MATH 25A — PROBLEM SET #86
DUE FRIDAY NOVEMBER 8

1. PART A

(1) Find a basis for Mat(n,m). If V is a vector space with basis {v1,...,v,} and W is
a vector space with basis {w1,...,wy}, find a basis for the space Lin(V,W).

(2) Problem 2.4.12(a) in the textbook.

(3) Prove that {v1,...,v,} is a basis of V if and only if for any vector space W and
any vectors wy,...,w, € W there exists a unique linear map L : V — W such that
L(v;) =w; fori=1,...,n.

(4) Let V and W be subspaces of R*. Define V4+W = {v+wl|v € V,w € W}. It is
easy to see that this is a subspace of R". Prove that

dmV +W =dimV +dimW —dimV N W.

2. PArRT B
(1) Let V' be a vector space with basis {v1,...,v,} and W a vector space with basis
{wi,...,wn}. Alsolet L:V — W be a linear map with matrix A with respect to
the two bases.
(a) Prove that {wy,...,w;—1, éwi,wiﬂ,...,wm} forany 1 <4 <m and a # 0 is
again a basis of W. Find the matrix of L with respect to this new basis in
terms of A.

(b) Prove that {wr,...,w;—1,w; — Bwj, Wit1,...,Wn} for any 1 < i# j < m and
B € R is again a basis of W. Find the matrix of L with respect to this new
basis in terms of A.

(c) Let A’ be a matrix obtained from A by row reduction. Prove that A’ is the

matrix of L with respect to the bases {v1,...,v,} of V and {w},...,w],} of
W. Explain how {w},...,w,,} is obtained from {w1,...,wmn}
(d) We construct a basis {wf,...,w],} as follows. Let i; > 0 be the smallest index

such that L(v;;) # 0 and define w| = L(v;). Let i2 > i1 be the smallest

index such that L(v;,) ¢ Span{w}} and define w) = L(v;,). Inductively, let

ir, > ix—1 be the smallest index such that L(v;,) ¢ Span{w],...,w}; ,} and

define wy, = L(v;, ). This way we get linearly independent {wy, ..., w,}, which

can be extended to a basis {wf,...,wp,...,w;,} of W. Prove that the matrix
of L with respect to {v1,...,v,} and {w},...,w),} is in echelon form.

(e) Prove that if for any basis {w],...,w},} of W, the matrix of L with respect
to {v1,...,v,} and {w],...,w],} is in echelon form, then {w},...,w,, } is con-
structed as in the previous problem. In particular, {w,...,w,} are uniquely
determined by L and {v1,...,v,}.

(f) Prove that the row reduction of A to a matrix A’ in echelon form is unique.

(2) Consider a sequence of linear maps between vector spaces:

0By By i Bty dkg

This sequence is called ezact if Ker(d;) = Img(d;—1) for all 1 <4 < k. (Note that
the zeroes at both ends are the zero vector spaces, and the maps dy and dj are



the obvious ones. Then the condition Ker(d;) = Img(do) = 0 means that d; is
injective, and I'mg(dy—1) = Ker(dy) = Vi means that di_; is surjective.)
(a) Consider the short exact sequence (k = 3):

01 B 1% B V350

Prove that dim V5 = dim V; + dim V3. (Hint: identify the image and the kernel
of dg.)
(b) More generally, prove that the Euler characteristic of an exact sequence is zero:

> (1) dimV; =0
i
(Hint: prove that the following two sequences are exact:
dy,—
08 Vi A vy B . 55 Img(dy_s) — 0
0— Img(dk,z) — Vk,1 — Vk —0

and use induction on k.)

3. OPTIONAL — EXTRA CREDIT

(a) Problem 2.5.16 in the textbook.
(b) Problem 2.5.17 in the textbook.



