Math 55a, Fall 2004

Fourth Assignment, Solutions
Adapted from Andrew Cotton, George Lee, and Tseno Tselkov

Problem 1.

First assume that (i) holds and we’ll show how it implies (ii), (iii), and
(iv).

For any closed set S C Y, Y \ S is open so that F~1(Y \ S) is open. But
F maps each element of X to either an element in S or an element in Y\ S,
so F71(S) = X\ F~Y(Y\ S) is open, so (ii) holds.

Also, if V € Sy C Ty, then from (i) we know F~1(V) € Tx, so (iii) also
holds.

Given any x € X and any neighborhood Np(,) of F(z) in Y, then U =
int(Np(;)) is an open set containing F(z). Thus by (i), N, = F~1(U) is an
open set, and thus a neighborhood (since an open set equals its interior),
containing x. Clearly F'(N;) = U C Np(,), so (iv) holds as well.

Now suppose (ii) is true. Then for any open set U C Y, Y \ U is closed
so that F~1(Y \ U) is closed. But F' maps each element of X to either an
element in U or an element in Y \ U, so F~}(U) = X \ F~}(Y'\ U) is open,
i.e. (i) holds.

Next suppose (iii) is true. Given finitely many open sets {U} such that
{F~Y(Uy)} are open, then F~1(N, Ux) = N, £~ (Ug) is open as well (since
any finite intersection of open sets in X is open). So form a base By of Y’
by taking all finite intersections of sets in Sy; then any set U € By has an
open preimage. Now given any open sets {U,} such that {F~'(U,)} are
open, then F~Y({J, Us) = U, F~'(Us) is open as well (since any union of
open sets in X is open). And since every open set in Y is the union of sets
in By, every open set in Y has open preimage, so (i) holds.

Finally, suppose (iv) is true. Then given an open set U, U = int(U). Thus
for every point x € F~1(U), U is a neighborhood of F(z). Then from (iv),
there exists a neighborhood N, C X such that z € int(N,) and F(N,) C U.
Thus the open set

V= |J int(N,)
zeF~1(U)

contains F'~1(U) since for each x € F~1(U) we have z € int(N,). But
on the other hand V is contained in F~1(U) since for each x we have

F(int(N,)) C F(N,) C U. Thus V equals F~*(U), proving (i).

Thus, (i) is equivalent to each of the other three statements, and therefore
they are all equivalent.



Problem 2.

(a) If  # y are different points, consider any open neighborhoods U, and U,
of x and y respectively. Since U, and U, are nonempty, their complements
must be finite, so clearly U, N U, # 0, so (R, Z..s) is not Hausdorff.

(b) We claim that a sequence converges if and only if at most one real
appears in the sequence infinitely many times.

Indeed, for the ”if ” part suppose we have a neighborhood N whose in-
terior U contains . Then since U is open it must contain all but finitely
many reals {ry,ro,...,m,}. But each of r1,7y,...,r, appears only finitely
many times in the sequence; so U (and thus N) contains all but finitely
many of the sequence terms, as desired.

Let us now treat the “only if” part. Suppose that yg, distinct from =,
appears infinitely many times in the sequence. Let U be the open set con-
taining all reals except yo. Then U is a neighborhood of z, but because it
does not contain y, it does not contain all but finitely many terms of the
sequence, which is a contradiction.

(c¢) The only such functions map all of R to a single number x. These func-
tions are clearly continuous since the preimage of any open set U either
equals R or () (depending on whether x € U), which are both open.

But suppose by way of contradiction that the f(R) contained at least
two different numbers z and y with |z — y| = 2¢. Then B, = B(x,¢) and
By = B(y, €) are open and disjoint, so their preimages P, and P, are open
and disjoint as well. Because x and y are in f(R), P, and P, are also
nonempty. Therefore, P, contains all but finitely many reals; so P, can only
contain finitely many reals and is not open, a contradiction.

Problem 3.

Remarks: The most common mistake on this problem was confusing
different notions of “open” and “compact.” A set may be open or compact
as a subset of one space, but not as a subset of another. For example, at first
glance, it’s not obvious that an open subset of Ag is also an open subset of A.
Similarly, Tychonoff’s Theorem states that the product of compact spaces is
a compact space; it does not say anything about compact subspaces. Some
notation: in this solution, if we say that A C B is open or compact, we
mean that A is open or compact when viewed as a subset of B.

How do we deal with these issues? First note that as proved in class, given
a metric space, the “metric subspace topology” on a subset is the same as
the “general subspace topology.” This, for instance, would tell you that any
subset of Z, which is open in Q,, is also open in Z,; in this solution, we
say “the topology of Z,” (as its own space) with the understanding that
whether we use the metric notion or the general notion makes no difference.
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Also, if X is a Hausdorff topological space, and Y C X is equipped with
the subspace topology, then Y is compact as its own space if and only if it
is compact as a subset of X. (Do you remember why?) We use this in the
proof with X = A.

Also, one base for the product topology of [] .4 Xa is the collection of
all sets Hae 4 Ua where each U, is open in X, and where all but finitely
U, equal the corresponding X,. I had thought this was proven in class, but
some people still proved it on their homework sets, so I'm guessing I was
mistaken. A quick proof: if p, is the projection function from the product
to Xa, then (N, e p ' (Ua) = [Toep Ua X [lagp Xa- For all possible B’s and
open sets U,, we get the base described above.

Lemma 1. Consider the family F of all sets of the form

Uo x [TUp x T Zp,
peES pgS
where S is a finite set of primes, Uy is an open set in R, and each U, is

an open set in Q,. (S and the U’s are not fized; F contains all sets for any
such S and U’s.) Then F is a base for A.

Proof:  First we prove that any set V = Uy x Hpes U, x Hpgs Ly in F
is open. For convenience, for p € S write U, = Z,. Then given any finite set
of primes S’,

VNhy = (UonR) x [[WnQ) x []0,NZ,)
peS’ pgS’

= Up X H Up X H(UpﬁZp).
pes’ pgS’
Now, Uj is open in R; and for each p € S’, U, is open in Q, by definition.
As for p ¢ S’, since the finite intersections of open sets in Q, is open in Q,,
Up N Zy is open in Q, (and hence Z,) as well. Thus, VN Ag C Ag is the
product of open sets at each of its coordinates. Furthermore, all but finitely
many of the U, N Z, equal all of Z,, so V N Ag is indeed open in Ag. And
since this is true for any Ags, V itself is open in A (by definition), as claimed.

Next we prove that any open set U can be written as the union of sets in
F. But since every element of U is in one of the Ag’s, we have

U=JUnAs,
S
where the union runs over all finite sets of primes S. Since U is open in A,
each U N Ag is open in Ag and can be written as the union of base sets
in Ag. And for a set T to be in the usual base of the product topology for
Ag, it must be the product of open sets Uy C R, U, C Q,, (for p € §), and
Up C Zy (for p ¢ S) — but furthermore, all but finitely many of these open
sets must be all of the corresponding spaces R, Qp, Z,. So letting S’ be the
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finite set of primes where U, doesn’t equal exactly all of Z,, each T' can be
written in the form

T=Ux [[Ux[[ZeF
peS’ pgS’
Therefore each U N Ag is the union of sets of this form; and U = (JgUNAg
is as well, as claimed. O

Observation 1. The topology “decreed” for A is really a topology.
Proof: We found a base, and the union of the sets in the base is all of A.[J

Corollary 1. The topology of Ag, viewed as its own space equipped with the
product topology, is the same as the subspace topology of Ag, viewed as a

subset of A.

Proof: The topology of a set Y viewed as its own space has the subspace
topology of Y C X iff the following two conditions hold: (i) given any open
subset U C X, the set UNY C Y is open; and (ii) given any open subset
U C Y, there exists an open set V' C X such that U = V NY. We wish to
show these conditions hold for X = A and Y = Ag.

Condition (i) holds by the definition of “open” in A. As for condition (ii),
any open subset U of Ag can be written as a union UﬁeB Up of sets in the
standard base of Ag; but from the above lemma, each Ug is also open in Ag.
Therefore, U C A is open, implying that we can set V = U to show that
condition (ii) holds. O

(a)
o A is locally compact.

Intuitively, given any point a in A only finitely many coordinates
of a are not p-adic integers in a corresponding space Q,. For each
of these coordinates, we find a compact neighborhood in the corre-
sponding space; then multiply these compact spaces by Z, in the
remaining spaces. This, we will show, is a compact neighborhood of
a in A.

Lemma 2. R is locally compact, and Q, and Z, are locally compact
for every prime p.

Proof: Given any r € R, the set [r — 1,7+ 1] is a compact neigh-
borhood of r; and for any z € Z,, we proved in the last homework
assignment that Z, is both open (so it equals its interior, and thus
z € int(Zp)) and compact in Q). Because Q) is Hausdorff, Z,, is com-
pact when viewed as its own space; also, Z, (like any space) is open
when viewed as its own space. Thus Z,, is a compact neighborhood
of z, and both R and Z,, are locally compact spaces.
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Suppose that we have a p-adic ¢ in Q,, and consider the function
f:Qp — Qp defined by x +— g+ z. It’s easy to verify that this is bi-
jective; using the e-¢ definition, we see that this map and its inverses
are continuous (in fact, for each € > 0, the value 0 = e suffices).
Thus f maps compact sets to compact sets, and open sets to open
sets, so Zj, gets mapped to a compact neighborhood of ¢. Thus, Q,
is locally compact. O

Now, given any a € A, there is a finite set .S of primes such that
a € Ag. Thus for all primes p € S, the coordinate of a corresponding
to Qp is a p-adic integer.

For the coordinates ap € R and a, € Q, (for p € S5), since R
and each Q, are locally compact there are compact neighborhoods
Co C R of ap and C, C Q, of a,, (for p € S). Then we claim that

NZCoxl_[CpXHZp

peS pgS

is a compact neighborhood of a. This is compact when viewed as its
own space by Tychonoft’s Theorem. If we can show that its topology
as its own space is the same as the subspace topology of N, viewed as
a subset of the Hausorff space A, this would imply that it is compact
as a subset of A. We already know that the topology of the space Ag
is the subspace topology of Ag C A. We now show that the topology
of the space N is the subspace topology of N C Ag, by proving
a more general result; it then easily follow that properties (i) and
(ii), described in the corollary proven before, apply with X = A and
Y =N.

Lemma 3. Suppose we have a collection of topological spaces { X, |
a € A} and subsets Yo € X, for all a € A, where each Y, is
equipped with the induced subspace topology. Equip Y = [],c4 Ya
and X = [[oea Xa» each viewed as its own space, with the respec-
tive product topologies. Then the topology of Y is the same as the
subspace topology of Y C X

Proof: ~ We must prove the properties (i) and (ii) set out in the
corollary from before (conveniently, without changing any variable
names!). First we prove property (i). Each open set U in X is the
union | J sep Up of sets in the standard base of X. Each set Ug equals
[Ioca Oq for open sets O, C Xq, where O, = X, for all but finitely
many «. Then V3 = UgNY = [[,c4(OaNY,). By the definition
of the topology of each Y, this is a product of open sets O, C Yq;
and as all but finitely many O, equal X,, we have O., =Y, for the
same all but finitely many «. Hence, each V3 is open as a subset
of Y, implying that U NY = UﬁeB (UsNnY) = U,B Vp is open as a
subset of Y, as desired.
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Now for property (ii): suppose U € Y is open. Then it is the
union (Jgep Up of sets in the standard base of Y. Each U equals
[Ioca Oa for open O, C Yy, where Oy = Y, for all but finitely
many «. For these all but finitely many « define O/, = X,; for the
other «, by definition of “open” in Y, we have O, = O, NY, for
some open O;, C X,. Then Vg =[] 4 O, is open as a subset of X,
as is V =Ugep V- As U =V NY, property (ii) is true. O

Thus, N C A is indeed compact. Also, N contains

N’ = int(Co) x [[int(Cp) x [] Zy,
peS pgS
which contains a since ag € int(Cp), ap, € int(Cp) Vp € S, and
ap, € Z, ¥p ¢ S. The first lemma implies that N’ is open, which
means that a € N’ C int(N) so that N is indeed a compact neigh-
borhood of a. Therefore, A is locally compact, as desired.

o A is a Hausdorff space.

Intuitively, given any two distinct points in A they differ at some
coordinate in either R, @, or Z,. Then in the space S corresponding
to this coordinate, we find disjoint open sets containing the coordi-
nates; and then we multiply these sets by all the rest of R, Q,, and
Zy, to find disjoint open sets in A containing our two original points.
Let’s make this rigorous and precise.

Given a,b € A, we have a € Ag, and b € Ag, for some finite
sets of primes S, and Sp. Then for all the primes p not in S =
Sa U Sy, the corresponding coordinates of both a and b are from Z,,.
For convenience, write S; = R, {Ss,...,S;} = {Q, | p € S}, and
{Sk41,Sk42,. -} ={Zp [ p £ S}

Now, if a,b € A with a # b, then they differ in at least one
coordinate a, = b, from some space S,, (which is either R, Q,, or
Zp). Sy is Hausdorff (since it is a metric space) so there are disjoint
open sets U,, Uy C Sy, containing a, b. Then

Usx [[Si and Uy x J]S:
are disjoint sets in A containing a and b, respectively. Furthermore,
they are open since they are of the form described by the first lemma

(all the spaces at each coordinate are open, and all but finitely many
of them are all of Z,). Thus, A is indeed a Hausdorff space.

(b)
Lemma 4. Addition and multiplication are continuous in each of R and Q.

Proof: ~ This proof applies to any metric space X where (writing |z| =
d(0,x)) we have |ab| = |a||b| and d(a,b) = |a—b| for all a,b € X. (Recall that
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the first fact is true for rationals with the p-adic absolute value; to prove
that it is true for all p-adics, use this fact in addition with the definition of
p-adic absolute value that you created in the last problem set.)

Say we have an open set U C X with additive preimage U™! € X x X.
Then for any point (a,b) € U~!, we have a + b € U so there is an open ball
B(a + b,¢) contained in U. Then 3 = B(a,§) x B(b, §) is an open set in
X x X containing (a,b), and it is in the preimage because (¢, d) €  implies
|(c+d) —(a+0b)] <|c—a|+|d—0b| <esothat (c+d) € U. Therefore we
can find an open set 3 in U~! around any point in U~!, which implies U !
is open.

Now suppose we have an open set U C X with multiplicative preimage
U~! € X x X. Then for any point (a,b) € U~!, we have ab € U so there
is an open ball B(ab,3¢) contained in U. There exists e; > 0 such that
€1lb] < € and €1 < /€; let B, = B(a,€1). Similarly, there exists e2 > 0
such that ez|la| < € and €2 < \/¢; let By, = B (b,e2). Then f = B, x By
is an open set in X x X containing (a,b). Also, if (¢,d) € [ then either
bl = 0 = |c—allb| =0 < € or else |c — allb] < W |b| = €; similarly,
la(d —b)| < e. Thus

led —ab| < |(c—a)b|+ |(c —a)(d —b)|[ +|a(d - b)|
< le—allbl + |c — alld — b] +|alld — b
< e+Ve-Vete
= 3e

so that (c,d) € U~!. Since this is true for all (c,d) € 3 we have (a,b) € 3 C
U~!. Therefore as before we can find an open set 3 in U~! around any point
in U~!, which implies U~! is open. This completes the proof. O

Look at the base F of the adeles described before in the first lemma. It
is also a sub-base so from part (iii) of problem one, to prove that addition
and multiplication are continuous it suffices to prove that the inverse image
of each subset of F is open. We state the proof in terms of addition; the
proof is exactly the same for multiplication. Also, by “preimage” we mean
the preimage of a set under addition in R or Q, or A.

Suppose that we have some base subset

V=Ux[[U,x[] 2%

peES pgS

in F. (For convenience, we will sometimes write U, = Z, for all p € S.)
Also suppose we have some point = (a,b) € A x A in the preimage of V.
Because addition is continuous in each Qp, we know that the preimage U, 1
of U, is open and contains the Q, x Q, coordinate (ay, by) of z. Uljl, though,
is a union of sets in the base {A x B | A, B C Q, are open}, so there is some
open set A, x B, C U, ! containing (ay,by). Similarly, we can find an open
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set Ag X By containing the R x R coordinate (ag, by) of = and contained in
the preimage of Uj.

Now let S’ be the finite set of primes p such that either U, # Z,, or the
coordinates a, and b, are not both p-adic integers. Then consider the set

Ap x HApx HZP x | Bo x HBpx HZp

pes’ pgSs’ pes’ pegs’

Both factors are open by the lemma, so this set is indeed open in A x A.
Also, this set is in the preimage P of V'; and finally, this set contains x. Thus
every point x in P is contained in some set U, C P which is open in A x A,
so P = |J,ep Us is open. Therefore addition (and also multiplication) are
indeed continuous in the adeles, as desired.



