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1. For all parts, d(p,q) > 0 is obvious. Also, because (p — ¢q)? = (q — p)*

and |p—q| = |¢—p|, d(p,q) = d(q, p) in all parts. So, we have two properties
to prove for each part. (Note: we will refer to the fourth property as the
triangle inequality.)

la. dy(p,q) = 0 if and only if (p1 — q1)* + -+ + (pn — ¢n)*> = 0. Since each
term is nonnegative, all terms must be 0. That is true if and only if p; = ¢;
for all 4, i.e. p=gq.

Observe that day(p,q) = |p — ¢q|, as we defined distance in class. By the
triangle inequality for vectors, |p — q| < |p — r| + |r — ¢|, which implies
d2(pv Q) S d2(pa T‘) + d2(T7 Q)

1b. Since it is the sum of nonnegative terms, d;(p,q) = 0 if and only if all

terms are 0. That is true if and only if p; = ¢; for all i. Equivalently, p = q.
To prove the triangle inequality, we have dy(p,q) = [p1 — q1| + -+ |pn —

@l < |pr =il +|ri—ai| + -+ po — ol + [ — @u| = di(p,7) + di(r, @)

1c and le. The maximum value of a set of nonnegative numbers is 0 if
and only if all all elements are 0. Equivalently, p; = ¢; for all 7 (in part
lc) or f(z) = g(x) for all z (in part le). In other words, p = q or f = g,
respectively.

To get the triangle inequality, we only need to show max |z; + y;| <
max |z;| + max |y;|, where ¢ ranges over any set. This must be true because
max |z;+y;| < max(|z;|+|yi|) = |zk|+|yx| for some k, and |z;| < max|z;| and
lyx| < max |y;|. Then, we obtain the triangle inequality for 1c by plugging
inx; =p;—r;andy; = r; —q; for 1 < ¢ < n, and for le by plugging in
x; = f(i) — h(i) and y; = h(i) — g(i) where ¢ ranges over [0, 1].

Remark: max, |f(x)— g(z)| must exist because |f(z) — g(z)| is a continu-
ous function on a compact interval, so it attains a maximum value (this was
shown in class). If the functions weren’t defined on a compact set, then the
metric d., wouldn’t make sense because sometimes its value wouldn’t exist.
For example, if |f(z) — g(x)| = |z|, this attains no maximum for unbounded
sets in R.



1d. The triangle inequality follows immediately from the fact that |f(z) —
9(@)] < |£(x) — h(w)| + |h(z) — g(z)] for all =

If f =g, it is easy to see d;(f,g) =0.

If f # g, let h(z) = |f(x) — g(z)|]. h(x) is also continuous. There
must be some a such that h(a) > 0. We wish to show fol h(x)dz > 0.
By the definition of continuity at a, there is some interval (b,c) such that
|h(x)—h(a)| < h(a)/2 for z € (b, c), where we have chosen € = h(a)/2. Then,
h(z) > h(a)/2 on this interval. Therefore, [ h(z)dz > (¢ — b)h(a)/2 > 0,
which implies fol h(x)dz > 0. Therefore, di(f,g) = 0 if and only if f = g.

2. We have dr(p,q) = d(p, q) for all p,q € T. Since all the properties of a
metric space are satisfied for all p,q € S with the function d, they are also
satisfied for all p,q € T with the function d. Since d = dr on this domain,
dr satisfies the necessary properties for all p,q € T..

3. (graphs of |z| + |y| < 1, 2* + y* < 1, and max{|z|, |y|} < 1)

4a. Assume the sequence {a;} converges to a under the metric d;. Given
some € > 0, consider B%(a). By the equivalence of d; and d», there exists a
ball B, (a) contained in B?(a). By the convergence of {a;}, there is some N
such that a; € B}, (a) whenever ¢ > N. Thus, whenever i > N, a; € B?(a).
That implies {a;} converges to a under the metric d.

Repeating the previous argument but interchanging d; and dy completes
the proof.

4b. Without loss of generality, we can take all balls to be centered at the
origin. We may do this because d(p — a,q — a) = d(p,q) for each of the
metrics we are considering, so if Bi(0) C B%(0), then Bi(a) C Bj(a). For
brevity, we will use B’ to denote B:(0).

We will prove that B} C B> C B C B),. Using this chain of inclusions,
we can find a ball in one metric that is inside a given ball of any other metric.
Thus, proving this will prove the equivalence of the metrics.

B! C B?: By expansion, it is easy to see that >_ |z;]*> < (3 |z;|)? for any
finite set of numbers ;. Thus, p € By = >0 | |pi| <r = O, pi])? <
2= 30 il <r?=\/pi+--+pi<r=pe B

B? C B®: Because |z| < V2 +a for any nonnegative a, we have
maxz; < />, xf for any finite set of numbers z;. Thus, p € BT2 =
Voi+ o+ p2 <r=max{|pi|,...,|pa|} <7 =pe€ Bx.

B> C B}: Plainly, 7", |pi| < nmax{|p1|,...,[pn|}. Thus, p € B> =
nmax{|pi|,...,|pal} <nr=>"|p| <nr=peB..

That completes the proof.

4c. Consider the sequence of functions defined for 7 € N by f;(z) =i — i«



for0 < x < 4 = and fij(z) = 0 for %2 < x < 1. It is easy to check that this
function is continuous.
We claim that the limit of this sequence is g(z ) =0 under the first metric.

We calculate dy (f, g) fo |f (@ x)|dr = fo x)dr = fo —Bxdr = 11
As i — oo, this approaches 0, so the sequence converges to g.

However, under the second metric, the sequence does not converge. We
show this by demonstrating that it is not Cauchy: duoo(f;, f;) = max, |fi(z) —
fi(@)| > 1fi(0) — f;(0)] = |i — j|. So given any N, we can find i,j > N
such that doo(fi, f;) is arbitrarily large, thus contradicting the definition of a
Cauchy sequence.

5. If a sequence is Cauchy in do, then given any € > 0, we have ds(p;, p;) < €
for 4,7 > N. Since do(pi, p;) < da(pi,pj) (since max |p;| < /p3+ -+ p2),
we have do(pi, pj) < € for i, j > N. Therefore, if a sequence is Cauchy in ds,
it is Cauchy in d... Problem 4 tells us that a sequence converges in d, if and
only if it converges in d,. Hence, (R", d,) is complete only if (R", ds) is.

Let {a;} be a Cauchy sequence under dq, so it is also Cauchy under
dso. Let a; be (a;,a;,...,a;), a vector with n components. We claim
that the sequences {a;}; are Cauchy for every k = 1,2,...,n (less formally,
each component of the sequence {a;} is a Cauchy sequence of real numbers).
By definition of Cauchy under d.,, given ¢ > 0, there is an N such that
ds(a;,a;) < e forall i,j > N. Because do(ai,a;) > |ay — aji| for each k,
we have |a;, — ajx| < € for all 4, j > N. Therefore, the sequences {a;;}; are
Cauchy.

Let by, be the limit of {a;x};, which exists since R is complete. We claim
the vector b = (by, by, ..., by,) is the limit of {a;}. By definition of convergence
of a sequence of real numbers, given € > 0, for each k there exists N, such
that |a; — bx| < € for all @ > Ni. Let N be the greatest of all the Ny (which
exists since there are only finitely many Ni). Then, |a; — bx| < € for all
i > N so maxy |a;x; — bg| < € for all ¢ > N. Notice that maxy |ay — bx| =
do(a;, b). Therefore, we have proven that for all € > 0, there is an N such
that de(ai, b) < € for all ¢ > N. That means b is the limit of {a;}, so (R, d)
is complete. Conclude that (R”,d,) is complete, as desired.

6a. First, note that the problem should read d(f(p), f(q)) < Cd(p,q),
because strict inequality could not hold when p = gq.

Assume there are two fixed points « and y. Then d(f(x), f(y)) = d(x,y) >
Cd(z,y), a contradiction.

6b. Note that for n € N, d(a;19,a;41) = d(f(ai+1), f(a;)) < Cd(a;y1,a;).
An easy induction proves that d(a; o, a;11) < Cld(as, ay).

Next, we find the distance between d(a;,a;), j > i. By the triangle
inequality, d(a;, a;) < d(a;, ai41)+d(ais1, aipe)+- - -+d(a;—1, a;) Applying our
previous inequality, the right side is at most (C* ' +C*+- - - +C77?)d(az, a).



Clearly, this is less than (O~ + O + - )d(as, a1) = S d(as, ar).
C < 1 so letting i become arbitrarily large, C*~! becomes arbitrarily
small. Since 1 — C and d(ag, a;) are constants, as i — 00, fi—_gd(aQ, a;) — 0.
Finally, we prove this sequence is Cauchy. Given ¢ > 0, we can find
an N > 1 such that Cljj—;d(aQ,al) < €. Then, by our preceding argument,

i—1

d(aj,a;) < $=d(as,a1) < € for all j > i > N. This proves that {a;} is a

Cauchy sequence.

6c. Let a be the limit of the sequence in the previous problem, which
exists since it was given that the space is complete. For any ¢ > 1, we have
d(a, f(a)) < d(a,a;) + d(a;, f(a)) = d(a,a;) + d(f(air), fa)) < d(a, a;) +
C’d(ai_l, (l).

We wish to show that we can make d(a, f(a)) smaller than any given
e > 0. Since a is the limit of {a;}, there is an N such that d(a,a;) < €/2
whenever ¢ > N. Then, d(a,a;) < €/2 and d(a,a;,—1) < €/2 for large enough
i. Adding, we obtain d(a, a;) + d(a,a;—1) < e. Finally, we have d(a, f(a)) <
d(a,a;) + Cd(a;—1,a) < d(a,a;) + d(a,a;—1) < e.

That proves d(a, f(a)) is smaller than any positive number. Therefore,
the quantity must be 0, and a = f(a).



