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PROBLEM SET #3 SOLUTIONS
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October 11, 2002

(1) Let d(v,w) = ||lv — wl||. We will show that d satisifes the properties of a metric on V. In
what follows let u, v, w be arbitrary elements of V', except for where specified.
e |[u]| >0V wu e V, and in particular for u = v — w, so d(v,w) > 0 for any v,w € V.

Furthermore ||u|| = 0 if and only if w = 0, so that in particular ||v — w|| = d(v,w) =0
if and only if v = w.
o lla]| = laf|jul; letting & = —1 gives || — ul) = | — 1fJull = Jul, so that [lo — w] =

|lw —v| = d(v,w) = d(w,v).
e Let p,g,r € Vandletv=p—q, w=q—r. Then |[v+w| =|p—r| < |lp—ql+Ilg—r],
so that d(p,r) < d(p,q) +d(q,r).

(2) We will consider each metric in turn. In each case we take d(p.q) = ||p — ¢||, or equivalently
d(v,0) = ||v||. The fact that ||v|| > 0 for all v € V and that ||v|| = 0 < v = 0 follow from
the properties of the induced metric (letting ¢ = 0 in each case). Furthermore we see that
[+ w|| = d(v, —w) < d(v,0) 4 d(0, —w) = d(v,0) + d(—w, 0) = [[v|| + || = wl = [|v]| + [Jew]],
exploiting the triangle inequality and reflexivity of the metric. I should note, however,

that the last step relies on the property ||v|| = || — v||, a special case of the property that
|lav| = |a||v|| for all v € V and a € R, which we will now verify for each proposed norm
separately.

(a) da(p,q) comes from the Euclidean norm |v|| = \/v? + - - 4+ v2, where letting v = p — ¢
gives us the desired metric. In this case we have

lawll = /a2 + -+ 0202 = Va2 fo? + -+ 02 = [a|lo].

(b) di(p, q) is induced by the norm ||v|| = |v1|+ - +|v,|. By the properties of the absolute
value on R, then, we have

lov|| = favi] + -+ [ava| = |affor| + -+ |af|vn] = |af(jor] 4 - - 4 [va]) = |alphal||v]].
(¢) d(p,q) is induced by the norm |[v|| = max{|v1],...,|v,|}. Here we see that
o]l = mas{avnl, .. ., lowal} = max{lalvrl, . ., allon]} = o] max{joul, .. on]} = [alllv].

(d) di(f,g) is induced by the norm ||f(x)|| = fol | f(x)|dz, and we have

laf (@) = /0 o f (2))d = /0 ol f(@)|dz = o /0 @)z = [allf ()]

using the fact from basic calculus that [cf(z)dz = ¢ [ f(z)dz for all ¢ € R and all
functions f.

(e) Finally, let do(f, g) be induced by the norm || f(z)|| = max, |f(z)|. We then see that
laof (@)]] = max|ef (x)] = max|af|f(z)| = [o| max|f(z)] = |al[| f ()]

Therefore all of the metrics from the previous problem set are indeed induced by norms.
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(3) There are several ways to prove the various parts of this problem. The solutions that I
present here makes use of an alternate definition of ||A||. First note that

A
sup [4v] =inf{M : |Av| < M|v| Vv € R"}.
0#£veRn |Vl
From this we see that we may also write
[ Al = sup{|Av] : [v] <1}

as, for any w with |w| > 1,

I%Il = 1, so we may scale any vector so that it has norm less

than or equal to 1.

Now let v = vie; + -+ + vpe, be any vector in R with |v| < 1. Then |v;| < 1 for all
i=1,...,n, so that

|Av| = |v1dey + - - + v dey| < |ur]|Aer| + - + |vp||Aen| < Aeq| 4 -+ + |Aey| < 0.

This is true for all |v] < 1, so in fact [|A| = sup{|Av| : |v] < 1} < |Aeq| + -+ + |Ae,| < 0o
and ||A]| is well-defined.

To show that this defines a norm on Mat(n, m) we check that || Al satisfies the following
properties:

e ||A|l > 0, since for all v such that |v| # 0, |Av| > 0 and |v| > 0, and so A > ¢,

[v]

o If |A|| = 0 then |Av| = 0 for all |v| < 1, and hence for all w € R™ (scaling some v in
the closed unit ball appropriately). Therefore A must be the zero matrix. Similarly if

A =0 then [Av| =0 for all v € R", and so || Al| = sup,, % = SUpP,4 2 =o.

[v]

e Keeping in mind that (aAd)(v) = a(Av) for all A € Mat(n,m), « € R, and v € R™, we

see that [|aAll = supy, <1 [(aA)v] = sup, <1 |af|Av] = |afsupj, <, [Av] = [al[|A].
e Finally,
|A+ B|| = sup |(A+ B)v|

[v|<1

= sup |Av + Bv|
[v|<1

< sup (|Av| + |Bvl)
[v|<1

< sup |Av| + sup |Bv|
<1 lvl<1

= [ All+ 1Bl

so the matrix norm satisfies the triangle inequality.

(4) Let u,v € B C V, so that |lul],||v|]| < R. Then, for A € [0, 1],
[Au+ (1= Nol| < [[Aul] + (1 = A)o]]
= [Allfull + 11 = Afll]l
<|MR+[1- AR
=R.
Therefore for any u,v € B and A € [0, 1], Au+ (1 — X\)v € Bg, so Bp is convex.
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®) (a)

(b)

(c)

(6) (a)

(=) Suppose that || - |lo < |- |lg, and let C' > 0 be such that |jv||o, < Cllv||g for all
v € V. Then Blﬁ = {v € V||lv||g < 1}. Since [jv]|o < C|v||g, we see that any v € Blﬁ
also satisfies [|v|lo < C|lv||g < C, so that v € B = Bf C Bg.

(<) Now suppose that B = B’ c B¢, for some C' > 0. This implies that ||w||g <
Cllwl||o whenever ||w|g < 1.

I will present two ways to proceed from here. The first, and perhaps simplest, approach
was suggested to me by Professor Popa. Consider an arbitrary vector v € V. ||v||g is

then simply a scalar; if v # 0 then ||v||g > 0 and we may rescale v by m to obtain a
vector v’ whose -norm is
1 1
115 |

. [l
= — ||V ﬁ = -
L 2lvlls 2

2|[vlls

so that v € Bf. By our hypothesis, then, v" € Bg&, and so |[v/|[g < |[v/[l« < C.
Multiplying this equation on both sides by ||v||o then gives [[v|lo - [|V'|lg = [Jv]lg <
2C|v||q. In the case where v = 0 we see that ||v|o = [[v]|g = 2C -0 = 0, so in all
instances we have [|v[|o < C'||v]|g for all v € V, where C' = 2C.

Alternatively, suppose that there exists some v € Bf such that ||v||a > C|v||g (or
equivalently, [|v]3 < &/[v]la). Then [[Av[|g < 1 whenever 0 < A < m. Choose A so

that C’m <A< H’UlHﬁ; we may choose X in this way so long as ||v||q > C||v||g. Now,

however, [[Av|[g < m = ||v]|jg = 1, so that \v € Bf, while ||Av||o > CW Nvlle =
C = v ¢ B, contradicting the hyporthesis of the problem.Therefore ||v|lo < C||v||s
for all v such that |v| < 1; scaling these vectors up gives the result for all v € R".

(=) Suppose that two norms ||-||o and ||-|| 3 are equivalent. Then by part (a) there exists
some C,C’ > 0 such that Blﬁ C B and B C Bg,. However, multiplying the vectors v

in Bf (resp. Bf) by r > 0 gives precisely the vectors in Bf (resp. BY). The same is true
for Bg and By, so that BY =r- B} C r-B& = B% and B® =r-B{ C r-BP, = B,
Therefore every open ball of radius R = rC' with respect to the a norm contains an
open ball of radius r with repect to the 3 norm, and every open ball of radius R’ = rC’
with respect to the 6 norm contains an open ball of radius r with respect to the alpha
norm. Lastly, we need to check is that this property holds for open balls centered at
all points p € R™; but noting that ¢ € B,(p) < (¢ — p) € B,(0) for any norm gives us
just that. So equivalent norms define equivalent metrics.

(<) Now suppose that the metrics defined by the norms « and (3 are equivalent. Then
in particular there exsits some C, C’ > 0 such that Bl’g(O) C B&(0) and B (0) C Bﬁ,(()),
so that by part (a) || - |« < |- [lgand || -|lg < || |la = || - [la and || - ||g are equivalent.

From problem (4)(b) on the last problem set, we know that di,ds, and do are all
equivalent, therefore the norms that define them are equivalent by part (b).

Letting M = max; ||e;||o and writing v = vie; + - - - + vpe,, We see that

[o]la = llorer + - + vnenlla < forlllerlla + - - + [vnlllenlla < M(lex] + -+ [en]) = Mllv]]1.
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(b)

Note that we have already shown in problem (5) that the norms || - ||; and || - ||2 are
equivalent, so that in particular |[v| = ||[v]j2 < C||v]|; for all v € R™ for some C' > 0. Let

= o> Where M and C are as before. Then |[v —w| <0 = [lv—wl|1 < Clv—w| < 5,
and by the triangle inequality we have

Holla = llwllal < llv - wlla
< Mljv —wll
5
< M—
M
=
Thus, for every € > 0 there exists a 0 > 0 so that |||v]|o—||w|la| < &€ whenever |[v—w]| < 9,
and so the function f(v) = ||v||, is continuous, as desired.

Because S is compact and ||+ ||, is continuous, ||- || attains its minimum (and maximum)
value on S. Let m be this minimum. Note that m # 0, because m = 0 < |Jw||o = 0 for
some w € S < w = 0. But if w € S then |w| =1, so w cannot be 0 and thus m > 0.
Now, by definition of a minimal element we know that 0 # m < ||w||, for all w with
|lw|l1 = 1; multiplying both sides of this inequality by [|w|[1 = 1 gives

1
mlwlla < flwlls = lwl < —flwla.

Let v be any vector in R”. If v = 0 then |[v[|; = Z|jv|lo = 0. Otherwise the vector
w = t— has the property ||wl||1 = 1, so that by our previous work
v

Z’Hl
’ ]

Multiplying both sides of the equation by the scalar ||[v||; then gives

.
1 -m a'
1
Il = —lvlla

for all v € R™. This completes the proof: since all norms are equivalent to || - ||; the
amazing fact follows that all norms are equivalent to one another.

FElizabeth Schemm



