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Problem 1 (Second Mean-Value Theorem). Let a < b be two real numbers.
Let f(z) and g(x) be two real-valued continuous functions on [a,b]. Assume
that g(x) is nonincreasing on [a, b]. Prove that there exists some a < £ < b
such that

b 3 b
dr = dr + g(b dz.
| 0@ dz =gt [ swrdeso0) [ s
Hint: First reduce to the special case g(b) = 0. Let F(z) = [ f(t)dt. Let o

be the minimum of F(x) on [a,b] and 7 be the maximum of F(z) on |[a, b].
Use the following integration-by-parts for Riemann-Stieltjes integrals

/ f(x)g(x) de = F(b)g(b) — F(a)g(a) +/ F(x)d(=g(x))

(where the last term on the right-hand side is a Riemann-Stieltjes integral)
to show that

og(a) < / f(2)g(z) dz < 7g(a)

(when g(b) = 0). Finally apply the intermediate-value theorem for continu-
ous functions.

SOLUTION. Step One. By replacing g(z) by g(z) — g(b) we can reduce the
general case to the special case where g(b) = 0, because if

b 3
(%) / f(#)g(x) dz = g(a) / f(z) dz

holds under the additional assumption that g(b) = 0, then

b 3
[ 7@) (9(a) = 9) do = (g(a) 9 [ (o) o



for the general case, which means that

b 13 b
z)g(z)dr = g(a x)dx b x) dx
/af()g() g()/af() +g()/§f()

We now can assume without loss of generality that g(b) = 0. We can also
assume without loss of generality that g(a) > 0, otherwise g(z) is identically
zero on [a, b] and we can choose £ to be any number in (a, b).

Step Two. In this step we prove the weaker statement that there exists some
¢ € la,b] (with the possibility that & may be one of the two end-points a, b
of the closed interval [a, b]) such that (%) holds. Then in Step Three we will
prove that there exists some & € (a,b) such that (%) holds. Step Two can
be skipped. It is included here just to make the idea of the solution more
transparent

Let F(z) = [T f(t)dt. Let o be the minimum of F(z) on [a,b] and 7 be
the maximum of F'(x) on [a, b]. We now use the following integration-by-parts
for Riemann-Stieltjes integrals

/ f(2)g(x) dz = F(b)g(b) — Fla)g(a) + / F(a)d(~g(c)).

where the last term on the right-hand side is a Riemann-Stieltjes integral.
Since F(a) = [ f(t)dt = 0 and g(b) = 0, it follows from (*) that

[ rwteras = [ Fwacg).

In the Riemann-Stieltjes integral f; F(z)d(—g(x)), when we replace F'(x) by
the minimum o of F'(x) on [a, b] we get a lower bound og(a) for the integral,
and when we replace F'(x) by the maximum 7 of F(x) on [a,b] we get an
upper bound 7g(a) for the integral. Thus

) s9(0) < [ F@)d(~9(w) < rgla).

By applying the intermediate-value theorem to the continuous function F'(x)
on [a,b], we conclude that the value

0 [ g e = s [ Fwa-gt)



which, according to (1), is no less than the minimum o of F(z) on [a, b] and
no greater than the maximum 7 of F'(x) on [a, b] is achieved by F(z) at some
¢ € [a,b]. Thus for that particular & we have (%).

Step Three. We now show that there exists some ¢ € (a,b) such that (%)
holds. Since ¢ is the minimum of F(z) on [a,b], if 0 < F(x) for every
x € (a,b), then

b
og(a) < / F(x)d(—g()),

because g(x) is continuous on [a, b]. Thus either there exists some a’ € (a,b)
such that F'(a’) = o or

b
o) o< i) / F(z)d(—g(x)).

g9(a
In either case there exist a < a; < by < b such that

1 /b
— F(x)d(—g(x

— | P@dt-gta)

is no less than the minimum of F(z) on [ay, b ], because when F (a’) = o
we can choose a < a; < @' < by < b and when (b) holds we can choose
a < a; < by < b such that the difference between ¢ and the minimum of
F(z) on [ay,b;] is no more than

b
—0+L/ F(z)d(—g(x)).

9(a)
Likewise, since 7 is the maximum of F(x) on [a,b], if F(z) < 7 for every
x € (a,b), then

/ F(z)d(~g(z)) < rg(a),

because g(z) is continuous on [a, b]. Thus either there exists some b’ € (a,b)
such that F (b') = 7 or

1 b
f —/ F(z)d(—g(x)) <T.

(#) g(a)a()(())

In either case there exist a < ag < a1 < by < by < b such that

1 b
o / F(x)d(—g(z))

3



is no greater than the maximum of F'(x) on [ay, bs], because when F (V') = 7
we can choose a < ay <V < by <band a < ay < a; <b; < by <band when
(#) holds we can choose a < as < a; < by < by < b such that the difference
between 7 and the maximum of F(z) on [ag, by] is no more than

r—— / F(z)d(—g(x)).

g(a)

Thus the value ($) is no less than the minimum of F(x) on [ag, by] and is no
greater than the maximum of F(z) on [as, bs]. By applying the intermediate-
value theorem to the continuous function F(x) on [ag, by], we conclude that
the value ($) is achieved by F'(x) at some & € [ag, bo]. Thus for that particular
¢ which is a point of (a,b) we have (%).

Problem 2 (Term-by-Term Differentiation of a Series of Nondecreasing Func-
tions). Let a < b be two real numbers. For every positive integer n let f,(x)
be a real-valued nondecreasing function on [a,b]. Assume that for every
a <z < btheseries Y | f,(x) converges to a real number s(z). Prove that
§'(x) =307 fn'(z) almost everywhere for x € (a,b), where s'(z) means the
derivative of the function s(x) and f,(x) means the derivative of the function

The following two statements can be used in your answer without proofs.

(i) A nondecreasing function is differentiable almost everywhere (Home-
work Assignment #3, Problem 5(b)).

(ii) (Vitali’s Covering Argument) Let E be a subset of (a,b) with positive
outer Lebesgue measure p*(E) > 0. Let 2 +— n, > 0 (for x € E) be a
positive-valued function on F. Let 0 < a < 1. Then there exist a finite
number of points xy,--- ,zy in E with ;41 > x; + 7, for 1 < j < N
such that

N
w <Eﬂ U (zj,2; —1—775,;].)) > ap(B).
j=1

(Homework Assignment #3, Problem 5(a)).

Hint: Assume the contrary. First show that there exist two rational num-
bers a < (3 with the property that the set E of all x € (a,b) such that



S fa' () < @ and B < §'(z) has positive outer Lebesgue measure. Let
Sm =D | fn. For every fixed m and every x € E define 1, ,, > 0 such that

Sm (T + Nem) — Sm(2)

<o

Nx,m

and
(x4 Nym) — s(2)

Ne.m
For every fixed m, apply Vitali’s covering argument to E and = +— 1,
to arrive at a conclusion which contradicts s(a) = > o, fu(a) and s(b) =

2 n1 fn(D)-

SOLUTION. First we make the following simple observation.

b <

() Suppose ¢(x) and 1 (x) are two real-valued functions on [a, b] such that
@(x)—1(z) is nondecreasing on [a,b]. Let o < fand L > 0. Ifa <y <d <b
such that

w<6(>5 — () <
-

©(0) — o(7)
/8 < 5_7 b

then

(p=9)(0) = (p—v) (1) > (B-a)(0—7),
because we can subtract the first inequality from the second inequality and
multiply the result by § — ~. If

A< < <Y<l - <yy<iy<Db

and
V) ~ ) _
0j = ’
5 < ©(d;) — ()
0j =

for 1 < j < N and if



then

S (=0 @)= (e =¥ () > (B-a) 3 (6 =)

J=1 Jj=1

and as a consequence

(=) () —(p—2)(a) > (B—a) L
by the nondecreasing property of p(z) — ¢ (x).

We now give a solution of the problem. Since every nondecreasing func-
tion is differentiable almost everywhere, there exists a set Z C (a, b) of mea-
sure zero such that both §'(z) and f)(z) exist for z € (a,b) — Z for every
n. Let s, =Y | f,. Since each f,(z) is nondecreasing for every n, it fol-
lows that s(x) — s,,,(x) is nondecreasing and s'(x) > s/ () for every m and
z € (a,b) — Z and as a consequence §'(z) > > fr(z) for z € (a,b) — Z.

Assume that it is not true that s'(x) = > 2, f/(z) almost everywhere.
We are going to derive a contradiction. Since the set of all rational numbers
is countable and is dense in the set of all real numbers and since a countable
union of measure-zero sets is again of measure zero, for some rational numbers
o < [ the the set E of all © € (a,b) — Z such that > >, f,/(z) < a and
B < s'(x) has positive outer Lebesgue measure. In particular, for any fixed
m we have >."" | f,/(z) < a and 8 < §'(x) for every x € E, because each
fn(z) is nondecreasing.

By the definition of the derivative as the limit of a difference quotient, we
conclude that for every fixed m and every x € E we can find 7,,, > 0 such

that
Sm (T + nx,m) - Sm(l’)

<
Nzm
and
ST+ Nem) — ST
5o S0 ) = s(a)
Nzm

Fix any 0 < 8 < 1. For every fixed m, apply Vitali’s covering argument
to E to find a finite number of points 1y ,,, - , 2N, m in E with z,, ;41 >

Tjm + Nejm for 1 < j < Ny, such that

N
" (E N (@ims @jm + m,a,,-,m,m)) >0 p*(E).

j=1



We now apply Observation () to

p(x) =s(z), P()=sn(z), L=0u(E),
Vi = Tjm, 5]' =Tjm + nmj7m,m7 N = Nm,

to conclude that

(1) (s = 8m) (0) = (5 = sm) (a) = (6 — @) 0 " (E)

for every m. Now let m — oo in (I) to get the limit 0 on the left-hand side of
(1), which gives the contradiction that the positive number (8 — «) 6 p*(F)
on the right-hand side of (f) is no more than 0.



