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Problem 1

Part (a). To prove that (R”,d,) is a metric space, we must show that dy

Figure 1: The unit ball under the dy norm.

satisfies the four properties of a metric over R™. For this problem, let p,q,r €
R". First we will prove that da(p,q) > 0. We have d2(p,q) = /Y11 (Pi — )%,
which is the principal square root of the sum of ¢ non-negative numbers. This
value is real and also non-negative, so we have da(p, q) > 0.

Next, we will show that dy(p,q) =0 <= p = ¢q. When p = ¢, we know that
each p; = ¢; and ds(p,q) = />, (¢ — ¢;)? = 0. If, however, p # ¢, there is
some (p; — q;) # 0 and therefore ds(p, ¢) # 0. Thus the distance between p and
g can be zero only if p = q.

We will now show that da(p, q) = d2(g,p). This is true because (p; — ;)% =
(—=1)%(g; — pi)? = (¢; — p;)®. Therefore the sum in the expression of da(p,q)
equals that for da(q, p).

Finally, we will show that da(p,q) < d2(p,r) + da(r,q). Note that the Eu-
clidean norm of the vector p — ¢, denoted here as |p — ¢|, is given by

V-0 -0-=Vli—a)?+ -+ @n— n)* = d2(p,0).
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We will use this to prove that [p—q> < (lp—7| +|r — Q|)2; which will imply
that da(p, q) < da(p,r) + da(r,q). The derivation also makes use of the Schwarz
inequality between the third and fourth steps below.

p—q® = (-9 -(0—0q

p—q?® = [p-r)+—q)]-[(p—7)+(—q)]

p—d?® = (@—r)-G-1)+20-71)-r=qQ)+(r—q)-(r—9q)
p—q?® < lp—rP+2p—r|-[r—ql+|r—qf

lp—a®> < (p—r|+Ir—dq)’

Part (b). To prove that (R",d,) is a metric space, we must show that d;

Figure 2: The unit ball under the d; norm.

satisfies the four properties of a metric over R™. For this problem, let p,q,r €
R™. First we will prove that dy(p,q) > 0. We have di(p,q) = > i, |pi — ail,
which is the sum of i non-negative numbers. Consequently d; (p, ¢) > 0.

Next, we will show that di(p,q) =0 <= p = q¢. When p = ¢, we know that
each p; = ¢; and di (p,q) = Y1, |¢ — @] = 0. If, however, p # ¢, there is some
|pi — g;| > 0 and therefore d; (p, q) # 0 (since there can be no negative terms in
the sum to counteract this positive term). Thus the distance between p and ¢
can be zero only if p = q.

We will now show that d; (p,q) = di(g,p). This is true because |p; — ¢;| =
| = 1| - |¢; — pi| = |g; — pi|- Therefore the sum in the expression of d (p, ¢) equals
that for d; (¢, p)-

Finally, we will show that di(p,q) < di(p,r) + di(r,q), using the triangle
inequality for absolute values of sums in R. For each i € {1,2,... ,n}, we have

pi —a@| = |pi—ri+71i—q
< pi =il + |ri = ail-
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Since this relationship is true for all 4, it also holds for the sum over i:

n n n
Z|pz'—fh'| < Z|pi—7"i|+2|7‘i—(h|
i=1 i=1 i=1

dl( ,Q) S dl(pa T) + dl(lra q)

Part (c). To prove that (R",d.) is a metric space, we must show that

Figure 3: The unit ball under the d norm.

doo satisfies the four properties of a metric over R™. For this problem, let
D,q,r € R". First we will prove that de(p,q) > 0. We have dw (p, q) = |pi — qil
for some 4, which is non-negative by the definition of the absolute value function

in R. Thus dw(p,q) > 0.

Next, we will show that de (p,q) = 0 <= p = ¢. When p = ¢, we know that

each p; = ¢; and

de (P> q)

max{|p; — q;[}
max{|g; — ¢i|}
max{0,0,...,0}
0.

If, however, p # g, there is some |p; —¢;| > 0 and therefore doo (p, ¢) = max{|p; —
gi|} # 0. Thus the distance between p and ¢ can be zero only if p = q.

We will now show that ds(p,q) =

dw(q,p). This is true because |p; — ¢;| =

| — 1| - |¢; — pil = |gi — pi|, which means that max{|p; — ¢;|} = max{|¢; — pi|}

Therefore do, (p, q) = doo (g, p)-

Finally, we will show that d (p, ¢) < deo(p,7)+do(r,q). Let m € {1,... ,n}
such that the maximum value of |p; — g;|, which is dwo(p, ¢), occurs at i = m.
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Then we have

Since |pm—rm| € {|pi—ri|}, it is clear that doo (p, 7) = max{|p;—7;|} > [Pm—"m|-
In like manner, we can show that doo(r,q) > |Tm — gm|. Thus we have

doo (P, q) < doo(p,7) + doo (7, q)

as we hoped to prove. |

Part (d). To prove that (C([0,1]),d:) is a metric space, we must show that
d;y satisfies the four properties of a metric over C([0,1]). For this problem, let
p, q,r € C([O 1]). First we will prove that di(p,q) > 0. We have di(p,q) =
fo |p(z) — g(z)|dz, the integral of a non-negative function, so d;(p,q) > 0 (by
the expansmon of the integral as a Riemann sum.)

Next, we will show that di(p,q) =0 <= p = q¢. When p = ¢, we know that
p(z) —g(z) = 0on [0,1] and we have d; (p, q) = fol 0-dx = 0. If, however, p # ¢,
then [p(zo) — ¢(xo)| > 0 for some zo € [0,1]. Since p and ¢ are continuous,
their difference p — ¢ and its absolute value are also continuous. Thus if we let
€ = |p(zo) — q(xo)|, the value of our function of integration at xg, there exists a
real number ¢ such that the function of integration lies within € of |p(x¢) —q(z0)|,
and is therefore greater than zero, whenever x € (xg — d, o + 0). Thus we have

zo+0
/ Ip(2) — q(@)ldz > 0
o -4

and we know that the integral is non-negative on [0, zo — d] and [z¢ + 4, 1], so
we find that di(p,q) > 0. Thus d; (p, q) can be zero only if p = q.
We will now show that di (p, ¢) = di(g,p). This is true because |p(z)—q¢(z)| =

| = 1] |g(= ) p(@)| = |a(x) — p(z)|, which means that [ |p(z) — q(z)|dz =

fo lg(x) — p(z)|dz. Therefore di(p,q) = di(q,p)-
Flnally, we will show that dy (p,q) < di(p,r) + di(r,q). We have

di(pg) = / Ip(z) — q(a)|de
di(pg) = / Ip(&) — r(x) + r(z) — q(z)|dz
4 < [ () =r@|+1r(e) - @) de

di(p,q) /Ip —r(z Idw+/lr —q(z)|dz
di(p,q) < p,7) + di(r,q)

IN
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Part (e). To prove that (C([0,1]),d) is a metric space, we must show that
do satisfies the four properties of a metric over C([0, 1]). For this problem, let
p,q,r € C([0,1]). First we will prove that dw(p,q) > 0. We have dw(p,q) =
max, |p(z) — ¢(x)|, which is non-negative by the definition of the absolute value
function in R. Thus dw(p,q) > 0.

Next, we will show that d (p,q) = 0 <= p = q. When p = ¢, we know that
each p(z) = ¢(z) and

doo(p,q) = max|p(z) - q(z)|
= max|g(z) - g(z)|
= 0.

If, however, p # g, there is some |p(z) — ¢(z)| > 0 and therefore dw(p,q) =
max, |p(z) — q(z)| # 0. Thus dw(p, q) can be zero only if p = q.

We will now show that de (p, ¢) = deo (g, p)- We see that this is true because
p(@) — a@)| = | — 1] -la(x) — p(x)| = la(x) — p(2)], hence max, |p(z) — g()| =
max, |g(z) — p(z)|. Therefore deo(p,q) = doo (¢, D)-

Finally, we will show that deo (P, ¢) < doo(P,7) +doo (7, q). Let m € [0, 1] such
that the maximum value of |p(z) — ¢(z)|, which is dw(p, ), occurs at z = m.
Then we have

Ip(m) — g(m)| < [p(m) — r(m)| + |r(m) — g(m).

Since |p(z) —r(z)| = |p(m) —r(m)| for some z € [0, 1], it is clear that do,(p,r) =
max, |p(z)—r(z)| > |[p(m)—r(m)|. In like manner, we can show that d(r,q) >
|r(m) — g(m)|. Thus we have

doo (P, q) < doo(p,7) + doo (7, Q)

as we hoped to prove. |

Problem 2

Let p,q,7 € T, hence also p,q,7 € S. Define the metric dr by dr(p,q) =
d(p,q). To prove that (T, dr) is a metric space, we must show that dr satisfies
the four properties of a metric over T'. Note that we must also assume that T'
is a nonempty subset of S.

It is straightforward to show that dr satisfies the four properties of a metric
over T. Because (S,d) is a metric space, we know that d(p,q) > 0, therefore
dr(p,q) = d(p,q) > 0 as well. We know that d(p,q) = 0 <= p = ¢. Since
d(p,q) = dr(p,q), this means that dr(p,q) = 0 <= p = ¢. We know that
d(p,q) = d(q,p), therefore dr(p,q) = d(p,q) = d(q,p) = dr(g,p)- Finally, we
know that d(p,q) < d(p,r) + d(r,q), so by substitution we see that dr(p,q) <
dr(p,r) + dr(r,q). Thus (T,dr) is a metric space for all nonempty subsets
TCS. |
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Problem 3

See figures 1,2, and 3 in problem 1.

Problem 4

Part (a). Take any sequence {a;} that converges to a with respect to di,
hence for any € > 0 there exists an N € N such that a; € B!(a) whenever
1 > N. Since we are given the fact that d; and d» are equivalent, we know that
there exists an open ball B%(a) C B! (a) and, furthermore, there exists another
open ball B? (a) C Bg. Now for any g9 > 0 there exists an M € N such that
a; € B! (a) whenever i > M. Note that because a; € B2 (a) C B%(a), we have
a; € Bg(a) for any ¢ > M and we see that the sequence {a;} converges with
respect to ds, as we hoped to prove.

Similarly, we can exchange all the 1s and 2s in the previous paragraph to
prove that a sequence that converges with respect to d also converges with
respect to dy. |

Part (b). We will first prove d; ~ d2 by showing that Vz € R and Ve > 0,
there exist 7,02 such that

Bj(z) D B (z) D By (z)

Specifically, we make 6; := v/2¢ and 6 := .
We next prove that do, ~ da by showing that Vz € R and Ve > 0, there exist
01,02 such that
B?l‘” (z) D B2(z) O B?z‘” (z)

V2

5 €.

Specifically, we make §; := € and J» :=
Part (c). For i € {1,2,...}, define the function f; € C([0,1]) so that
its graph consists of a line segment from the point A = (0,0) to the point

B = <[%]i,2i), a segment B to the point C = ([%]"1 ,0)7 and a segment

from C to the point D = (1,0). The formal definition of our function is

i if0<z< ()
fi={ —aios2t it (1) << (DT
0 if (D)7 <z<

For a sequence to converge in C([0,1]) with respect to dy, the sequence of
integrals from [0, 1] of successive functions must converge. In our example, this
integral for the ith term of the sequence is the area of triangle ABC above, which

is 1 - (%)Fl -2t = (%)Z - 28 = 1. Thus the sequence of integrals is {1,1,1,...},

which converges to 1. Therefore {f;} converges with respect to dj.
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For a sequence to converge in C([0,1]) with respect to d, the sequence of
maxima of successive functions must converge. We see that the maximum value
of f; above is always the height 2¢ of triangle ABC. However, the sequence {2}
increases without bound as i — oo, so {f;} does not converge with respect to
dwo- Since this sequence in C([0,1]) converges with respect to d; but not with
respect to ds,, we know that these two metrics are not equivalent. |

Problem 5

We want to prove that (R™, d2) is complete, but since dy and d; are equivalent
metrics on R"” we know that all sequences that converge with respect to d; do so
with respect to dz and it is therefore sufficient to prove that (R™, d;) is complete.

We know that a Cauchy sequence in R converges, so if we look at a single
coordinate of any two vectors in any Cauchy sequence {a;} in R" we have that
for all € > 0 there exists Ny, such that [(a;)r — (a)i| < €/n whenever i > Ny;
note that ay, is the limit of the Cauchy sequence {(a;)r} in R. Therefore the
sum of the absolute differences of all these coordinates is

n

> ladk— (@i < Y=
k=1

k=1
(@)1 — (@)1 + -+ |(ai)n — (a)n] < m
di(a;,a) < €

g
n

whenever ¢ > N = max{Ny,...,N,}. This is the definition of {a;} converging
to a in (R™,d;), so because d; and ds are equivalent metrics in R” we can say
that any Cauchy sequence {a;} in (R",d3) also converges. |

Problem 6

Part (a). Assume that the contraction map has multiple fixed points p, g €
S, hence f(p) = p and f(q) = ¢q. Then we have

d(f(p), f(g)) < Cd(p,q)
dp,q) < Cd(p,q) <d(p,q)

which is a contradiction. |
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Part (b). We begin by defining d; := d(a;, a;+1) and noting that Vj > N:

dlan,a;) = d(an,any1)+d(anyi,ant2) +---+d(aj-1,a;)
= dyv+dyy1+---+dja

j
< do Z ok
i=N
< do(j — N)C?
Because C' < 1,
< do(j - N)CV

We will thus, attempt to prove that Ve > 0 there exists N such that dy(j —
N)C7 < ¢/2 for any j > N. (We note that if this implies the Cauchy condition,
as d(a;,a;) < d(aj,an) +d(aj,an) < 54+ 5 =¢€.)

If dy = 0 or C = 0, then the sequence is constant (at least after the first
term) and therefore trivially Cauchy. Otherwise, we select N > logc(55-) which
is well-defined by our conditions on C' and dy, and clearly guarantees that do (5 —
N)C7 < €/2 for any j > N.

Part (c). We know from part (b) that {a;} converges to some value a € S.
We want to prove that f(a) = a and hence a is a fixed point of f. We will show
that {a;} also converges to f(a), allowing us to conclude that f(a) = a. So let
€ > 0. By the convergence of {a;}, we know that 3N, such that d(a;,a) < §
for all 4 > N and by the Cauchyness of {a;}, we know that AN, such that

d(a;,aj) < 55 for all 4,5 > N. Select j > Max(Ni, Na) + 2. Then

d(aj, f(a)) < d(a;, f(a;)) +d(f(a;), f(a)
< Cd(aj-1,a;) + d(ajt1, f(a))
< C% + 5
= €
as required. |



