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from which it follows that
area of parabolic segment = £ A4 BC,

The same sort of argument is used for solids, pane - sections taking the
place of strasght lines.

Archimedes is careful to state once more that this method of argument
does not constitute a progf, Thus, at the end of the above proposition about
the parabolic segment, he adds: *This property is of conrse not proved by
what has just been said; but it has furnished a sort of fndication {(Endachy rve)
that the conclusion is true.” .

Let us now tarn to the passage of Plutarch (D Comm. Not. adv..Stoicos
Xxx1x. 3) about Democritus abuve referred to. Plutarch speaks of Democritus
as having raised the question in natural philosophy (dvewds): “if a cone
were cut by a plane parallel to the base El])y which is clearly meant a plane
indefinitely near to the base], what must we think of the surfaces of the
sections, that they are equal or unequal? For, if they are unequal, they will
make the cone irregular, as having many indentations, like steps, and uneven-
nesses ; but, if they are equal, the sections will be equal, and the cone will
appear to have the property of the cylinder and to be made up of equal, not
unegual circles, which is very absurd.” The phrase “smade xp of equal...circles”
(¢ iowr gvyxeipevas.. . xixhwv) shows that Democritus already had the idea of
a solid being the stm of an infinite number of parailel planes, o indefinitely
thin Jaminae, indefinitely near together: a most important anticipation of the
same thought which led to such fruitful results in Archimedes. If then one
may hazard a conjecture as to Democritus’ argument with regard to a pyramid,
it seems probable that he would notice that, if two pyramids of the same
height and equal triangular bases are Tespectively cut by planes parallel to the
base and dividing the heights in the same ratlo, the corresponding sections of
the two pyramids are equal, whence he would infer that the pyramids are
equal as being the sum of the same infinite number of equal plane sections
or indefinitely thin laminae. (This would be 2 particular anticipation of
Cavalieri’s proposition that the areal or solid contents of two figures are equal
if two sections of them taken at the same height, whatever the height may be,
always give equal straight lines or equal surfaces respectively.) And
Democritus would of course see that the three pyramids into which a prism
on the same base and of equal height with the original pyramid is divided (as
in Eucl. x11. 7) satisfy this test of equality, so that the pyramid would be one
third part of the prism, The extension to a pyramid with a polygonal base
would be easy. And Democritus may have stated the proposition for the
cone (of course without an absolute proof) as a natural inforence from the
fesult of increasing indefinitely the number of sides in a regulir polygon
forming the base of a pyramid.
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ProrosiTiON 1.

Stmilar polygons inscribed in civeles ave lo one another as
the squares on the diamelers.

Let ABC, FGH be circles,
let ABCDE, FGHKL be similar polygons inscribed in them,
and let BM, G be diameters of the circles;
I say that, as the square on BH is to the square on GN, so
is the polygon A BCDE to the polygon FGHKL. :
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For let BE, AM, GL, FN be joined.
Now, since the polygon ABCDE is similar to the polygon
FGHKL,
the angle RAE is equal to the angle GFL,
and, as BA isto AE, sois GFto FL, [vL. Def. 1]

Thus BAE, GFL are two triangles which have one angie
ual to one angle, namely the angle BAE to the angle

- GFL, and the sides about the equal angles proportional ;

therefore the triangle 4BE is equiangular with the triangle

FGL. ' _ [vr. 6]
‘Therefore the angle A£B is equal to the angle FLG.
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But the angle 4£7 is equal to the angle 4 M5,
_ for they stand on the same circumference ; , [im. 24}

and the angle FZG to the angle FNG ;
therefore the angle 4B is also equal to the angle FNG.
But the right angle BAM is also equal to the right angle

therefore the remaining angle is equal to the remaining angle.
[132]

triangle FGNV. ‘
o g}erefore, proportionally, as BAM is to GN, so is BA
Bui.: the ratio of the sguare on &M t e
. is duplicate of the ratio o? BMto GN, 0 the square o eV

_ and the ratio of the polygon ABCDE to the pol F(
is duplicate of the ratio of 84 to GF ? © polygon FGﬁfﬁi

therefore also, as the square on BM is to th g
50 is the polygon ABCDE to the polygon ;G%lf%r[i on G,

Therefore etc.
\ 7 Q. E. D.

As, from this point onward, the text of each proposition usually occupies

considerable space, I shall generall i
argument, ‘to enable it to be fnllowedymgul:: ez;il;}.]e notes & summary of the

Here we have to prove that i ing si i T
of tlét_a Al % iameters.a pair of corresponding sides are in the ratio
ince «s BAE, i
proportional,s , GFL wre equal, and the sudes. about those angles
As ABE, FGL are equiangular, '

50 that . Lt AEB =~ FILG

Hence their equals in the same se : |
And the right angles BAN, GFNgam;':r::;’u:i.s AUB, FNG, are equal.
Therefore &s 48M, FGN are equiangular, so that

BM: GN=PRA: GF.
The duplicates of these ratios are therefore equal,
whence (polygon ABCDE): (polygon FGHKL) -
= duplicate ratio.of Bd to GF
= duplicate ratio of B to GN _ "
=BM?: GN2 ' /

GFN ; [on 31]

Therefore the triangle 4BM is equiangular with the-
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PROPOSITION 2.
Circles are to one another as the squares on tfz_e dranelers.

Let ABCD, EFGH be circles, and BD, FH theh
diameters ; . ‘

I say that, as the circle ABCID is to the circle £EFGH, ‘so,.-f'i’;
the square on B0 to the square on FH. (,;- S

i

bt

For, if the square on BD is not to the square on FH as
the circle ABCD is to the circle EFGH, , )
then, as the square on BD is to the sguare on FH, g0 will
the circle 4BCD be either to -some less area than the circlg)

EFGH, or to a greater. e

First, let it be in that ratio to a less area 5.

Let the square £FGH be inscribed in the circle EFGH,
then the inscribed square is greater than the haif of the cirele
EFGH, inasmuch as, if through the points £, F, G, H we
druw tangents to the circle, the square FFGH is half the
square circumscribed about the circle, and the circle is less
than the circumscribed square ;
hence the inscribed square EFGH is greater than the half of
the circle EFGH. _

Let the circumferences EF, FG, GH, HE be bisected at

the points X, L, 3, N,

and let £K, KF, FL, LG, GM, MH, HN, NE be joined ; '

therefore each of the triangles EXF, FLG, GMH, ANE is
also greater than the-half of the segment of the circle about
it, inasmuch as, if through the points X, L, M, N we draw
tangents to the circle and complete the parallelograms on the
straight lines £F, FG, GH, HE, each of the triangles ZAF,

OV
ai \)
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FrL i ' ;
! éft, it(:?MH, HNE will be half of the parallelogram

while the segment about it is less than the parallelogram ;

hence each of the triangles EXF, FLG, GMH, HNE

is : ] ‘
abog:e;:er than the half of the segment of the circle

Thus, by bisecting the remaining circumfe

- . . - L] renc

_fo_xmng straight lines, and by doing thigs continually, 15: sﬁgﬁ

eave some segments of the circle which will be less than the
~ excess rby which the circle £FGH exceeds the area S

" prr it was proved in the first theorem of the tenth book
. that, if two unequal magnitudes be set out, and if from the
greater there be subtracted a magnitude greater than the half,

. and from that which is left a greater than the half, and if this

be done continually; there will be 1 i
- s eft . .
will be less than the lesser magnitude 'sscin:,i tfnagmtude which

Let - segments be left such as d ; d
;‘;gmem;r o-f;\;:%a' circle EFGH on E[('e S(ifr}}? d}’*‘in‘i(?thMhe
H, HN, NE be less th 5 by which the circle
FRCE e § ;e ::ZatSE.m the excess by which the circle

Therefore the remainder, the polygon EXFLGMHEN, is -

grezit.er than the area S.
et there be inscribed, also, in the circle 4B8C
» - 4 ! D -
tgltl)n }4 OBPC EDR similar to the polygon EKFLGﬂ:l(}J%Q}g :
erefore, as the square on BD is to the square  in
the polygon AOBPCODR to the polygonq;i'aj'gﬁ?f G%j& *

[xm. 1]

But, as the squa BDi _
is the circle ABg‘Dl;iot'rlie 2;23;;5_;(: the square on FH, so also

therefore also, as the circle 4BC is to the area S, so is the |

polygon AOBPCQDR to the polygon EXFLGMHN ;

fv. 11]

therefore, alternately, as the circle 48 ¥

- B - * - - L3 H CD

inscribed in it, so is the are1 S to the polygonlsﬁz%gféglcgﬁ%ﬁ
5 ) . 7 ’ fv. 16]

-, :ut the circle AZCD is greater than the polygon inscribed

theref i ‘ -
E,?;}' Erg: ﬂ:{hg( ;oréa S is also -greater than the polygon
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But it is also less :
which is impossible.

Therefore, as the square on B0 is to the square on FH,
so is not the cirdle ABCD to any area less than the circle

EFGH.
Similarly we can prove that neither is the circle EFGH
to any area less than the circle 4BCD as the square on FH

is to the square on 8D,

I say next that neither is the circle ABCD to any area

greater than the circle ZFGH as the square on BDistothe

square on FH. _
For, if possible, let it be in that ratio o a greater area S.-
Therefore, inversely, as the square on FZ7 1516 thé square
on DB, sois the area S to the circle ABCD,
But, as the area § is to the circle ABCD, so is the circle
EFGH to somé area less than the circle ABCD;
therefore also, as the square on F# is to the square on BD,
so is the circle EFGH to some area less than the circle
ABCD: ’ [v. 11]
which was proved impossible. -
Therefore, as the square ori B0 is to the square on FH,
so is not the circle ABCD to any area greater than the circle

EFGH.

And it was proved that neither is it in that ratio to any
area less than the circle £FGH ; ,
therefore, as the square on BD is to the square on FH, sois
the circle ABCD to.the circle EFGH.

Therefore etc.
. Q. E. D,

LEMMA.

I say that, the area S being greater than the circle
EFGH, as the area S is to the circle A4 BCD, so is the circle
EFGH to some area Jess than the circle ABCD.

For let it be contrived that, as the area S is to the circle
ABCD, so is the circle EFGH to the area 7.

-] say that the area Tis less than the circle 48CD.

For since, as the area S is to the circle ABCD, so is the

circle EFGH to the area 7,
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therefore, alternately, as the area S is to the circle EFGH, so
is the circle ABCD to the area 7. [v. 16

But the area § is greater than the circle EFGH ;
therefore the circle 4BCD is also greater than the area 7.

Hence, as the area S is to the circle ABCD, so is the _

circle EFGH to some area less than the circle ABCD.,
. Q. E, D.

Though this theorem is said to have been proved by Hippocrates, we may
with tolerable certainty attribute the proof of it given by Euclid to Eudoxus,
to whom xi1 7 Por. and x11 1o (which Euclid proves in exactly the same
manner) are specifically attributed by Archimedes, As regards the lemma
used herein {(Eucl. x. 1) and the somewhat different lemma by means of which
Archimedes says that the theorems of xir 2, xi. 7 Por. and xm. 18 were
proved, see my note on X. 1 above.

The first essential in this proposition is to prove that we can éxhaust a
circle, in the sense of x. 1, by successively inscribing in it regular polygons,
each of which has twice as many sides as the preceding one. We take first
an inscribed square, then bisect the arcs subtended by the sides and so form
an equilateral polygon of eight sides, then do the same with the latter, forming
a polygon of 16 sides, and so on.. And we have to prove that what is left
over when any one of these polygons is taken away from the circle is more

than kalf exkapsted when the next polygon is made and subtracted from the
circle. )

Euclid proves that the inscribed square i5 greater than half the circle and -

that the regular octagon when subtracted takes away more than half of what
was left by the square. He then infers that the same ’

thing will happen whenever the number of sides is D e e
doubled. A B

This can be seen generally by taking amy arc of a
circle cut off by a chord .48, “Bisect the arc in C.
Draw a tangent to the circle at C, and let 4D, BE
be drawn perpendicular to the tangent. Join 4C, CA.

Then DE is parallel to 4.5, since

+ ECB =L CAB, in alternate segment, [1n. 32]
= CBA. {11 29, 1. 5]

Thus ABED 53 7;
and it is greater than the segment 4 CA. -

Therefore its half, the A4 CB5, is greater than half the segment.

Thus, by x. 1, Euclid’s construction of successive regular polygons in

a circle, if continued far enough, will at length leave segments which are
together less than any given area.

Now let X, X" be the areas of the circles, 4, &' their diameters; respectively.
Then; if X X'wdgb: d% :
& dt=X:8 "
where S is some area either greater or less than X',
I. Suppose.§ < X" .
Continue the construction of polygons in X’ until we arrive at one which
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leaves over segments togetber less than the excess of X’ over S, i.e. a polygon
h that L
s e X' > (polygon in X') > & .
Inscribe in the circle X a polygon similar to that in X .
Then (polygon in X} : (polygon in X")=4%: £ [x}z. t]
=X : 5, by hypothesis;
and, alternately, ] ,
’ ¢ {polygon in X) : X = (polygon in X"}: S

But (polygon in X) < X;
therefore {polygon in X : )< S

But, by construction.  (polygon in X")> S
which is impossible.

Hence .S cannot be Zess than X' as supposed.
II. Suppose S=> X',

" Since : d:d%=X: 5,
we have, inversely, dtd?= S : X
Suppose that S:X=X":T ‘
whence, since S> X', : X>T [v. 14]
Consequently - 2. =X":T
where 7 < X. :

This can be proved impossible in exactly the same way as shown in Part 1.
Hence S cannot be greater than X’ as supposed.
Since then S is neither greater nor less than &,

- 8S=X, e
and therefore ' S d*=X . X
With reference to the assumption that there #5 some space S such that
@B:di=X1 5

i is a fourth proportional to the areas 4%, 4", X, Simson observes
ligétt?tagstgggdint, in thig a!Fd the like cases, that a thing made use of u;ar _t::i
reasoning can possibly exis7, though it cannot be exhibited bgr a geometri
construction.  As regards the assumption see nofe on V. 18 above,

There is grave reason for suspecting the genuineness of the Lemma gt Ithte
end of the proposition ; though, if it be rejected, it will be necessary to8 elete
the words' “as was before proved ” in corresponding ?l{.a.o::es in xn. g, 18.

It will be observed that Euclid proves the impossibility in the secgn&i case
by reducing it to the first. If it is desired to prove the secot_ldlcasg u;e:gegi
dently, we must araumseribe successive polygons to r:'heﬁ circles in%tion o
inscribing them, in the way shown by Archimedes in his first prgpc_m oo
the Measurement of @ cirele. Of course we require, a5 a preiminary,

roposition corresponding to XiL. 1, that A
g:'ﬂ?ilar polygons  circumseribed  about PARN
circles are t0 one another as the squares - G o
on the diameters. o ,\ o
Let 4.8, 4’8 be corresponding sides

of the two similar polygons. Then Ls
OAB, 4B are equal, since 4, A'C
bisect equal angles.
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Similarly ¢ ABO =L A'FO.

Therefore As AOQF, A'C'F are similar, so that their areas are in the
duplicate ratio of 4.8 to 4’5"

‘The radif OC, ' C' drawn to the points of contact are perpendicular to
AB, A'F, and it follows that

AB: AB=0C0:C0C. .

Thus the polygons are to one another in the duplicate ratio of the radii,
and therefore of the diameters. .

Now suppose a square ABCD described about , g ¢ o
a circle. . I
Make an octagon described about the circle by (3
drawing tangents at the points £ etc., where Od etc.  F ‘ \
meet the circle.

Then shall the tangent at E cut off more than o
half of the area between AKX, A5 and the arc
HEK. : )
8

For the angle 4E£G is right, and is therefore

> EAG.
Therefore AG > EG
> GK.
Therefore LAGE > AEGK.
Similarly AAFE > AEFH.
Hence L AFG > § (re-entrant quadrilateral AHEKX),

and a fortiori, & AFG >} (ares between 4K, AKX and the arc).

Thus the octagon takes from the square more than half the space between
the square and the circle.

Similarly, if a figure of 16 equal sides be circumscribed by cutting off
symmetrically the corners of the octagon, it will take away more than half of
the space between the octagon and circle. :

Suppose now, with the original notation, that

Brd'=X: 5
"where S is greater than X" , :

Continue the construction of circumscribed polygons about X' until the
total area between the polygon and the circle is less than the difference
between § and X', i.e till , ‘

S > (polygon about X') > X",

Circumscribe a similar polygon about X,

Then - (polygon about X): {polygon about X") w d?: 3"

=Xi§ b thesi
and, alternately, _ & by hypothesis,
{polygon about X) : X = (polygon about X) : 5.

But {(polygon about X) > X'
‘Therefore (polygon about X7 > 5.
But &> {polygon about X’): ~ [above]

which is impossible.
Hence § cannot be greaser than X',

. the half, bisect that again, and so on, until we
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roves this propesition by a method equally rigorous but not, I
mintegsgire2§ng any a.dganl:;les over Euclid’s. It depends on a lemma
corresponding to Eucl. xi1. 16, but with anotber part added to it. .

Too concentric circles being grven, we can always fnscribe in the gmatgr ;
vegular polygon such that its sides do not mest the drcumferenic of the lesser, a
1we can also crcumseribe about the lesser a regular :
polygon such thal its sides do not mect the circum-
Jerence of the greater. : .

Let €4, CB be the radi of the circles:

1. At A on the inner circle draw the tangent
DE meeting the onter circle in D, £.

Inscribe in the outer circle any of the regular
polygons which we can inscribe, €.g. a square.

Bisect the arc subtended by a side, bisect

arrive at an arc less than the arc DBE,

Let this arc be M, and suppose it so placed
that'r‘iel: ltﬁeﬁ!?r? E}ZH\,; is clearly more distant from the centre C than DE
is; and the regular polygon, of which M/ is 2 side, does not anywhere meet-
the circumference of the inner circle.

II. Join CM; CHN, weeting DE in 7, Q. . ‘ ‘

" Then PQ will be the side of a polygon circumscribed about the inner
circle and similar to the polygon inscribed in the outer ;
and the circumscribed pulygon of which £Q is a side will not anywhere meet
.the outer circle.

Legendre now: proves xu. 2 after the following manner. .
}?‘g% brevity, lei:: us denote the area of the circle with radius C4 by

circ. CA). . .
¢ Then )it is required to prove that, if OB be the radius of a second circle, |
(circ. €A):(cire. OB) = CA*: OB

’ B

Suppose, if ible, that this relation is not true. Then CA* will be to
o a.glzgrc. leto'an area greater or less than (circ. 0B5).
1. Suppose, first, that .
CAY: OB ={circ. CA): (circ. OD),
where 0.0 is less than OB,
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Inscribe in the circle Witil radius OF
] a regular polygon such its st
do not anywhere meet the circumference of ::%: circl:Jl: ¥vgith ce:treth(gggs sides

and inscribe a similar polygen in the other circte. [Lemmal

The areas of the polygons will then be in the duplicaté ratio of €A to OB,

or
[xm 1]

(polygon in circ. CA): (polygon in circ. O.F)
=CA*: OB
= (circ. C4):(circ. O.D), by hypothesis

But this is impossible, because the pol in (chre. CA) & :

: ble, b polygon in (circ. C4) is Zes: i
CA')f‘ }ﬁ:t ;he pgggon in {circ. OB} is gnaz‘%r than((circ., OJ%)E # than (cire
(ciro o ; fre cannot be to 05 as (circ. CA) is to a Zss circle than

Il. Suppose, if possible, that

) CA? : 08 = (circ. CA):(some circle >cire. O.5).

Then inversely

o OB'“: C4* = (cire. OB): (some circle < circ. CA),
and this is proved impossible exactly as in Part I,
Therefore CA ; OB =(circ. C4): (cire. OB).

- PrOPOSITION 3.

Any pyramid whick has ¢ trian s divi ;

S V Py 25 ¢ wenular base is divided int,

m}f pyramids equal and simélar to one another, sz"mz'la: taztfz‘e)
whole and having triangular bases, and into two equal prisms;

gz:i jﬁfi twa prisms ave greater than z%e. half of the whole

Let there be a pyramid of which i i
base and the point% the verte‘;{r;m the triangle ABC b the
I say that the pyramid 4BCD is
divided into two pyramids equal to
one another, having triangular bases
and similar to the whole pyramid,
and into two equal prisms; and the
two prisms are greater than the half
of the whole pyramid,
For lét 4B, BC, CA, AD, DB
DC be bisected at the points £, F
, i1, K, L, and let AE, EG, ‘ :
be iotied. , GH, HK, KL, LH, KF, FG
Since AE is equal to £5, and AH to DH,
therefore £/ is parallel to DB. [v1. 2}
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For the same reason
HK is also parallel to A5.
Therefore ZEBK is a parallelogram ;
therefore AKX is equal to EB. (r. 34]
But £B is equal to EA;
therefore A £ is also equal to 7X.
But AH is also equal to HD;
therefore the two sides £EA4, AH are equal to the two sides
KH, HD respectively , o
and the angle £A4 A is equal to the angle KHD;
therefore the base £ is equal to the base KD. [1 4]
Therefore the triangle 4ZA is equal and similar to the
triangle A KD, '

For the same reason :
the triangle AHG is also equal and similar to the triangle
HLD.

Now, since two straight lines EH, HG meeting one
another are parallel to two straight lines K7, AL meeting
one another, and are not in the same plane, they will, contain
equal angles, ' _ {x1. 10}

Therefore the angle £H G is equal to the angle KDL,

And, since the two straight lines £/, G are equal to the
two. KD, DL respectively, ‘
and the angle EHG is equal to the angle KDL,
therefore the base £G is equal to the base KL ; [t 4]
therefore the triangle’ £HG is equal and similar to the
triangle KDL. :

For the same reasun . ,
the triangle A£G is also equal and similar to the triangle
HKL., - '

Therefore the pyramid of which the triangie A£G is the
base and the point & the vertex is equal and similar to the
pyramid of which the triangle HKL is the base and the point
L the vertex. o fx1. Def. o]

And, since K has been drawn parallel.to 4.5, one of the

sides of the triangle 4 DB,




