v) = aB(v,w1)+bB(v, w2)

Part (b). Here you were asked to show that every symmetric bilinear
function on R™ is of the form By for a unique symmetric matrix A.

The word unique confused a lot of people here. What you needed to do was
to show that VB, some A would work, but also that two different matrices A



cannot work for the same B. Common mistake was to show how, given some
symm. bilin. form B, matrix A could be constructed and then from the fact
that the described construction yields a unique result conclude A is unique.
What is neglected here is the question of the uniqueness of your construction;
You had to show there was no other way to derive A that works but the one you
used! Thus, when you have to prove unique existence of something, a possible
strategy is to prove what it has to be given the conditions, rather than exhibit
one and then still rake your brain as to why there aren’t any others.

Let B be our SBF on R" and suppose A = [ai;] € Mat(n,n) is such that
B = By. Let e;, 4 € {1,...,n} be the standard basis on R". Then we must
have:

Q5 = e;?rAej = B(ei,ej)

which completely determines matrix A, thus excluding the possibility of multiple
solutions.

Now consider the matrix A = [a;;] given by the formula above. It is sym-
metric since B is, and the only thing left to check is that it actually works, i.e.
that B(v,w) = vT Aw Yv,w € R*. So take any two vectors in R", write them
asv =wviey + ...+ vpe, and w = wie; + ...+ wpey,, and use bilinearity of B:

B(v,w) = B(viei+...+vpen,wier + ...+ wpey)
n n
= Z(Zviij(eiaej))
i=1 j=1
n n
= 303 o)
i=1 j=1
a1 a2 ... Qip w1
a1 Q22 ... QG2 wa
vTAw = (U1 Un) "
anpl Qp2 ... Qpn W,
w1
= (Z,-Zl a;10; Zi:l a;2V; ... Zizl ainvz’)
Wnp

We conclude Yv,w B(v,w) = vT Aw, so B = B4 and we’re done.

Part (c). For P, the space of polynomials of degree at most k, we check
that B : P x P, — R defined by B(p,q) = fol p(t)q(t)dt is a symmetric bilinear
function. This involves just the basic properties of the integral of a single
variable:



Bilinearity.

B(ap; + bp2, q)

/0 (apa (€) + bpa(6))q(0)dt

/ +b/ po()q(t)dt = aB(p1,q) + bB(p2,q)

Symmetry.

B(p.q) = / p(t)q(t)dt = / ¢(B)p(t)dt = B(q,p)

Part (d). We let py(t) = 1,pa(t) = t,...,pre1(t) = t* be the usual basis of
P,,. The ”concrete to abstract” linear transformation this problem mentions is
just a fancy way of saying that Py is isomorphic to RFF1.

®,: R 5 P
(a1,a2,...,ak41) = a1 +ast+...+appith

Notice that @, is a bijective linear transformation that sends the standard basis
of RE*! to the usual basis of P;. Using the fact that B (from part (c)) is a SBF,
By(a,b) = B(®,(a), ®,(b)) is now easily verified to be bilinear symmetric:

Bo(aar + fag,b) = B(®p(aar + faz), ®y(b)) = B(a®p(a1) + 5P,(az), Dp(b))
= aB(®,(a1), ®p(b)) + B(®p(az), ®,(b)) = aBo(a1,b) + BBo(az,d)

Bo(a,b) = B(2,(a), 85(b)) = B(®y(b), ®p(a)) = Bo(b, a)

To calculate the matrix Ag of By we use the result of part (b) which gives us
an explicit formula for a;; = [Ao]s;:

aij = Bol(ei,e;) = B(®p(ei), ®p(ej)) = B(pi,pj)

1 1 1
/ t"—ltf—ldt=/ tHI2q = ——

where 4,5 € {1,...,k +1}.

Problem 2

This problem describes the connection between bilinear symmetric functions
(BSFs) and quadratic forms. If B is a BSF, we can associate to it a function
Qp: V > R, v+~ B(v,v). We show here that every quadratic form on R" is
of the form @)p for some symmetric bilinear function B.



Let B be any BSF. We begin by exploring the connection between the matrix
A = [ai;] of B and the quadratic form @p. We have that Vo = (z1,...,2,) €
R™:

Qp(z) = B(z,z) =27 Az = i(i a;;T;x;) = Z 2a;5z;x5 + Zaiimf

i=1 j=1 i<j i

with the last equality following from the fact that A is symmetric, so that
ai;; = aj; for all 4, j. We group the coeflicients of z;z; and z;z; together because
the quadratic form is usually written in such a way.

Now suppose that we are given a quadratic form Q(21,...,2,) = Yo ¢iu®7+
2 i<; 4ij%iw; on R™. Notice that g;;’s do not correspond completely to a;;’s.
In particular, quadratic form is given by @ coefficients. But it is easy to
reorganize ¢;;’s so that they fit in with the previous paragraph. We define a
matrix A = [a;;] as follows:

L, fori<j
ai; = q;i, for ¢ >j
gii, fori=j

After substituting these values in the formula in the previous paragraph, we
conclude Q = Qp,-

Problem 3

Part (a). We show that AT A is symmetric by showing it equals its own
transpose. Note that here A is any matrix, not necessarily square.

(ATA)T = AT(AT)T = AT A

This has been done in a previous homework, although perhaps only for square
matrices, but that does not change the proof. Note again how brute-force ap-
proach of writing out entries as sums can be avoided.

Part (b). This part makes two claims:

(1) All eigenvalues A of AT A are > 0.

(2) All eigenvalues A\ of ATA are >0 & ker(4) =0

The crucial fact you needed to use for this problem was that any symmetric
matrix has an orthonormal basis consisting of eigenvectors. So let A1,..., Ay
be the eigenvalues of AT A (not necessarily all distinct) and {vi,...,v,} the
orthonormal basis for R” consisting of eigenvectors of A.

The proof of (1) is fairly straightforward. If A is any eigenvalue of AT A, we
have that AT Av = \v for some v € R” such that |v| = 1, so that:

|Av|? = (Av)T (Av) = (vT AT) Av = vT (AT Av) = vT (W) = A(vTv) = A|v|?



We conclude that A = |‘|t1|f > 0 and we are done.

Second statement is shown separately for each direction:

= We assume that \; # 0 Vi, so that all eigenvalues of AT A are positive,
and want to show A is injective. Notice that v € ker(A) = v € ker(AT A) so
that ker(A) C ker(AT A) and it is enough to show AT A is injective. Suppose
v =aiv1 + ...+ ayv, € ker(AT A).Then:

0= ATAU = ATA(i aﬂ]i) = i aiATAvi = i ai)\ﬂ)i

i=1

Since {v1,...,v,} is a basis for R, we must have a;\; = 0 Vi. But we know that
all \; # 0, so that Vi € {1,...,n} a; = 0 and hence v = 0. Thus, ker(AT 4) =0,
and ker(A) = 0 as well.

< Now, assume that ker(A) = 0. If some eigenvalue \; = 0, we have (where
v; 18 its eigenvector):

ATA’Ui =\v;=0=>0= 'U;?FATA’Uz' = (A’Uz')T(A‘Uz') = |A’Uz'|2 = |A’U,’| =0= Ay;

so that we get a contradiction with ker(A) = 0. Thus, all eigenvalues are strictly
positive in this case.

Part (c). We show that [|A|| = sup, eigenvalue of 474 V.

Let us denote the largest eigenvalue of AT A by A\par. We know that || A||
SUp,o |‘U|‘, so we show that Vv € R" |A”| < v/Amaz and that Jv € R” ‘ﬁ)"’l =
v Amaz and that suffices.

Any v € R” can be written asv = >
basis of eigenvectors.

| Avf®

=1 @;V;, where v;’s are the orthonormal

(Av)T Av = o (AT Av)
= T (AT A(a1vr + ... + apvy))

= (Z ai”i)(z a;A\iv;)
= > O Maia;(vi - vy))

i=1 j=1

= i af/\,
i=1
S )‘maz (Z af)
i=1

= )\mam|'v|

We conclude that ||A]| < Amaz. But if vne, is the unit eigenvector corre-
sponding to Ajqz, We get that

2 T T —
|Avmam| mamA Avmaz - )\mazvmazvmaw - )\maz



0 that vAmas = A2l and hence ||| = v/Xmaz.



