Math 25a Homework 13

Ivan Corwin and Alison Miller

1 Ivan’s problems

(1) (a) Problem 6 on page 122 of Axler (so back to Ch 6).

Solution. Observe that

1 1
Ul ol = flu=ofP*) = 7(u+v,u+0) = (u=v,u—v)

and by expanding and canceling terms we get that equals
1
1200 w) + 2w, 0)).

Since we are in a real inner product space, the two terms are both real and hence (v,u) =
(u,v) = (u,v) giving the desired result. O

(b) Take a look at Problem 7 on page 122 of Axler. Don’t hand this one in. The
computations are similar, but longer than Problem 6. I meant to set these problems earlier.
These reformulations of the inner product can be quite handy.

(2) Recall from HW 12 that we defined the tensor product of two vector spaces. Stop
right now, get out your old assignment and take a look at all the notation we covered. I
remarked at the end of Problem 5, that the tensor product of V' and W is usually denoted
V ® W and the image p((v,w)) = [0ww)] is generally written as v ® w. Make sure that
you understand that in this notation (ajv1 + asvs) @ w = a1(v; ® w) + az(ve ® w) and
v ® (bywy + baws) = bi(v @ wy) + be(v ® we). (In case you wondered about the peculiar
definition of Z in the previous HW, note that it is this very definition that gives tensors
these nice properties.)

Now let V' and W be vectors spaces over a field F' and let V have basis R = {v1,...,v,} and
let W have basis S = {wy, ... wy,}. The aim of this question is to show that B = {v;®@w;|1 <
i<n,1<j<m}isabasis for Ve W.

(a) Show that B spans V @ W.



Solution. For any v € V and w € W, we may express each one, respectively, in terms of the
basis for V and W. Let v = Y a;v; and w = > bjw;. Then v@w = (3 a;v;) ® (O bw;) =
> aibj(v;®w;). So every element in V ® W is expressible in terms of the basis v; @ w;. [

(b)(i) Let
v=]][F
RxS
Show that {f;; : R x § — F} is a basis for U where f;; is defined as follows:

1 ifk=7andl=j

0 otherwise.

fij((vg, wr)) = {

Solution. Since R and S are finite U = {f : R x S — F|f((vx,w;)) € F. For every
f € U, f acts by taking a pair (v;, w;) to the scalar a;; € F. So f can be decomposed as
f =>_>ai;fij. Therefore the {f;;} span U. Linear independence follows since removing
and f;; results in (v;, w;) going to 0. Therefore we have a basis for U. O

(b)(ii) Show that the map ¢ : V- x W — U defined by ¢(>_,; aivi, Y, bjw;) =, s aib; fi;

is bilinear.

Solution. Consider ¢(aja + agb,w) where a,b € V. Clearly we can express a and b in
terms of the basis for V' and collect the basis terms until we have an equation of the form
¢(>_blah, > blahs). Then we can use the definition of ¢ and undo all of our computations
to get the linearity. Symmetry applies to get bilinearity. O]

(b)(iii) Show that B = {v; ® w;|1 <i <n,1 <j <m} is a linearly independent set in
VeoWw.
Solution. From UMP we have a unique linear map q% VoW — U with gEo p = ¢ where
p((v,w)) = v®w. Now consider a linear dependence Y a;;w; ® w; = 0 and apply ¢ to both

sides giving eventually 0 = > a;; fi;, but this is a contradiction since we have shown the f;;
are linearly independent. Thus B is a linearly independent set in V' @ W. O

(3) (a) If V' is a finite dimensional space, and if u and v are in V', it is true that u®v = v@u?

Solution. Consider u,v € W. If u # v then © ® v = [§(u)] and v ® u = [J(y,.)] since their
difference is not in Z (the thing we mod out by). Thus the statement does not hold. ]

(b) Now let x,y be a basis for the vector space V' over the field F'. Using Problem 2 we
know that every element of V' ® V' can be written uniquely in the form

arRr+brRXy+cyRr+dy®y

for some a, b, c,d € F. Firstly, show that z ® y + y ® x is not equal to v ® w for any choice of
v,w € V. Secondly, for what values of a, b, ¢, d can the tensor ax@r+brRQy+cyR@xr+dyRy
be written as v ® w?



Solution. We can write every v € V as v = ax + [y so
0V1QV2 = (+51Y)@(aer+F2y) = 2@ (er+02y)+51y@(a2r+F2y) = a1022@T+01 Sox @Y+ 102y @+,

This can not equal z ® y + y ® x since then ajay = [B16: = 0 but also a1 32 = Bias = 1, a
contradiction. In general, letting a = ajan, b = a1 0, ¢ = f1as and d = 313 we must have
ad — bc = 0. O

(4) Suppose that V and W are finite dimensional vector spaces over a field F'. Recall that
we proved that the set

LV,W)=A{T:V — W :T is linear}

forms a vector space. (See Axler page 40.) Construct an isomorphism between £(V, W) and
V*®@ W where V* is the dual space to V. (In fact, this isomorphism is canonical — it will
not depend on the bases chosen.) (Hint: as useful as it is, don’t just count dimensions. I
want to see an actual map. There are at least two ways to do this problem. One of these
ways uses the knowledge you've gained from Problem 2.)

Solution. Consider a basis for V, {v;} and the dual basis for V* of f* : V — F such that
f%(vj) = 6;j. By problem 2, V*® W has a basis of f'®@w;. Now let ¢/ : B — Hom(V, W) be
defined by ¢'(f* @ w;)(v) = f*(v)w;. By linearity this extends to a map ¢ on all of V* @ W.

Now let us show this is an isomorphism. Observe that if ¢(f ® w)(v) = 0 then expanding
we find that ¢(f@w)(v) = ¢(>" ai; ff@w;)(v) = a;; f*(v)w; and hence all of the a;; = 0, so
the preimage was zero. This gives us injectivity. For surjectivity observe that any element in
the range can be thought of as a matrix given our basis. Then any such matrix {a;;} can be
mapped to by the element in the domain, Y a;; f* ® w;. Thus we have an isomorphism. [



