Problem Set #5b — Solutions

Mike Greene
Math 25

Problem 1.

Claim 1.1. Let f : R* — R be homogeneous of degree m (i.e. f(kz) = k™ f(z)) and have
continuous partial derivatives. Then

Z z:Dif(x) = mf(x)

Using the fact that D;f(z) := Df(z)(€;), we can rewrite the left hand side. We then use
linearity of D f(x) and the fact that the partial derivatives of f are continuous:

Y @Df(x) = Y @:Df(z)(€)
=1 =1
= Df(x)(x)

We now continue, using the definition of a partial derivative in the z direction:

f(@+ hE) - f(7)

= Jjm h
i QD) — f@)
h—0 h

Using homogeneity:
o LR - £@)
h—0 h

Using binomial expansion:

= lim <m+ (”;) [ (Z) hml) f(z)

= (m+0+...+0)f(z)
= mf(z)

Alternatively, once we have reached > | #;Df(z) = (limh_,o (Hhh&) f(x), we can define
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a new function g(x) = ™ and proceed:

Z z; D f(x)
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Problem 2.

Part i.
Let f:R? — R We will define g : R2 — R? to be the change of variables map:

r\ _ (rcosf
9\o) = \rsind
The composition f o g is thus f written in polar coordinates. It is thus reasonable to use the
notation that z := rcosf, y := rsinf, and r := /22 + y2. We now note that

T

39 (r) _ [cos@ —rsinG] NV 7Y

0 sinf@ rcosf | g

We can now compute:

o) (Z) = [~f (12?53

_ |8f oFf z2+y? Y
- oz oy Yy T
I2_’_:,/2
N £ S S I SOV 39
= ox 22432 Y [z +y2 oy oz

O
Part ii.
Claim 2.1. Let f be a differentiable function R2 — R. Then f can be written as f(z,y) =
(2% + y?) for somego:lR—)Riffac% —y4 =o.

=>. Assume f can be written as f(z,y) = ¢(2® + y?). We can calculate the partial derivatives
of f using the chain rule:

of
oz
of
Ay

= 2/ +1?)

= 2y¢'(2® +9°)
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We then see that

g; ygf = 2zy¢'(2° +y°) — 2ay¢' (a” +y°) = 0
as claimed.
<. Assume f satisfies :c ygf = 0. Then we use our result from the first part of this

problem to calculate:
of _ of _ of
06 "oy 83:
Thus, the value of f does not change with a change in §. Consequently, it depends only on r
which, in turn, depends only on (22 + y?).

=0

O

Problem 3.

Claim 3.1. Let f and g be differentiable maps R — R3. The cross product of f and g is a function
fxg:R— R given by (f xg)(z) := f() x g(x). Then J(f x g)(z) = Jf () x g(x) + f (z) x Jg(x).

For clarity, let’s define f and g component-wise:

fi(z) g1(z)
f(@) = | fa(z) and  g(z) =: | g2(z)
f3(x) g3(z)

Then, using the definition of the cross product,

fa(x)g3(x) — g2(x) f3(x)
(f x 9)(x) = | —f1(x)g3(z) + g91(z) f3(2)
f1(2)g2(z) — g1(2) f2(=)

We can then differentiate using the single-variable product rule (and, of course, the fact that
f and g are differentiable):

( fa(@)g3(z) + f2(2)g3() — g2(2) f3(z) — g5(

I(f x 9) (=) —fi(2)gs(z) — fi(x)gs(z) + g1(x) f3(2) + g

fi(@)g5(2) + fi(2)g2(2) — g1(2) f5(2) — 91

f(2)g3(2) — g2(2) f3() fa(z)g5(z) — g5(2) f3(x)
= | —fi(®)gs(z) + 61 (2) f3(2) fl(w)gé () + 91(2) f3(2)

f1(2)g2() — g1 (2) f2(x) fi(x)g5(x) — g1 (2) f2(x)

31 (@) x g(x) + f(2) x Jg(x)



