Math 55a, Assignment #5, October 17, 2003

Problem 1. (Implicit function theorem for convergent power series.) Let
r >0 and ay,, € C for m, n € NU{0} with |am,| < = and agg = 0. Let
Fz,w) =300 > ines Gman 2" w" for (z,w) satisfying |z| < r and [w| <.
Assume a1 # 0.

(a) Prove that there exist s > 0 and a power series > >~ | b, 2" with complex
coefficients which converges for |z| < s such that F'(z,¢(z)) = 0 on
|z] < v for some v > 0, where g(z) = > 7 b,2".

(b) When a,,,, is real for m, n € NU {0}, show that all b, (for n € N) in

Part (a) can be chosen to be real.

(c) When ay,, is real for m, n € NU{0} and b,, from Part (a) is chosen to
be real for n € N, show that if 0 < 6 < r and if h(z) is a real-valued
continuous function on (—d,d) with |h(z)| < r and h(0) = 0 such that
F (z,h(z)) = 0on (=9,9), then h(z) = g(x) on (—=¢’, ") for some §' > 0,
where the function g is from Part (a). (Hint: if ¢(z) = > 7 | ¢, with
¢, € R so that ¢; > 0 and |¢,| < Cn™ for some n > 0, from the identity
a"—b" = (a—0b) Z;:ol a?b"~ 177 it follows that there exists some p > 0
which depends only on ¢, C, and 7 such that ¢(z) is strictly increasing
on (_pa P))

Justify carefully each step where the convergence of infinite series is used.

Problem 2. (Domain of convergence of a double series) Let a,,, € C for
m, n € NU{0}. Let Q be the subset of (C — {0}) x (C — {0}) which is defined
as follows. A point (29, wp) € (C — {0}) x (C — {0}) belongs to 2 if and only
if there exists a positive number r which may depend on (zg,wp) such that
the series Y 7" (> L) Gmp2™w" converges at (z,w) whenever |z — z| <r
and |w — wg| < r. Assume that €2 is nonempty. Consider the map & from

(C —{0}) x (C—{0}) to R x R which sends (z,w) to (log|z|, log|w]|).

(a) Show that there exists some open subset G of R x R such that 2 =
o1 (@).

(b) Show that whenever (§y,70) € G, the closed lower-left quadrant

{(&.n) eRXR|E<&,n <o}

with vertex (&, 1) is contained in G.
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(c¢) Show that G is convex in the sense that, if (£1,71) € G and (&3, 1m2) € G,
then the line segment

{(5777) € R X R| (&;m) = A(&,m) + (1= X) (&, m2) for some 0 < A < 1}

joining (&1,m1) and (&2,792) is contained in G.

Problem 3. Let (X,dx) and (Y, dy) be metric spaces. Assume that (X, dx)
is compact. Let f be a map from X to Y. Let I'y C X x Y be the graph of
f which is defined as consisting of all points (z,y) € X x Y with y = f(x).
Show that f : X — Y is continuous if and only if its graph I'; is a compact
subset of X x Y when X x Y is given the metric

dxxy ((x1,71), (x2,92)) = dx (21, x2) + dy (Y1, Y2) -

Problem 4. Let E be a dense subset of a metric space (X, dx). Let (Y, dy) be
a complete metric space in the sense that every Cauchy sequence in Y admits
a limit in Y. Let f: EF — Y be a map which is uniformly continuous in the
sense that given any ¢ > 0 there exists some § > 0 such that dy (a,b) < &
whenever a,b € E with dx (a,b) < §. Show that there exists some continuous
map ¢ : X — Y such that the restriction of g to E agrees with f. (Hint:
For each p € X and each positive integer n let V,,(p) be the set of all ¢ € F
with dx (p,q) < +. Show that the intersection of the closure of f (V;, (p)) for
n € N consists of a single point which we define as g(p).)

Problem 5. Let (X,dx) and (Y,dy) be compact metric spaces. For k € N
let fp :+ X — Y be a map. Assume that the collection {f;},.y of maps is
equicontinuous in the sense that for every a € X and every € > 0 there exists
some 0 > 0 (which may depend on a and ¢) such that dy (fx(x), fr(a)) < € for
all x satisfying dx (z,a) < 6 and for all £ € N. Show that there exists k; € N
for j € N with k; < kj4; such that the sequence { fk’j}jeN of maps converges
uniformly on X to some continuous map f : X — Y in the sense that given
any € > 0 there exists some N € N such that dy (fy, (), f(z)) <eforj > N
and z € X. (Hint: first show that there exist some countable dense subset £
of X and some increasing sequence of positive integers {k; }j ¢y Such that for

every a € E the sequence { fkj(CL)}jeN of points in Y is a Cauchy sequence.)

Problem 6. (Problem 18 on Page 100 of Rudin’s book) Every rational x can
be written in the form z = ™, where n > 0 and m and n are integers without
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any common divisors. When x = 0, we take n = 1. Consider the function f
defined on R by
0 for x rational ,

fz) =

1 m

for z="2,
n

Prove that f is continuous at every irrational point, and that f has a simple
discontinuity at every rational point.

Problem 7. (Problem 18 on Page 100 of Rudin’s book) Suppose f is a real-
valued function with domain R which has the intermediate value property:
If f(a) < c< f(b), then f(z) = ¢ for some = between a and b. Suppose also,
for every rational 7, that the set of all x with f(z) = r is closed. Prove that
f is continuous. (Hint: If x, — x¢, but f(x,) >r > f(x) for some r and
all n, then f (t,) = r for some t,, between zy and z,; thus t,, — z,. Find a
contradiction.)

Problem 8. (Problems 23 and 24 on Page 101 of Rudin’s book) A real-valued
function f defined in (a,b) is said to be conver if

FQz+ (1= Ny) < Af() + (1 =N f(y).
whenever a <z <b,a<y<b, 0<A<1.
(a) Prove that every convex function is continuous.

(b) Prove that every increasing convex function of a convex function is
convex.

(c) If f is convex in (a,b) and if a < s <t < u < b, show that

f(t) = f(s) < f(u) = f(s) < flw) - ft)

t—s U— S8 u—t

(d) Assume that f is a continuous real-valued function defined in (a,b)

such that
() < e 10
2 - 2

for all z,y € (a,b). Prove that f is convex.



Problem 9. (Problem 25 on Page 102 of Rudin’s book) If A C R* and B C RF,
define A + B to be the set of all sums x +y with x € A and y € B.

(a) If K is compact and C'is closed in R*, prove that K +C'is closed. (Hint:
Takez ¢ K+ C. Put F =z—C, theset of all z—y with y € C. Then
K and F are disjoint. Choose § > 0 such that d(p,q) > d if p € K
and q € F'. Show that the open ball with center z and radius ¢ does
not intersect K + C.

(b) Let a be an irrational real number. Let C; be the set of all integers, let
C5 be the set of all na with n € C;. Show that C| and Cy are closed
subsets of R whose sum C] 4 C} is not closed, by showing that C + Cs
is a countable dense subset of R.

Problem 10. Let X be a compact metric space and let f, be a continuous
map from X to R for n € N. Let f be a continuous map from X to R.
Assume that for each € X the sequence {f,()},cy in R is monotonically
nondecreasing and converges to f(x). Show that f,, converges to f uniformly
on X in the sense that, given any € > 0 there exists some N € N such that
|fu(z) — f(z)] < e for all n > N and for all z € X.



