Math 55a, Fall 2004

Third Assignment, Solutions
Adapted from Andrew Cotton, George Lee, and Tseno Tselkov

Problem 1.
(a) Here are a few observations and terms used often in this proof:

(1) Note that we can rework conditions to show that a Cauchy sequence
{zr} converges to a rational z, exactly when {v,(zr — o)} — 0.
Specifically, {z;} — 0 exactly when {v,(zx)} — oo.

(2) We claim that for a,b € Q,vp(a + b) > min(vy(a),vy(b)), where
equality occurs if (although not necessarily only if) v,(a) # v,(b).
Suppose without loss of generality that v; = vp(a) < ve = vp(b). If
v9 = oo then b = 0 and the claim is obvious. Otherwise, v; and vy
are both finite integers so we can write a = p”* - ¢ and b = p*2 - % for
integers ¢, d, e, f not divisible by p. Then

c . € cf +de-p2—"
b—op¥ S va—v1 ) _ w1, )
wro=p (Grng) = @
Since p [ df, we have v,(a +b) > vy = min(vi,v2). And if v1 # ve,
then p divides de-p¥27"* but not c¢f so p doesn’t divide the numerator
— and vp(a + b) = vy, as claimed.
(3) It is easily verified that v,(ab) = vy(a) + vy(b) for a,b € Q.

Lemma 1. If the Cauchy sequence {xy} does not converge to 0, then the
sequence {vp(zk)} eventually equals some finite constant.

Proof:  {zr} — 0ifVt € Z, AN s.t. i > N = vp(x;) > t.

Thus if {x}, } does not converge to 0, then 3t € Z s.t. VN, Ji > N s.t. vy(x;) <
t. Set this ¢ in stone.

Now, since {z} is a Cauchy sequence, AN s.t. 4,5 > N = vp(z;—x;) > t.
Set this IV is stone as well. Then we know by the choice of ¢ that Im > N
with vp(zy,) =7 < t. Set m and r in stone.

Now if there were some ¢ > NN such that v,(x;) = s # r, then vy(z;—zp,) =
min(r,s) < r < t, a contradiction. Thus v,(xn), vp(rN+1),... all equal the
same value r, and {v,(xy)} does become constant, as claimed. O

Corollary 1. For a Cauchy sequence {zy}, there exist N and T such that
i>N=uvy(x;) >T.

Proof:  1f {vp(z;)} becomes a constant «, then we can choose T' = a and
N sufficiently large. Otherwise {z} converges to 0 so {v,(x;)} converges to
oo — so for any T, we can find such an N. O
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Theorem 1. Given Cauchy sequences X = {xp} andY = {yx}, the follow-
ing are also Cauchy sequences:

(1) X +Y = {zp + yi}-
(i) XV = {arye}.
(iii) % = { fik Z‘; ii 7: 8 } if X does not converge to 0.
(iv) =X = {—xx}.
Proof:

(i) Given t, eventually both v,(z; —x;) and v,(y; —y;) always exceed t. Thus
for such 1,

vp((@i +yi) — (25 + ;) = vp((@ —25) + (v —y5))
> min(vy(z; — 25), vp(yi — yj))
> ¢

as well — so X + Y is a Cauchy sequence also.

(ii) First suppose that either X or Y converges to 0 — WLOG, X. Then
v; = vp(x;) — oo while vy (y;) eventually is always at least some constant T';
so that v,(x;y;) > v; + T converges to infinity. Thus XY — 0, and since it
converges it must be a Cauchy sequence.

Now suppose that neither X nor Y converges to 0; then v, (z;) and v,(y;)
eventually equal some finite constants o and S.

For each t € Z™T, eventually vy(z; — zj) >t + « and v,(y; — y;) >t + 0.
For such 4, j, write z; = p*¢ and x; = po‘% for integers a, b, ¢ not divisible by
p. Then t + a < vy(x; — z;) = v, (p - “74’) , 80 a =b (mod p'). Next write
y; = p° % and y; = pP % for integers d, e, f not divisible by p. As above, we
must have d = e (mod p').

Now z;y; — xjy; = p‘”ﬁ(ad be) But ad = be (mod p') while p f cf, so
eventually v, (z;y; — xjy;) > « + B+ t. And since we can choose arbitrarily
large t, this implies that XY is indeed a Cauchy sequence.

(iii) Since X does not converge to 0, from the lemma v, (x;) eventually equals
finite some constant «. At this point no x; equals 0 so we can safely take
their reciprocals.

Tk

Let {yx} = {—a} so that vy (y;) and vp(y;y;) eventually equal 0. Since X

is a Cauchy sequence, for any t € Z eventually v,(z; — ;) >t + 2a.
Thus for any ¢, eventually
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= t.
Thus % is indeed a Cauchy sequence.

(iv) For every integer t eventually v,(x;—x;) > t so that v,(—z;—(—z;)) =
vp(z; — xj) >t as well. —X is indeed a Cauchy sequence. ]
As described in class, we can view Q) as the set of equivalence classes of
Cauchy sequences of — where {x} and {y;} are equivalent when {||z; —
yk|lp} converges to 0 in (R, ||). So for any such equivalence class X, let X =
{z1,79,...} € X be a representative Cauchy sequence; and for any Cauchy
sequence X = {z1,72,...} of elements in Q, let X denote the equivalence
class containing that sequence. So simply define

0p(X) = limy o0 vp(2) X1 = limp oo |2kl
X+Y=X+Y X Y=XY
1 _ 1 Y %
? == y —X = —)(7

where limy_, o vp(21) can also be co. From the theorem, the bottom four
operations indeed yield equivalence classes of Cauchy sequences; and from
the lemma, the top two quantities indeed exist since v, () either eventually
equals some constant v (so that limk — ool|zg||, = p~"), or converges to co
(so that lim k — oof|zg||, = 0).

All that remains (sigh...) is to verify that these definitions are independent
of the choice of representatives for X and Y, and also that these operations
work on the “rational p-adics” the same way that they work for regular
rationals. First we prove the choice of representatives is irrelevant — notice
that since X +Y and X -Y are symmetrically defined, we can just prove
that the addition is independent of X's representative. (Thus if X; = X5
and Y] = Y,, then X; + Y] = Xo + Y] = Xy + Y5, and similarly X; - Y] =
Xo-Y1=X5-Y3.)

e p-adic Absolute Value.

Suppose without loss of generality that v = limy o vp(ag) <
limy, o0 vp (br)- If vp(ar) = oo then vp(by) = oo so [[{ar}tlly = [{bx}Hl, =
0. Otherwise eventually v,(b;) > vp(a;) = v, so that v,(a; — b;) =
min(vp(a;), vp(b;)) = v and {vy(ay — by)} #4 o0, a contradiction.
Thus vp({ar}) = vp({bx}) and therefore |[{ax}|[, = [[{bx}lp-

e Addition. Suppose that X = {ay} = {bx}, and Y = {y;}. We wish to
prove that {ar + yix} = {br + yr} — that is, {dp(ar + vk, b +yr)} =
{llax — bg|lp} converges to 0 in (R,||). But this is precisely what

{ax} = {bx} implies!
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o Multiplication. Again, suppose that X = {a;} = {b;}, and Y =
{yr }. We wish to prove that {aryr} = {bryr} — thatis, {dp(arys, bryr)} =
{I(ar —br)ykllp} converges to 0 in (R, ||) . . . or in other words, that
{vp((ar — br)yr)} — oo. But there is some T' such that eventually
y; > T. Then for any t € Z, eventually vp(a; —b;) >t —T as well, so
vp((ai — bi)yi) > t, as desired.

e Reciprocation. Again, suppose that X = {ax} = {bx}. From the
work on the p-adic absolute value above, {v,(ar)} — o0 <=
{vp(br)} — oo so that {ax} — 0 <= {by} — 0. Thus recipro-
cation is defined for {a} if and only if it is defined for {by}.

Now suppose that {ax},{bx} #4 0 but {ar — by} — 0. Since
vp(br — ag) = vp(ar — by) — o0, but v,(agby) = vy(ag) + vy(by) even-

tually equals some constant o 4 3, the sequence 3 v, i — L)t =

ag
{vp (ajk_bzk)} — 00, as desired.

e Negation. Again, a nice easy proof: if {ar} = {by}, then {v,(—aj —
(=bk))} = {vp(ar — b))} — 0 so {—ar} = {—bi}, as desired.
Finally, for any rationals z,¥, the corresponding p-adics are X containing
(z) = {z,z,...} and Y containing (y) = {y,y,...}. Then X +Y = (z) +
(y) = (z + y), so addition on the “rational p-adics” corresponds to addition
on rationals. Similar arguments apply to the other operations, and we are

finally, finally done.
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(b) These properties follow fairly immediately from the definitions of the
operations in part (a). Given p-adics X, Y, Z with Cauchy-sequence-
representatives X = {zx}, Y = {yr}, Z = {2z} we have

={r1+0,279+0,23+0,...} = {z1,22,23,... } = X
o X-{1,1,1,...}={1,1,1,...}- X
={z1- 1,20 -L,23-1,...} = {z1,20,23,... } = X
X ={on Yo} = (LLL,.. ]
o X+ —-X={z+ —x,} ={0,0,0,...}
o X - (Y+2)={ar(yp +2x)} = {zpyr + zp2x} = XY + X Z.

(For X - g, we assume that X # {0,0,0,...}, and we take k large enough
so that xy # 0.)

|

(c) First Solution: Suppose that Z,JCWZO arp® = Z;jzo brp" with a;, b; € Sp.
WLOG assume that M < N, and write ay;+1 = apq42 = --- = ay = 0. Then

N N
D apt =Y b (1)
k=0 k=0

If (ag,...,an) # (bo,...,by) then let j be the smallest number such that
aj # bj. Taken mod p’*!, (1) becomes a;p’ = bjp’ (mod p'™!) = a; = b;
(mod p). But since a; and b; are between 0 and p — 1, we must have a; =
bj — a contradiction. Thus our assumption was false and (ao,...,an) =
(bo, ... ,bn). This implies that a positive integer can be expressed as a finite
sum Z]kV:O akpk in at most one way.

Now, given a positive integer n, choose an integer N > 0 so that n <
p¥tl — 1. There are pV*! possible (N + 1)-tuples (ag,a1,...,ay) with
ap,ai,...,ay € Sp. From our argument, these (N + 1)-tuples must cor-
respond to different sums Ziv:o app®. On the other hand, each of these
sums is at least 0 (when all the a; = 0) and at most pV*! — 1 (when all
the a; = p — 1). There are exactly p’¥*! integers between 0 and pNV*+1 —1
inclusive, so each integer between 0 and p™¥*! —1 can be expressed as a finite
sum of the desired form. Specifically, n can, which was to be proved.

Second Solution: We use generating functions. Define

oo p—1

F(x) = HZQ:jpi.

i=0 j=0
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When this infinite product is expanded out, the coefficient of z™ is the
number of representations of n as > "7, a;p'. But:

Sy
Fa) = [
o 12
B 1
o 1l-=x
o0
0,
i=0

So each n has one representation.

(d) We prove a more general result:

Lemma 2. Given a nonzero p-adic g € QP represented by a Cauchy sequence
{qx} of rationals, we can write q as a convergent infinite series Z:O:vp(q) aip
where each aj, € S).

Proof:  Intuitively, to write a rational number p®# as such a series, we
first ignore the p® term (which we repair at the end by shifting powers of p);
then calculating st~! modulo p, p?, p3, and so on to decide the rightmost
digits — in essence, we are taking st—! modulo “p>” . . . and a little
work shows that we can consistently decide the digits this way. As for a
general Cauchy sequence of rationals, we repeat the trick for each rational
— and discover that the series used to represent the rationals eventually
share arbitrarily many digits.

Now for the math. Since {gz} # 0, vp(gx) eventually becomes some
constant «; for simplicity, we can assume without loss of generality that all
the vp(gx) = « (since if we ignore any other terms, our new Cauchy sequence
will still converge to the same p-adic).

So for each k, write g, = po‘i—: for integers sg,tx relatively prime to p.
Then for all k, K > 1, there exists a unique value m%) between 0 and p& —1
inclusive such that mg];) -tr = s (mod p) — in other words, such that
m([];) = sktlzl (mod p).

Also, for each K > 1 we know that eventually v,(¢; — ¢j) > K + «. For
such i, j we have

vp(¢i — ¢5) = vp (Patl —pat]> =a+vp <”tt“> :
i j itj

We know p [ t;t;, so



K+a < vp(qi — Qj) =o+ Up(SZ‘tj — Sjti)
= ’Up(SZ'tj — Sjtl') > K
= sit; = s;t; (mod p~)
= m(l? =s;t; ! = sjtj_l = m%) (mod p%)
and mg? = m%). Thus eventually the m&? all equal some value mg be-
tween 0 and p — 1. Also, from part (c) we can write each my as a finite
K-1 (K) 4
sum ) ;7" @ p' ‘ A
ThFurthermore, for N > K + 1 eventually my() 11 = MK+1 and mg\z,) = mpy.
en

my = siti_l (mod pV¥) = my= Siti_l =mg41  (mod p™th).

Thus my and mx have the same final K 4 1 digits in their base-p repre-

sentations: specifically, the digits in the p¥ place are equal and agf) = a%v).
Thus a(lf), a([fﬂ), ... all equal the same value ax.

We claim that as N — oo, Zg:a ap_ap® converges to g — that is, the
Cauchy sequences {qy}x=1,2,.. and {fo:a ak_apk}N:a,an belong in the
same equivalence class gq. Observe that

N N—«a
d (Z akapk7%> d (p“ > akp'“,qi)
k=a k=0

d (pamN—a-i-la qi)
[p*mN—a+1 — all,

56
= HpamN—a—H - paf
tilp
_ ‘pa (mNa+1ti - Si)
t; »
But for sufficiently large ¢ so that mgzza = mj_q and for large N > j —1,
we have my_q4+1 = Mj_q = mga = siti_l (mod p?~%), so p!~* divides the

numerator of the fraction while p does not divide the denominator. So, the
valuation of the messy quantity is at least j.

Sketch of alternative proof Let v = vp(q).

Suppose we have any p-adic r such that v,(r) > v; then there exists a
sequence of rationals {r;} converging to r. Because {vp(r%)} (i) must even-
tually be constant or converge to oo and (ii) converge to vy (r) by definition,
it follows that vy,(rr) = vp(r) > v for sufficiently large k. Also, though, for
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any € > 0, ||r — ||, < e for sufficiently large k. Specifically, for e = p™,
there must exist a rational « such that v,(a) > v and ||r — o[, < p™".

Apply this result to r = ¢ to obtain a corresponding «, say «g. Then
let By be the integer in S, such that Sy = app~™" (mod p) (or equivalently,
such that ||8y — ap™||, < 1). We then have ||Gop” — ¢, < max{||Gop"” —
ollp, llo = qllp} < p~*. Hence, [|<=L2||, < p=.

Next apply the previous result to r = HTOPU to obtain a corresponding «,
say o. Let 51 be the integer in S}, such that §; = a;p~" (mod p). We then

v

_ v+1
have ||(Bop® + B1p¥tt) — qllp < p~v~L. Hence, H%Hp <p'. We

can proceed similarly to find Sy, f1, ... in Sp such that > 72 Brp* converges
to q. ]

Part (d) now follows immediately from the lemma, since —1 is a p-adic
represented by the Cauchy sequence {—1,—1,...}. Applying this construc-
tion we find that

o0

—1=> (p—1)p".

k=0

(e) Part (e) also follows immediately from the lemma, since
% is a p-adic represented by the Cauchy sequence
L 1.} (and vy(2) = 0 so the
sum starts at 0).

(f)
o Unique Representation as a Series. The lemma implies that any
nonzero p-adic can be represented as such a sum; and 0 = “3 "2 0-
pk.” Conversely, the series POy aip® corresponds to the sequence

N
{on}tnse = {Z akpk} :
N>v

k=v
But given any K, for Ny > Ny > K we have oy, — on, =
Ziv:l Not1 ap”® which has p-adic valuation at least Ny +1 > K. Thus
{on} is a Cauchy sequence and indeed converges to some p-adic.
Now suppose that a p-adic could be represented by two sums
Zzozvl app”® and E;O:UQ bip®. If v1 < vy then we can let v = v; = vy
and by, = by, 41 =+ = by,—1 = 0 so that

(9 00
> akpt = bt
k=v k=v

(We can similarly do this if v; > vs.)
This implies that the two sequences



N N
{Z akpk} and {Z akpk}
k=v N=v,v+1,... k=v N=v,0+1,...

are in the same equivalence class.
Now suppose by way of contradiction that some ax # by, so
that v,((ax — bx)p®) = K. Then for large enough N eventually

Up (Zg:v(ak — bk)pk> > K. For such N, for all other ¢ # K with

v < i < N, we have v,((a; — b;)p’) = i or co. Then by an easy
extension of our original Observation 3, we have

N
Up (Z(ak - bk)P’“) = min vp((ax — by)p")

k=v,0+1,...,.N
v v,v+

IN

vp((ar — bK)PK)
= K

)

a contradiction. Thus ax = bg for all K > v.
Thus any p-adic g can be expressed uniquely in the form Zzozvp( 9) app”,
as desired.

Addition and Multiplication of p-adics as Series.

We wish to show that we can “add” series as we do with normal
numbers — lining up the “p-ecimal” points, starting in the rightmost
nonzero column, adding and carrying, and then working our way left.
But in normal addition a + b = ¢, the last t digits of ¢ depend only
the last ¢ digits of @ and b — precisely, if a = p*A and b = p¥ B, then
we can find the last ¢ digits of ¢ = p”C by setting C = A+ B (mod
p').
Thus applying “normal addition” to the last ¢ digits when adding

two series
oo x
> apt =" appp
k=v k=0
and
o (o0}
> bip® =p" > bryop”
k=v k=0
yields
t—1
pv Z Ck+1}pk7
k=0
where

t—1

t—1
Z Ck+vpk = Z(ak—i-v + bk-i—v)pk (mOd pt)'
k=0 k=0
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(The sum Zi;lo(akﬂ + bpyy)p” is congruent to exactly one value
between 0 and p' — 1; and we know from a previous result that
there is exactly one way to express this as a sum 22;10 Cryop® for
¢; € Sp.) Furthermore, as we increase k, previously defined ¢; stay
the same since if >} _, A S t—o(@rto + brrp)p® (mod ptth),
then b e, = 3o baksa Do)t = 34 o (mod ).

Similar arguing shows that applying “normal multiplication” to
two series also yields a well-defined series in powers of p with co-
efficients in S,. And this addition and multiplication corresponds
to our previously given definitions of addition and multiplication
of p-adics — we view both p-adics as the Cauchy sequence of ra-
tionals with the same rightmost ¢ digits (as ¢ goes from 1 to c0),
then add or multiply them term by term. (For example, the p-
adic multiplication ...1072.312 x ... 0326.89 corresponds to the mul-
tiplication {Py, Py, P, Py,...} = {.002 x .000,.012 x .090,.312 x
.890,2.312 x 6.890,...}. Then P, will have the same rightmost ¢
digits as >, , cxp®, so the sequence product {P;} and the series
product converge to the same p-adic.)

Compactness of Zy.

First Solution: We show that Z, is sequentially compact. By (f),
each = € Z, can be expressed as > oo app®. Consider a sequence
{z;}. We extract a Cauchy subsequence (the completeness of Z,, will
then ensure it converges). There are finitely many possibilities for
ag, so by the pigeonhole principle one of them occurs infinitely often.
Let z,, have this as its first digit. Then, among these, there will be
an aj which occurs infinitely often, we choose z,, with n; > ng such
that it has these as its first two digits, and so on. This subsequence
is Cauchy since for i > j > N, ||z, — o, ||, <p~V.

Second Solution: Given an open cover of Z,, we must prove
there is a finite subcover — but since every open set is the union of
open epsilon-balls, it suffices to prove that given an open cover of
Zy, with e-balls there is a finite subcover, for, given an open cover,
we consider a collection of e-balls such that for each open set in the
original cover, there is a subcollection of the e-balls whose union is
that open set. These e-balls cover the space, and we take a finite
subcover, and then for each e-ball, take an open set in the original
cover which contains it, and this is our finite subcover.

Viewing p-adics as infinite series, Zj, is the set of sums )~ app”
with each aj € Sp. Also, because p-adic absolute value is a dis-
crete function (taking on values of p' for t € Z), any epsilon-ball
B35 o akp, €) is exactly the same as B(> 5o, axp®, p~t) where p~
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is the smallest value greater than or equal to e. But B(} 72, arp®, p7h)
contains exactly those numbers > 72  byp® where (ag, ay,...,ai—1) =
(b07 bl) SRR bt—l)-

Now given an infinite open cover of epsilon-balls, suppose by way
of contradiction there is no finite subcover. Then by the pigeon-
hole principle, 3¢y € S, such that {> 7 arp® | ap = co} has no
finite subcover (since there are exactly p such sets, a finite num-
ber, partitioning all of Z,); fix this ¢yp. Then again by the pigeonhole
principle, 3¢; € S, such that {> 3>, axp”® | (ao,a1) = (co,c1)} has no
finite subcover. Continuing onward, we can find cg, ¢, ... such that
for each N, the set Zy = {372, arp® | (ao,...,an) = (co,...,cn)}
has no finite subcover. But > 72 ¢xp® must be in some epsilon-ball
B o bip® 07" = {5l ard” | (a0, ... ai-1) = (bo,- .., b1)}
Thus (cg, .. .,ct—1) = (bo, .. .,bi—1), which implies that this epsilon-
ball contains the set Z;_1. But then Z; 1 has a finite subcover (of
one epsilon-ball), a contradiction.

Third Solution: Complete and totally bounded implies com-
pact. Z, C Q, is complete since it is a closed set (the closure of Z)
in a complete space. We show that it is totally bounded. Given any
€ > 0 we can find p~! < € so that the following p' epsilon-balls cover
Lipy:

t—1
U {B <Zakpk,e> | a), € Sp}
k=0
t—1
> {B (Z akp’“,pt> | ax € Sp}
k=0
= U{{Zbkpk | (bo,...,btfl) = (ao,...,atl)} | ai € Sp}
k=0

= va

so there are finitely many e-balls that cover Z,, for any € > 0. Thus
7y, is closed and totally bounded, and therefore compact.

Openness of Zy,. Given any p-adic integer Q = >_p7, qep®, we claim
that the epsilon-ball B(q, 1) is in Z,,. Suppose by way of contradiction
that R = > 72, rp® & Z,, were in this epsilon-ball — notice that
vp(R) < 0.

If Q = 0 then d(Q,R) = ||R||, = p~**") > 1, a contradiction;
and since R ¢ Z,, R # 0. Then @ is represented by the Cauchy
sequence {0Q}N=01,. = {ZIZCV:O q/ﬂpk}N:oJ,,,,, and eventually these
terms all have p-adic valuation v,(Q) > 0. Similarly, R is represented
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by the Cauchy sequence {or}N—vuvt1,.. = {Dpey kP }Nzv041....
and eventually these terms all have p-adic valuation v,(R) < 0.

Then @ — R is represented by the Cauchy sequence {(cg)n —
(or)~}. But eventually v,((o0g)n) = vp(Q) > 0 > vp(R) = vp((0R)N),
so that

o (00 — (0r)x) = min(u,(Q), up(R)) = vp(R) < 0.

So the p-adic valuation of @ — R is negative, and d(Q, R) > p° = 1,
a contradiction.

Thus our original assumption was false, and indeed every element
in Zj, is the center of some epsilon-ball contained in Z,. Therefore
Zy, is open, as desired.

e Noncompactness of Q.

First, Q, is not bounded because d(0,p*) = p~* which can be
made arbitrarily large as k& — —oo. Thus (from part (c¢) of the so-
lution to Problem 2) it is not totally bounded. But Q, is compact
if and only if it is closed and totally bounded; and since it is not
totally bounded, it cannot be compact.

Problem 2.

(a) (X,d) is a metric space.
d indeed satisfies all the properties of a metric distance:

o Symmetry. d({zi}, {yr}) = supy|er—yr| = supplyr—ar| = d({yi}, {z})-

o Zeroicity. d({zy}, {zr}) = supy|xr — xx| = sup, 0 = 0.

e Positivity. If {zx} # {yx} then IN such that zy # yxn. Thus
d({zk}, {yk}) = supler — ye| = lon — yn| > 0.

e Triangle Inequality. Suppose we have sequences {xp},{yx}, {2k}
with d({x},{zx}) = t. Then Ve > 0, 3N such that |zny —2zn| > t—e€.
Thus d({zx}, {yx}) + d({ve}, {2}) > loen — yn[ + [yv — 2n] >
ey — zn| > ¢t — € for all € > 0, so we must have d({z},{yr}) +
d{yr},{zx}) > t = d({zi},{z}). (In the previous steps, |[xy —
yn| + |lyn — 2n| > |zn — zn| by the triangle inequality for the real
numbers.)

(b) (X, d) is bounded but not totally bounded.
Given any sequences {zy}, {yr}, we have 0 < |z, — yx| < 1 for every k so
that 0 < d({zx},{yr}) = supy|zr — yx| <1 and thus X is bounded.
However, suppose by way of contradiction that X were totally bounded
— that is, for any € > 0 there exists a finite collection of epsilon-balls

B ({x,(j)} ,e) , B ({xf)} ,e) ,..., B ({xén)} ,e) that contain all elements
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of X. Choose € = % and find the corresponding {x,(;)} For each 7 with

1 <i<mn,if 2 < % then write y; = 1; otherwise, if 29 > % then

7 (2
write y; = 0. The sequence {yx} = vi,92,...,Yn,1,1,1,... is in X. But
d({a:,(;)}, {yr}) > |xl@ —yi| > 1, s0 {yx} is not in any of the epsilon-balls —
a contradiction. Therefore our original assumption was false, and X is not
totally bounded.

(c) Every totally bounded metric space (X,d) is also bounded.

Suppose that (X, d) is totally bounded. Fixing an e > 0, there is a finite
collection of epsilon-balls B(z1,€), B(x2,€), ..., B(zy, €) that contains every
element in X. Write M = maxi<; j<n{d(x;, z;)} and consider any y, z € X.
Then y € B(xz;,€) and z € B(z;,€) for some 4 and j, so that

d(y,z) < d(y,x;) + d(zs, x5) + d(zj,2) <e+ M +€

by the triangle inequality. Thus any two elements have distance less than
M + 2¢, so (X,d) is indeed bounded.



