Final Exam — Math 134

Elizabeth Denne

20th December 2004

1 Instructions

This is the take home final exam for Math 134. You are allowed to use any books or notes
that you wish. You may also talk to me or email me about the exam. However you are
not allowed to discuss this exam with any of your classmates.

This exam must be handed in to me by 5pm Friday January 14th 2005.

Please make sure that your name is on the solutions. Please also staple your solutions - I
don’t want to lose any of your work! To make grading easier, please write your solutions
in the order that they appear on the exam.

2 The Questions

1. (15=5410 points) (a) What is the definition of a differentiable manifold?
Now please do either (b) or (c):

(b) Given M is an m-dimensional manifold and NV is an n-dimensional manifold, prove that
M x N is a differentiable (n + m)-dimensional manifold. Hint: a coordinate neighborhood
is of the form (U x V, ¢ x 1), where (U, ¢) (V,1)) are coordinate neighborhoods of M and N
respectively and (¢ X ©¥)(p,q) = (¢(p),¥(q)) in R™*T" = R™ x R".

(c) Prove that the tangent bundle 7'M is a differentiable 2n-dimensional manifold, where M
is an n-dimensional manifold. Hint: Given a coordinate neighborhood (U, ¢) on M, a
coordinate neighborhood of T'M is (U, gzg) Here U is all vectors Xp, such that p € U and

gb(Xp)a: (6(p),y',...,y"), where ¢(p) = (x!,...,2™) are the coordinates of p, X, = Xy’ 6?&

ox?
HINT: It is OK to ask me about part (a). That way you can be sure to check all the right
parts of the definition when you do the next part.

and are the coordinate frames.




2. (15=44744 points) Let M = all 2 x 2 matrices A = ( Z 5} > with real coefficients

and det A = 1 and AAT diagonal (that is, off-diagonal entries all 0).

(a) Describe M as the solution set of 2 equations in 4 variables.
(b) Show M is a manifold.
(c) Let M = {(z', 2% 23, 2%) € R : g'(at, 22,23, 2%) = 0, ¢?(2, 22, 23, 2%) = 0}. At
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Around zg in M, 7777 are smooth functions of 777?7. Fill in the 7777 and give a short
explanation of your answer.

3. (15= 3444444 points) Let M be an n-dimensional manifold.
(a) What does it mean to say M is orientable? (I'm looking for the first definition we gave
in class. If you are uncertain what I mean, please check with me.)

(b) If a is an n-form on M, give the coordinate expression for « in a coordinate chart
(U,¢ = (z1,2%,23,...,2™)). How is it related to the expression for « in the coordinate
chart (U, (z'%,2%,...,2™) = (22,21, 23,...,2"))?

(c) How is it related to the expression for a in (y*, 42 ...,y") on U NV, if (V,¢ =
(y*, 9%, ...,y")) is another coordinate chart?

(d) If there is a never-zero n-form o on M, show that M is orientable (as in the definition
in part (a)).
HINT: If you get stuck, try this for n =2 or n = 3.

4. (30=3+10+4+3+4+5 points) On M = R3 = {(z},22,2%)}, let a = 2! dz? A d2® —
2?2 dad A dzt + 23 dzt A da?. Define v: [0,1]2 = {(u!,v?,43) : 0 < v <1} — R3 by:

r! = (4 + u? cos(2mul)) cos(2mu?),

2?2 = (4 + u3 cos(2mul)) sin(27u?),

3 3

23 = u?sin(2mut).

(a) Find da.

(b) Write 07 as a signed sum of 2-cubes. Give the formula for each 2-cube.
(c) Why can your answer in (b) be simplified to only 2 terms?

(d) Show 735 = 0.



(e) Therefore faya = f% @ You have seen 73 before; sketch the surface it covers.
(Please draw a decent sized picture — thanks!)

(f) Explain how to find | o, @ Without computation. (It is OK to describe it geometri-
cally if you don’t know the value.)

5. (8 points) On any manifold M: if 3 is an exact r-form, and w is a closed s-form, show
that 8 A w is exact.

6. (12=4+8 points) Show that all line integrals of w = P dx+Q dy+ R dz are independent
of path only if the value of the integral over any closed (piecewise C'!) path is zero. Use
this and Stokes’ theorem to obtain a condition on P, ), R which is sufficient to show
independence of the path. [Assume w is defined on all of R3]

7. (10 points) Let X,Y be smooth vector fields on a manifold M and let f, g be smooth
functions on M and prove that [fX, gY] = fg[X,Y]+ f(X9)Y —g(Y [)X.

8. (15=4+5+6 points) On R3, consider the 2-form o = ydx A dz + sin(zy) dz A dy +
e*dy N dz and the vector field X = za%. Compute
(a) da

(b) ixa

(c) Lxa
HINT: You might want to use: Lx(¢) = ix(dy) + d(ix¢), where the exercises I photo-
copied from Boothby show how ix works.

9. (20 points) Define the Lie derivative for 2-forms by Lx(¢) = ix(dy) + d(ixp), for
vector fields by LxY = [X,Y], and for functions by Lx f = X f. Using the rules for the
exterior derivative d, prove that Ly satisfies the Leibnitz-type relation

Lx(p(Y,Z)) = (Lxp)(Y, Z) + p(LxY, Z) + p(Y,Lx Z).

HINT 1: You can find how i x works by looking in the photocopied exercises from Boothby.
HINT 2: You might want to remember Cartan’s formula for 1 and 2-forms. Recall that
we did this for 1-forms in class: dw(X,Y) = X(w(Y)) — Y (w(X)) — w([X,Y]).

HAVE A GREAT HOLIDAY AND SEE YOU IN JANUARY!



