Math 55b, Assignment #8, April 18, 2006
(due April 24, 2006)

Notations and Convention. C is the set of all complex numbers. R is the
set of all real numbers. N is the set of all positive integers. For a domain
D in R™ with coordinates 1, --- , z,, the orientation of D is defined by the
differential n-form dxy A - -+ A dz, unless explicitly specified otherwise. For
a function f on D the integral | 5/ means the integration of the differential
n-form fdxy A --- A dx, over the oriented domain D.

Problem 1 (Differential Forms and Volumes). Let 1 < k < n be integers and
G be an open subset of R¥ and f : G — R™ be a continuously differentiable
map which is injective and whose derivative f’ as an n X r matrix has rank r
at every point of G. Let uy,--- ,u; be the coordinates of R¥ and zy,--- , 2,
be the coordinates of R™ and let

f(uh'" 7uk):(f1(u17"‘ ;uk)a"' 7fn(u17"' 7uk))

Define the pullback f* (Z?:l dz; ® dxj) by the map f of the Euclidean
metric )7, dr; ® dx; as

I (Z dr; @ d:cj> = _df; @ df;
j=1

j=1
which is equal to

8fj of;
Z (Z duy, 8u,,> e © dity )

p,rv=1

Define the Jacobian (determinant)

a(fju'" 7fjk)
8(u1’... ;Uk)

to be the determinant of the & x k matrix whose (u, v)-th entry is
f;,
ou,

for 1 < p,v <k.



(a) Show that the k x k determinant

S LA s 9L 0k
7=1 Ouy Ouq 7=1 Ouq Ouy,
dot [ S 24 04, =
3uu ou,
= 1<p,v<k o
S 8ff of; ... S 3f] ofi
j=1 Ouy, Ouy 7=1 Ouy, Ouy

of the coefficients of f* (2?21 dr; ® dacj) in terms of du, ® du, is equal to

2.

1<j1<<jr<n

8(fj17"' 7fjk) ?

O (ur, -+, uk)

Define the volume of the image f(G) of f: G — R" as

/ det ( afj af]) duy - - - duy,.
G ou,, Ou,,
1<pv<k

(b) Consider the following special case.

(i) k=1,
(i) n =
(iii) & = (a,b);

(iv) f: G — R?is given by x = z(¢t) and y = y(¢t).

For this special case, verify that the above definition of the arc-length of the
image of f: (a,b) — R? agrees with

IRCEOK

(c) Consider the following special case.

(i) k=2
(il) n = 3;



(iii) f:G — R3 is given by the vector-valued function (z,y, z) = 7(u,v) of
two variables wu, v.

Let
12
E(u,v) = % ,
or or
F(u,v) — <%) : (%) )
12
G(u,v) = %

For this special case, verify that the volume of f(G) is given by

/ VEG — F?2du A dv
a
and that it is also given by

116~ (5)

where 5 x 17 means the vector product of the two vectors 5 and 17.

du A dv,

(d) In the special case of k = n —1and f; = u; for 1 < j < n—1 and
fo = F(uy, - ,up_1) (in other words, the image of f : G — R" is defined
as the graph of the function

(Ih T 7$n—1) — F(xq,-- ;fn—1)
over G C R™1), verify that the volume of the image f(G) of f: G — R™ is

equal to
n—1 2
OF
1+Z(—) dy - di .
/G = o 1 1

J

(e) In the special case when each f; is an R-linear function

k

fj (ulu T 7uk> - Zaj,uul/

v=1



for some a;, € R, verify that the volume of f(G) is equal to

Z (‘/}17"'7%)2 )

1<ji<<jg<n

where 7;, .. ;, : R" — R¥ is the projection

(@, ) = (25,05 )
and V;, .. j, is the volume of the subset (7}, ... ;. o f) (G) of R*.
(f) Consider the following special case:
(i) k= 2¢;

(il) n = 2m;

(iii) wug,—1 equals the real part of ¢, and ug, equals the imaginary part of
¢, for 1 < pu < ¢, where ((1,-++ , () € C* =R

(iv) x9,_1 equals the real part of z, and xs, equals the imaginary part of z,
for 1 < v <m, where (z1,---,2,) € C" =R"

(v) G is the ball of radius R > 0 in C* = R* centered at the origin;

(vi) The function
f?u—l + v —1 f2y

of (1, ,( is a power series in ((,- -+ ,(;) which converges at every
point of G.

Let
A -
w = 5 ; dz, N\ dz,
and © = f*w, where

le, = d.’L’QV_l —+ —1 dZL'Q,,,
dZ_l, = dlEQl,_l —V —1 d.TQ,/.

so that

e
2

dZV A dz_l, == dIL'Ql,_l VAN d[L‘QV



and

(5

dZV A dz_u) = df?y—l A df?u'

Show that for this special case the volume of f(G) is equal to the integration
of the differential k-form

1
Z(@/\---/\@)
¢ copies

over G. (The significance of this special case is that while in general the vol-
ume is not computed by the integration of a differential form on the ambient
space R™ which is independent of f(G), for this special case the volume does
come from the integration of such a differential form.)

(Hint: use the C-basis

8ui_1 " maiu’ aui -Vl 352“ (1<pu<i)
instead of )
o (1<j<k)
and use the C-basis
axf”—l ’ \/—_1852“, 55133_1 B \/__185% I=v<m)
instead of )
oz; (1<j<n)

for the calculation and observe from direct computation that

(0u2u ) +\/_ )(fQV LV o) =0,

because

f21/—1 + \/__]—fQV

is a power series in (, = Ua,_1 + v/ —1ug, when the other variables
p 1 p

Uy, U2p—2, U2u41, " 5 Un

are fixed.)



Problem 2 (Volume of n-Sphere Computed by Integrating a Radial Function
of Quadratic Exponent Decay).

(a) Suppose G is a domain in R"™'. Let F (xy,- -+ ,2,,%,41) be a continu-

ously differentiable real-valued function on G so that the length |dF'| of the

differential of F'is identically 1 at every point of the zero-set Z of F. Here
1

2

OF
8-77'r7,+1

3
oF . Assume that

o2,
Give Z the orientation defined by the differential n-form dx; A --- A dx,, on
7. Show that the volume of Z is equal to

1

8$'n.«‘fl

i1 > 0 at every point of Z.

|dF| equals (Z"H

when locally Z is represented as a graph over a domain in R™ by the implicit
function theorem and the volume of that graph is as defined in Problem 1
above.

Hint: When F (xq1, -+ 2, f (21, ,2,)) = 0 in xy,- -+ ,2,, use implicit
differentiation and the chain rule to express 2L in terms of 8;9F+ - and % for
n J

X 8£Bj
I1<j<n.

Remark: Note that, unlike the form w on R™ in Problem 1(f) used to compute

the volume of f(G) there, the form A— dx A - -Adx,, used here to compute
0wy

the volume of Z depends on Z.

(b) Let w, be the volume of the unit n-sphere in R™! with coordinates
X1, ,Tpe1. Show that

[e.e]
sy ntli, )2 _p2
/ e~ 2= (@) —wn/ r'e " dr.
Rn+1 r=0

1
Hint: Let r = (Z?;Lll (:cj)2> *. Use local coordinates @y, - - ,x,,r at a point
where % is nonzero and apply Part(a) by observing that |dr| = 1. The
factor r™ comes from the fact that the volume of an n-sphere of radius a
is equal to w,a™ as one can see by considering the map (xy,--+ ,x,11) —
(axy, -+ ,az,.q) of R™HL

(c) Use Part(b) to show that
om2
Wp—1 =

where the denominator is the value of the Gamma function at 5.

6



Hint: Write the integral on the left-hand side of the equation in Part(b) as
the (n + 1)-st power of [~ e~ dt.

Problem 3 (Expressing a 1-Form as the Differential of a Function).

(a) Let P(z,y)dx + Q(x,y)dy be a continuously differentiable differential
1-form on (—1,1) x (=1,1) C R2. Define

g(x) = /035 P(s,0)ds for x € (—1,1)

and

f(z,y) =g(x) + /Oy Q(z,t)dt for z,y € (—1,1).

Assume that % = %—5. Show that df = Pdx + Qdy on (—1,1) x (—1,1).

Hint: Use
ax/thdt /—thdt /3 (x,t)d

(b) For 1 <j <nlet —0o <a; <bj <oc. Let © =37 (w1, - ,7,)dz;
be a continuously differentiable differential 1-form on (ay,by) X - - X (an, b,) C
R"™ such that

Op; _ O¢k

Or,,  Ox;
on (ay,by) X -+ X (an,by) for 1 < j,k < n. Define fy=0and for 1 <j<mn
inductively define

i@, xy) = fim (@, 5-0) +/ @i (21, ,xj-1,t;,0,---,0) dt;.
£,=0
Let f = f,. Verify that df =377, ¢jdz; on (a1,b1) X -+ X (an, by).

(c) Use the notations of Part(b). Let —oo < o < # < 00 and let ® : [a, 5] —
(a1,b1) X+ -+ X (ap,by) be a continuously differentiable map with ®(a) = ®(3).
Show that f[% 5 ©7© =0, where ®*© is the pullback of the differential 1-form
O by the map &.

Hint: Use the fundamental theorem of calculus and ®(«) = ©(/5).



Problem 4 (Riemann Double and Iterated Integrals for a Function Continuous
Outside a Closed Subset of Zero Measure). Let —oo < a < b < oo and
—0 < a < § < oo. Let A be a closed subset of [a,b] X [a, 3] of measure
zero in the sense that given any € > 0 there exists a sequence of open disks
B (P, r;) (for j € N) of radius r; > 0 centered at P; € R? such that
ACUjen B (Py, 1) and 37,7y < e

Remark. For the statements of this problem the condition of A being closed
can be removed (when E is not required to be closed). It is used here so
that the problem can be directly handled from the definition of Riemann
integrability without the use of a more complicated theory such as Lebesgue
integration.

(a) Show that there exists a closed subset E of measure zero in [a,b] such
that ({z} x [a, 5]) N A is of measure zero in the interval {z} x |a, 3] for
x € la,b —E.

(b) Suppose f is a bounded real-valued function on [a,b] x [«, 5] which is
continuous on [a,b] x [o, 3] — A. Show that f is Riemann integrable on
la,b] x [, (] in the sense that given any € > 0 there exist

a=x0<x1 < <Tp_1 <Tp =D,

a=yo <y < <Ygu1 < Yg =0,

such that

bS]
S

(Mie —mie) (Tp — Tr-1) (Yo — Yo—1) < €,
k=1 ¢=1

where M, is the supremum of f(P) for P € [xy_1, 2] X [ye—1,ye] and my e
is the infimum of f(P) for P € [z_1, Tk] X [yo—1,ye]. We denote by

/ [z, y)dxdy
[a,b] x [, 3]

the supremum of

bS]
BS)

Mg.e (SCk - SCkA) (yz - yzq) )
k=1 ¢=1



or equivalently the infimum of

p

DD Mye (wr — wx-1) (Y — yea)

k=1 ¢=1
over all possible choices of
a=x0<x1 < <Tp_1 <Tp =D,
a=yo <y < <Yg1 <Yg =0
(c) Verify that the function

/y ﬁ F(z,9)dy

on [a, b]— E of the variable  defined by Riemann integration can be extended
to a function on [a, b] which is Riemann integrable on [a, b].

(d) Verify that

b 3
/ (/ f(a:,y)dy> dx = / f(z,y)dxdy,
r=a Y=« [a,b} X [a’ﬁ}

where the left-hand side is the Riemann integral of the function in Part(c).

Remark. For a closed subset S in [a,b] X [, 3] whose boundary A is of
measure zero in [a, b] X [«, 5] and a continuous function g on S, the integral
| ¢ 9(x,y)dxdy can be defined as the Riemann integral of the function f over
la,b] X [, B] which is defined by f(P) = g(P) for P € S and f(P) = 0 for
P¢S.

Problem 5 (Representing an Interated Indefinite Integral as a Single Integral).

(a) Let ¢ > 0 and let f(x) be a continuous function on [0, c]. Use two ways
to prove by induction on n that for n > 1 and 0 < x < ¢ the iterated integral

L (L o) o))

is equal to
€T _ t n
=0
0

n!

the first way differentiating both sides with respect to x and the second way
by switching the order of the iterated integration on the left-hand side.

9



(b) Use Part(a) to obtain the following Taylor expansion with integral re-
mainder

f(z) = En: f“Z'(o)xk + /z Mf(”“)(t) dt for0<az<c
k=0 ) 0

n.

for any (n + 1)-times continuously differentiable function f on [0, ]

(c) Use Part(b) and the Mean Value Theorem to obtain the following Taylor
expansion with derivative remainder

~ f®0) . O a
— " for0 <z < d 0
f(x) ,;:0 o "+ CESN x or0 <z <candsome(<¢{<ux

for any (n + 1)-times continuously differentiable function f on [0, c].

Problem 6 (Sobolev Imbedding). Let f be a real-valued continuously differ-
entiable function on R™ which is identically zero outside some ball of radius
R > 0 centered at the origin. Let
1
2) 3

g(P) = (Z

(a) Let w,_1 be the volume of the unit (n — 1)-sphere in R". By applying
the Fundamental Theorem of Calculus radially from z to y and by averaging
the unit vector from z to y over the unit (n — 1)-sphere, show that

() 1@< o= | =ty

Wnp—1

of

52 (P)

where © = (21, -+ ,2,) € R and y = (g1, ,yn) € R and |z — y| =
(50— ) oncd dy = dus--

(b) Let 1 < p < nand u > n. Let h(z) = m%foer]R”—{O}. By
Holder’s inequality show that

p—1

Hint: Write h(x —y)g(y) = (h(x - y)g(y)%) (g(yﬁ) and apply Holder’s

inequality to raise the exponent of the first factor h(z — y)g(y) » to ﬁ

10



(c) Let ¢ = P& Use Part(b) to show that

</ If(x)\qu)% : % (/ng(y)pdyf,

_ pn=1) p—1
Chrun = |z|” w1 dx < 00.
lz|<R

Hint: For s > 1 and for functions ¢(z), ¢(z) on R™ with compact support,
their convolution

where

(v e 0)@) = [ olo- vy

satisfies
[ * 2]

which is the limiting case of

e < lell 90l

< (Z |le> 4]
e jeT

as » .y lcj| approaches |¢l|;:, where ¢; € R and P; € R™ and (Tp,0) (z) =
Y (x + P;) is the translate of ¢ by P;. The norms ||-||;, and ||-||;. denote
respectively the L® norm and the L' norm over R".

Z Cj (ij ¢)

jed

LS

Remark. This inequality gives the following statement concerning Sobolev
norms. Any function on R™ with compact support whose first-order deriva-
tives are all LP for some 1 < p < nis L? for any 1 < ¢ < n”—_’;. Actually
the Sobolev imbedding theorem can conclude that the function is L? for
q = n”—_’ép, but the procedure given here gives only the weaker result of the

function being L9 for any 1 < ¢ < n"—f;.

11



