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ON THE SPHERE AND THE CYLINDER II

is very natural for Archimedes to state not that the ratio is given, but that it is —
as it were, an allowed member of the universe of discourse. The ratio is “on the
table.”

14/

To cut the given sphere so that the segments of the sphere have to each
other the same ratio as the given.

Let there be the given sphere, ABT'A; so it is required to cut it by
a plane so that the segments of the sphere have to each other the given
rafio.

{a) Let it be cut by the plane AL'. (1) Therefore the ratio of the
segment of the sphere AAT to the segment of the sphere ABT is given.
(b) And let the sphere be cut through the center, and let the section be
a great circle, ABI'A 3 (c) and <let its> center be K, (d) and <its>
diameter AB, (¢) and let it be made: as KAX taken together to AX, so
PX to XB, (f) and-as KBX taken together to BX; so AX to XA
() and let AA, AT, AP, PT be joined; (2) therefore the cone AATL
is equal to the segment of the sphere AAT,¥ (3) while the <cone>
APT <is equal> to the <scgment> ABT';% (4) therefore the ratio of
the cone AAT" to the cone APT is given, too. (5) And as the cone to
the cone, so AX to XP [(6) since, indeed, they have the same base, the
circle around the diameter ATT;¥ (7) therefore the ratio of AX to
XP is given, too. (8) And through the same <arguments> as before,
through the construction, as AA to KA, KB to BP (9) and AX 10 XB.2
(10) And since it is: as PB to BK, KA to AA (11) compoundly, as
PK to KB, that is to KA,% (12) so KA to AA;* (13) and therefore

84 any plane cotting through the center will produce a great circle; the force of the
clause is to provide this great circle with its letters. (Note further that it is by now taken
for granted that this cutting plane, producing the great circle, is at right angles to the
plane AT".) '

8 Defining the point P. (K, A, B are defined by the structure of the sphere, X is taken
to be defined through the make-believe of the analysis.)

8 Analogously defining the point A.

8 gcm2. 88 SCI2. B Elements XL14.

90 Translating the letters appropriately between the diagrams, the claims made here
can be seen to be equivalent to SC 1.2, Step 29 (=Stcp 8 here), Steps 7-8, 29 (=5Step 9
here). There is the standard problem that interim conclusiens are not asserted in general
terms, and are therefore more difficult to carry over from one proposition to another,
hence Archimedes® explicit reference in Step 8. Also, see Eutocius. :

9 Flements V.7Cor. %2 Both KB and KA are radii.

9% Flements V.18.
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the whole PA is to the whole KA as KA to A AP (14) therefore the
<rectangle contained> by PAA is equal to the <square> on AK.%
(15) Therefore as PA to AA, the <square> on KA to the <square>
on AA %% (16) And since it is: as AA to AK, s0 AX to XB, (17) it will
be, inversely and compoundly: as KA to AA, so BA to AXY [(18)
and therefore us the <square> on KA to the <square> on AA, so
the <square> on BA to the <square> on AX. (19} Again, since it is:
as AX to AX, KB, BX taken together to BX, (20) dividedly, as A A to
AX, s0 KB to BX].”® (h) And let BZ be set equal to KB; ((21) for it is
clear that it will fall beyond P)* [(22) and it will be: as AA to AX,
50 ZB to BX; (23) so that also: as AA to AX, BZ to ZX].100 (24) And
since <the> ratio of AA to AX is given, (25) therefore <the> ratio
of PA to AX is given as well.'"! (26) Now, since the ratio of PA to
AX is combined of both: the <ratio> which PA has to AA, and <that
which> AA <has> to AX,'2 (27) but.as PA to AA, the <square>
on AB to the <square> on AX,!% (28) while as AA to AX, so BZ
to ZX. (29) Therefore the ratio of PA to AX is combined of both: the
<tatio> which the <square> on BA has to the <square> on AX, and
<the ratio which= BZ <has> to ZX. (i} And let it be made: as PA to
AX, BZ to Z0.!% (30) And <the> ratio of PA to AX is given; (31)
therefore <the> ratio of ZB to Z® is given as well. (32) And BZ <is>
given; (33) for it is equal to the radius; (34) therefore Z& is given as
well.!% (35) Also, therefore, the ratio of BZ to 20 is combined of
both: the <ratio> which the <square> on BA has to the <square>

on AX, and <that which> BZ <has> to ZX. (36) But the ratio BZ to -

% As Eutocius ‘explains very briefly, we have, as an implicit result of Steps
11-12, (PK:KA:KA:AA), from which can be derived, through Elements V.12,
(PKAKAKA+AAKAAA) - if we have a:bizc:d, we can derive (a--¢):(b-+d):c:d.,

% Elements V1.17.

% This could be detived directly from Step 13, through Elements V.20 Cor.

7 Blemenis V.7 Cor, 18. % Elements V.17,

# See Eutocius. The result derives from the assumption that ABT is the smaller
segment. '

10 Elements v.12,

181 A complex claim in the theory of proportions. See Eutocius, who uses Elements
V. 7Cot, 15 Cor,, and Data 1, 8, 22,25, 26.

102 The operation of “composition of ratios” was never fully clarified by the Greeks:
see Butocius for an honest attempt. It can be connected with what we would understand

.. as“multiplication of fractions.” (The ratio a:fis composed, as it were, from two ratios b:c,

d:e that satisfy (b:c)*(d:e):a:f -~ whatever this multiplication and this equality actually
mean, The simplest case is the one here, a:c composed of a:b and bic.)

W5 As Butocius shows, this can be derived from Steps 15 and 17. See textual com-
ments. n

19 Defining the point ©. 195 pgrg 2.
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ON THE SPHERE AND THE CYLINDER II

7@ is combined of both: the <ratio> of BZ to ZX, and of the <ratio>
of ZX to Z®. [(37) Let the <ratio> of BZ to ZX be taken away <as>
common];'% (38) remaining, therefore, it is: as the <square> on BA,
that is a given'?” (39) to the <square> on AX, s0 XZ to 2@, (40) that
is to a given. (41) And the line ZA is given.

(42) Therefore it is required to cut a given line, AZ, at the <point>
X and to produce: as XZ to a given <line> [<namely> Z®], so the
given <square> [-<namely> the <square> on BA] to the <square>
on AX.

This, said in this way — without qualification —Is soluble only given
certain conditions,'®® but with ihe added qualification of the specific
characteristics of the problem at hand'® [(that is, both that AB is twice
BZ and that Z® is greater than ZB — as is seen in the analysis}}, it is
always soluble;!'? and the problem will be as follows:

Given two lines BA, BZ {and BA being twice BZ), and <given>
a point on BZ, <namely> ©; to cut AB at X, and'to produce: as the
<square> on BA to the <square> on AX, XZ to Z0.

And these <problems>!1! will be, each, both analyzed and con-
structed at the end.!2 '

106 We have (tmanslating the composition of ratios into anachronistic notation):
(35) BZ:ZO=((sq. BA):(sq. AXN*(BZ:ZX), (36) BZ:ZO®=(BZ:ZX*(ZX:Z0). From
which of course we can derive, ({sq. BA):(sg. AXNWBZZX)=(BZZX)HZX:20).
Archimedes now (37) takes away the common term (BZ:ZX) and derives (38-9) the
proportion (sq. BA):(sq. AX):(ZX:Z8). ‘

107 14 i & square on the given diameter of the sphere. .

108 “Soluble only given certain conditions:” is literally, in the Greek, “has a dioris-
mos.” Diorismos is a technical term, meaning (in this contexg), limits under which a
problem is soluble. What Archimedes says is that, when the last statement following the
analysis is stated as & general problem, where the given lines and square may vary freely —
so that they may be any given lines and area whatsoever — some combinations will prove
to be insoluble.

109 1 jierally, “with the addition of the problems at hand.” The Greek for “problem™
{probleme) is wider in meaning than our modern mathematical sense, and can mean, as
it does here, “specific characteristics of a problem.”

What Archimedes ineans is that the specific given square and line of the problem of
SC 114 make the problem possible. They are not just any odd square and line. The given
square is uniquely determined by one of the given lines, namely by AZ. It is the square
on two fhirds the line AZ. The remaining given line, Z@, is not uniquely determined
by the given line AZ, but it has a boundary: it is less than a third of AZ. So with these
specific determinations and limits, the problem can always be solved (“always” — i.e. no
matter where @ falls on the line BZ). For all of this, see Eutocius.

110 jterally, “it does not have a diorismos.” )

111 e both the ungualified and the qualified problem.

112 g not reach for the end of the treatise: this promised appendix vanished from the
iradition of the SC. See, however, the extremely interesting note by Eutocius. -
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So the problem will be constructed like this:

Let there be the given ratio, the <ratio> of I to ¥ (greater to
smaller), and let some sphere be given and let it be cut by a plane
<passing> through the center, and let there be a section <of the sphere
and the plane, namely> the circle ABT'A, and let BA be diameter, and
K center, and Iet BZ be set equal to KB, and let BZ be cut at ©, so
that it is: as ®Z to @B, I1 to &, and yet again let BA be cut at X, so
that it is: as XZ to ®Z, the <square> on BA to the <square> on AX,
and, through X, let a plane be produced, right to the <line> BA; I say
that this plane cuts the sphere so that it is: as the greater segment to the
smaller, IT to X,

{a) For let it be made, first as KBX taken together to BX, so AX

Eut. 344 to AX, (b) second as KAX taken together to XA, PX to XB, {c) and
let AA, AT, AP, PT be joined; (1) so through the construction (as
we proved in the analysis), the <rectangle contained> by PAA will
be equal to the <square> on AK,' (2) and as KA to AA, BA to
AX;M* (3) so that, also: as the <square> on KA to the <square> on
AA, the <square> on BA to the <square> on AX. (4) And since the
<rectangle contained> by PA A is equal to the <square> on AK [(5)it
is: as PA to AA, the <square> on AK to the <square> on AAJ,!S
(6) therefore it will also be: as PA to AA, the <square> on BA to the
<square> on AX, (7) that is XZ to Z@. (8) And since it is: as KBX
taken together to BX, so AX to XA, (9) and KB is equal to BZ, (10)
therefore it will also be: as ZX to XB, so AX to XA; (11) convertedly,
as XZ to ZB, so XA to AA;M (12) so that also, as AA to AX, so
BZ to ZX."'" (13) And since it is: as PA to AA, so XZ to ZO, (14)

But.344  and as AA to AX, so BZ to ZX, (15) and.through the equality in the
perturbed proportion, as PA to AX, so BZ to Z&;1® (16) therefore

U3 Step 14 in the analysis. 14 Step 17 in the analysis.

13 Step 15 in the analysis. '8 Elements V. 19 Cor.

"7 Elements V.7 Cor.

3 Elements V.23. To explain the expression: to move from A:B::C:D and B-E--D:F
to conclude that AE::CiF is to have an argument from the eguality. Here the premises

L4

Codex C is not
preserved for this
diagram.
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ON THE SPHERE AND THE CYLINDER II

also: as AX to XP, so Z@ to @B.'"° (17) And as Z© to @B, so Il to
3: (18) therefore also: as AX to XP, that is the cone AT’ A to the cone
APT,12% (19) that is the segment of the sphere AAT to the segment of
the sphere ABT,!?! (20} so [T 10 2.

I

TEXTUAL COMMENTS

Heiberg’s bracketed passages (Steps 6, 18-20, 22-3, 37 and bits of 42 in the
analysis, a few bits of the interlude between analysis and synthesis, and Step 5
in the synthesis) are not trivial, but are still relatively moderate given the size
of the proposition. All of them, with the exception of Step 6 in the analysis

" (a fairly obvious, so also suspect, backward-looking justification), are brack-

eted because of some tensions they create when read together with Eutocius’
commentary. They either state what Eutocius seems to prove separately from
Archimedes, or their text disagrees with Eutocius’ quotations. As usual, [ doubt
if such tensions are at all meaningful, Thus this fiendishly complicated prapo-
sition seems to be in relatively good textual order, which is not at all a paradox:
its intricacies are such to deter the scholiast,

The text refers, in the interlude between analysis and syathesis, to an ap-
pendix to the work. This appendix was lost to the main lines of transmission, it is
absent frotn all the extant manuscripts, and was initially unknown to Eutocius.
After what he implies was a long search, Eutocius was capable of finding some
vestiges of this appendix, apparently in some text totally independent of the
On the Sphere and the Cylinder. For all of this, see Eutocius.

are not the direct sequence A-B-E and C-D-F, but rather A:B:C:D and B:E:F:C.
The second sequence is not C-D-F, but F-C-D, and the conclusion is accordingly
AE:FiD. This then is a perturbed proportion. (None of those labels is very instructive,
but they are established by tradition, and are enshrined in our text of Euclid.) Also, see
Eutocins.

119 For instance: From (15) PA:AX:BZ:Z0, get PAXP:BZ:@B (Elements V.19
Cor.), hence XP:PA::OB:BZ (Elements V.7 Cor.) which, with (14) again, yields the

conclusion XP:AX:©OB:Z6 (Elements V.22). Applying Elements V.7 Cor. again, we -

get the desired conclusion: (15) AX:XP:Z0:0B.
120 Flements X114, 12! SCHL2.

1.4

Codex Cis net
preserved for this
diagram. Codex D
has positioned the two
fines 1,  to the two
sides of the main
figure, and has made %
greater than T1.




GENERAL COMMENTS
A suggestion on the function of analysis in a complex solution

As noted in the textual comments, this proposition is very complicated. The
complexity, however, does not stem from any deep insight gained by the propo-
sition. The complex construction required to solve the problem is the result of
a direct manipulation, through proportion theory, of the reduction of sphere
seginents to cones, provided in SC I1.2. Thus the solutien is in a way less than
completely satisfactory: the barogue construction has no deep motivation, and
stands in contrast to the extremely simple statement of the problem. Essen-
tially, this is because Archimedes’ tools here, geometrical proportions, were
designed to state in clear, elegant form relations in plane geometry. Archimedes
cleverly reduces the three-dimensional curvilinearity of spheres into the line
segments along AZ, but the solid nature of the problem remains irreducible,
in the form of cumbersome, non-obvigus proportions. (It might perhaps be
suggested that the search for ways of dealing with non-planar geometric rela-
tions, in the same elegance available for plane geometry, ultlmately led to the
emergence of modern mathematics.)

One way in which the solution may appear more satisfactory is, quite sim-
ply, by prefacing the synthetic solution by an analysis. The purpose of the
analysis, 1 suggest, may be in this case a sort of apology for the synthesis. The
analysis shows how the parameters of the problem force the author to solve
the problem in this particular way and no other, and in this way make this
complicated solution appear a bit more “natural.” It is almost as if, to make
the synthesis appear less cumbersome than it is, Archimedes prefaces it by an
even more cumbersome analysis, so that, by comparison, the synthesis appears
to be straightforward.

At any rate, once again: there is no reason to believe that the synthesis was
discovered by following the analysis. It is instructive to note that the points Z,
© appear in their natural alphabetic order in the synthesis and not the analysis,
suggesting that the analysis might have been written by Archimedes only after
the synthesis was already written, At any rate, the main ideas behind this
solution are very clear — and have nothing to do with the method of analysis and
synthesis. The solution is motivated by the desire to transform solid relations
into linear relations. To do this, the relation between the segments of spheres is
transformed into a relation between cones (which are then easy to translate into
lines, with the tools provided in the Elements). Thus the main idea of the proof
is simply SC I1.2 which — crucially — was not offered in synthesis and analysis
form, Why? Because, as a theorem, it called for no apology. Put simply: when
you state the truth, its ugliness is no shame. Ugliness is a shame only (asina
problem) when you choose it among infinitely many other options,

The use of interim resulis

As mentioned already in n, 90 above, Steps 8-9 in the analysis show us the
diﬁiculty which arises with interim resuits, SC I1.2 had reached a number of in-
terim proportions, which were stepping-stones for further argumentation. Here
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ON THE SPHERE AND THE CYLINDER II

the same stepping-stones are required. However, Archimedes’ way of refer-
ring to them is extremely mystifying: “And through the same <arguments: as
before, through the construction, as AA to KA, KB to BB, and AX to XB.”
(Note that the word “construction” refers not to the drawing of the diagram, but
to the verbal stipulation made concerning the tatios obtaining in this proposi-
tion.) This opaque form of reference is due to a combination of two reasons.
First, the stepping-stones were not enshrined at any cnunciation. They were not
goals in themselves, to be proved in the most general way, and hence they were
never stated in general form and apart from a reference to diagrammatic letters.
Second, the lettering of the two propesitions, SC I1.2 and 4, differs (although
they both deal with exactly the same position). This is typical of the practice
of Greek mathematics, where, at the end of gach propositien, the “deck of
cards is reshuffied,” letters being re-assigned to the diagram according to many
Tocal factors (especially the order in which those fetiers are introduced into
the texts of the different propositions). As a consequence, there is no specific
statement Archimedes can refer to: the general statement of the interim results
was never enunciated, while the particular statement was not given in a form
usable in this context. All Archimedes has to refer to is the assertion: “and
therefore, alternately, it is: as KA to A®, so AE to EI™ — Step 29inSCIL2 —
which has no bearing at all on SC IL4 (where, for instance, there is not even
an El).

It is interesting that Archimedes did not solve this difficulty by allowing
a further, interim lemma, expressed as a general enunciation. It is typical of
this treatise, that the focus is throughout on the problems themselves. Once
again: this is not a gradually evolving, self-sufficient treatise, like the previous
book, but a series of solutions to certain striking problems, with only a very
few theorems mentioned only where absolutely necessary. This is most obvious
with the lemma mentioned here in the interlude between the analysis and the
synthesis: perhaps the most striking result in this book, it was delegated to an
appendix, set apart from the main work, and perhaps consequently lost from
the main manuscript tradition.

Finally, note that, once again, we see that Archimedes does not have the
tools required for making explicit references of any kind: quite simply, the
propositions are not numbered, so that all he can refer to is the vague “same as
before” — which could be anywhere in the treatise. Indeed, the vestigial system
of numbering used in this treatise refers to problems alone: SC I1.2, a theorem,
escapes, as it were, Archimedes’ coarse net. '

/5!

To construct <a segment of a sphere> similar to a given segment ofa
sphere and, the same <segment>, equal to another given <segment>.
Let the two given segments of a sphere be ABT, EZH, and let the
circle around the diameter AB be base of the segment ABT, and <its>
vertex the point T, and <let> the <circle> around the diameter EZ be
base of the <segment> EZH, and <its> vertex the point H; so it
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is required to find a segment of a sphere, which will be equal to the
segment ABI”, and similar to the <segement> EZH,

(@) Let it be found and let it be the <segment> GKA, and let its
base be the circie around the diameter @K, and <its> vertex the point
A. (b) So let there also be circles'? in the spheres: ANBT, ©®EKA,
EOZH, (c) and their diameters, at right <angles> to the bases of the
segments: I'N, AE, HO, (d) and let IT, P,  bé centers (e) and let it be
made: as IIN, NT taken together to NT, so XT to TT, (f) and as PZ,
ZY taken together to Y, so WY to YA, (g) and as £O, Od taken
together to O, so 2@ to GH, (h) and let cones be imagined, whose
bases are the circles around the diameters AB, ©K, EZ, their vertices
the points X, ¥, Q.

(1) So the cone ABX will be equal to the segment of the sphere
ABT, (2) and the <cone> WOK <will be equal> to the <segment>
OKA, (3) and the <cone> EQZ to the <segment> EHZ; (4) for this
has been proved.'” (5) And since the segment of the sphere ABT is
equal to the segment @K A, (6) therefore the cone AXB is equal to the
cone WOK, as well [(7) and the bases of equal cones are reciprocal
to the heights];'** (8) therefore it is: as the circle around the diameter
AB to the circle around the diameter ®K, so 'Y to XT. (9) And as
the circle to the circle, the <square> on AB to the <square> on
©K;'® (10) therefore as the <square> on AB to the <square> on
®K, so ¥Y to XT. (11) And since the segment EZH is similar to the
segment ®KA,'?¢ (12) therefore the cone EZS2, as well, is similar to
the cone WOK [(13) for this shall be proved];'?” (14) therefore it is:
as Q® to EZ, so UY to ®K. (15) And <the> ratio of Q& to EZ is
given;'?® (16) therefore <the= ratio of WY to @K is given as well. (h)
Let the <ratio> of XT to A be the same; (17) and XT is given; (18)
therefore A is given as well. (19) And since it is: as W'Y to XT, that is
the <square> on AB o the <square> on 8K, (20) so ©K to A,'? (j)
let the <rectangle contained> by AB, ¢ be set equal to the <square>
on OK;Y (21) therefore it will also be: as the <square> on AB to
the <square> on OK, so AB to ¢.!3! (22) But it was also proved: as the

122 By “circles,” Archimedes refers here to great circles.

123 goma. 124 Flements X11.15. 25 Elements X112,

126 The assumption of the analysis (Step a).

127 See Eutocius (to whom the reference probably points).

_ 18 This is obvious since the segment itself is given. See Eutocius for a detailed
exposition. :

12% Step h, and then Elements V.16 (see Eutocius, who cornments on this, probably
not because there is any need to remind the readers of the existence of Elements V.16
but because of the difficult structure of Steps 19-20).

130 1 ¢. the line ¢ is determined by this Stepi to satisfy the equality rect. AB, ¢ =5q.0K.
B Elements VLI
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310 EUTOCIUS' COMMENTARY TO SCII

B the said (1) since a perpendicular (<namely>, AT') has been drawn in

: l a right-angled triangle, AAB; (2) and <it has been drawn> from the

R right <angle>, (3) it is a mean proportional between the segments of
the base, 2% (4) and the triangles next to the perpendicular are similar
to the whole <triangle> and to each other;2% (5) so that it is: as BI" to
AT, BA to AA;? (6) thercfore also the <squares> on them; (7) but
as the <square> on BT to the <square> on I'A, so the first BT to the
third I"'A;26 (8) therefore also: as BT to ['A, the <square> on BA to
the <square> on AA 2%

Arch. 199 “And a given ratio, of AT to 'B; so that the point I is given.” (1)
For since the sphere is assumed given, (2) thereforc its diameter, AB, is
given as well. (3) And the ratio of AT to I'B is given; (4) and if a given
magnitude is divided into a given ratio, each of the segments is given;?""
(5) so that AT is given. (6) and A is given; (7) for it is on the common
section of lines given in position;"! (8) therefore I' is given as well 22

L

.To 4

oo Arch. 202 “And through the same <arguments> as before, through the construc-
Lo tion, as AA to KA, KB to BP and AX to XB.” Forin the <proposition>
P preceding this one, it was thus concluded: (1) Since it is, as KA, AX
‘ taken together to AX, so PX to XB,2” (2) dividedly: as KA fo AX,
PB to BX:2™ (3) alternately: as KA, that is KB*” (4) to BR, AX t0
XB.26 (5) Again, since it is: as AX to XA, so KB, BX taken together- -
G to XB,2" (6) dividedly and alternately: as AA to AK, AX to XB.278
- (7) And it was also: as AX to XB, KB to BP; (8) therefore as AA to
AK, AX to XB and KB to BP. .
Arch. 202 “And therefore the whole PA to the whole KA is as KA to AA”
For as one to one, so all the antecedents to all the consequents.?’

265 Elaments V1.8 Cor.
S 266 Flements VIS, 267 Elements V14,

T 268 The reference of “first” and “third” is to three terms in a continwous proportion,
first: second:-second:third. That the lines in question form such a continucus proportion
was asserted at Step 3 above. Elements V1.20 Cor. 2. )

269 The manuscripts have “as BI" to TA, the <line> BA to AA.” (No indication of
noun for AA.) This is most likely to be mere textual corruption, but a more interesting
possibility is that a more abstract representation of the square — directly through the

8 diagrammatic symbols, without the word “gquare” - is being approached.
. M pag7. ¥ Data25. % Data2l.

i 27 Archimedes’ construction. 2 Elements V.17.  #° Bothradii.

G 26 Flements V.16, 27 Archimedes’ construction. > Elements V.16, 17.
| 2 Eloments V.12, In modern terms: given (a1:by:iay:by:: . . 1:3x by) it can be con-
cluded, for any k between 1 and n: (axbg(ai+at - +a):(by+ba+ - - - +bn)}




quare> on the first to the <squares
is: as PA to AA, so the <square>

(4) But as the <square: on PA to
the <square> on AK, so the <square> on AK to the <square> on

AA; (5) for they are proportional; 8! (6) therefore asPA 1o AA, 5o the
=S$quare> on AK to the <square> on AA,

Arch. 203 “Let BZ be set equal to KB
P).” (1) For since it is: as XA
greater than XB,% (3) therefy
Therefore Z falls beyond P

“And since <the> ratio of AAto AX is given, as well as the ratio

PA to AX, therefore <the> ratio of PA to AA, too, is given,” (1y

For since it is: as KBX taken together to BX, that is ZX to XB,%% (2)

dly: as XZ to ZB, s0 XA to AABS (g

on PA to the <square> on AK.

; {for it is clear that it wil] fall beyond
to XB, so KB to BP%82 (2) and AX i
re KB, as well, is greater than BP. (4)

Arch. 203
of

, (6) since ZB is equal to the radius of the given sphere, (7)
while BX is given (8) as its limits B, X are given by hypothesis,?®8 (9)

the sphere being cut by the plane AT and by the <line> AB being at

2

% Elements V120 Cor, 2,

81 Here is one of those moments when I
bemused as [ cry aloud and foam, but please,
“they,” meaning the “they” which are indepen
segments PA, AKX, AA, Thisuse of “they” shows that thess line segments are understood
to be the logical subjects ofthis Step4itself, Le., Step4 s understood to be not on squares,

get seriously excited and people watch on
Please pay attention! Eutocius speaks about
dently known to be proportional, i.e. the line

the type a?:b%::02:02, where cleatly the

expression is felt to be aboyt (3, b, ¢, d), rather
than about (2%, b2, ¢2, d2); the «2»

symbol is merely something we do with the main
Protagonists (just as we manipulate them with the = symbol, yet no one would think the
expression is about ). This js at the heart of what constitutes the symbolic nature of gur
“2» which does not yield an object so much as transforms another, separately present
object. The opposite is usually the case with the fully geometrical Greek “<square>
on,” which is not a symbolic manipulation, but is a real Zeometrical expression, yielding,
nt from which we started: 4 square,

an object completely distinct from the line segme
of the expression before us: Greek

distinet from a line, Thus the enormous significance
“<square> on” acts and feels like a purely symbolic, modern “2» This is typical of
the commentary, second-order position of Eutocius: extensions of symbolism towards

the fully second-order symbolism of algebra are often suggested, though never fully
followed. More of this to come below.
%2 See Eutocius’ first comment above.

2 An assumption made explicit in Archimedes’ synthesis, and at this stage - the
analysis — based on the diagram ajone,

¥4 “KBYX taken together” is equal to ZX, since by Archimedes’ construction ZB=KB.

5 Archimedes’ construction. 286 Fropensc v 19 Cor.
BT Elements V.7 Cor, 288 Data 26,
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right <angles> to the <line> AT’ 2% (10) and through this the whole
XZ, too, <is given>, (11) as well as the <ratio> of XZ to ZB;#0
(12) so that the ratio of XA to AA Is given as well. (13) Again, since
the ratio of the segments is given, (14) the ratio of the cone AAT to
the cone AP is given, as well 2! (15) So that the <ratio> of AX t0
XP «is given>, too; (16) for they are to each other as the heights;?*?
(17) therefore <the> ratio of the whole PA to AX is given.?? (18)
Now since the ratio of each of PA, AA to AX is given, (19) therefore
the ratio of PA to AA is given as well. (20) For the <magnitudes>
which have a given ratio to the same, have also a given ratio to each
other.”*!

“Now since the ratio of PA to AX is combined of both: the <ratio>
which PA has to AA, and <of> AA to AX.” It is obvious that, once
AA is taken as a mean, the synthesis of ratios is taken (as this is
taken in the Elements, too®>®), Since, however, the discussion of the
subject has been somewhat confused, and not such as to make the
concept satisfactory, (as can be found reading Pappus®® and Theon®’
and Arcadius®® who, in many treatises, present the operation not by
arguments, but by examples), there will be no incongruity if we linger
briefly on this subject so as to present the operation-more clearly.??

So: I say that if some middle term is taken between two numbers (or
magpitudes), the ratio of the initially taken numbers>® is composed of

2 Darg25. 2 Daml. P SCILZ. P2 Elements X114,

293 paig22. P4 Dam8. 2 Reference to Elements V123,

296 The reference must be to a work, or works, no longer extant.

297 Theon of Alexandria, late fourth century AD, Hypatia's father, known especially
through his (extant) commentary on the Almagest. The reference here is to this commen-
tary, pp. 61 ff. Basil. and possibly, to other, Tost, works (Futocius® plural “many treatises”
is very emphatic).

298 Enown only through this reference. One wonders if the sequence Pappus - Theon
isnot meant to be chronological, in which case Arcadius is probably a very late author, not
much earlier than Eutocius himself — which could help to explain how Eutocius knows
him but we don’t. See Knorr (1989) 166, however, for a suggestion linking Arcadius
with a known (and unattributed) Introduction to the Almagest, containing a passage on
the composition of ratios.

299 YWhat Eutocius says is that as far as the mathematical consensus is concerned,
Aschimedes® argument is clear and even obvious. However, since the mathematical con-
sensus itself seems to be at fault here, a commentary is required. First we had a spirit
of philological enterprise, in the catalogue of two mean proportionals, and now a math-
ematical independence. Eutocius has grown considerably since the commentary to the

first book. The composition of ratios is indecd a sore point in Greek mathematics: let’s
see how much sense he will make out of it (Butocius himself clearly was happy with his
own discussion, and he has recycled it in his later commentary to Apollonius” Conics,
11. pp. 218 f£)). ’
300 gy the immediately proceding “or magnitudes” is an afterthought.
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the ratio, which the first has to the mean
mean has to the third,

So fitst it ought to be recalied h
of ratios. For as in the Elements:

and of the <ratio> which the

1 ik e

OW a ratio is said to be composed

“when the quantities of the ratios, '
multiplied, produce a certain <quantity>,"30! where “quantity” clearly

stands for “the number” whose cognate is the given ratio®® (ag say
several authors as well as Nicomachug®® in the first book of On Music
and Heronas?™ in the commentary to the Arithmetical Introdyction305 ),
which is the same as saying: “the number which, multiplied on*% fhe
consequent term of the ratio, produces the antecedent as well.” And
the quantity would be taken in & more legitimate way in the case of
multiples,®*? while in the case of supcrparticulars, superpartients, 38 jt
is no longer possible for the quantity to be taken with the nnit remaining
undivided;*® so that in these cases the unit must be divided — which,
even if this does not belong to what is proper in arithmetic, yet it does
belong to what is proper in calculation, And the unit 18 divided by the
partor by the parts by which the ratio is called,*® 5o that (to say this in
a‘learer way), the quantity of the ha]f—as-large—again is, added to the

f the> four-thirds is, added to

S Y

[} TR
i whilie o

¥

31 Elements V. Def. 3, bracketed in Heiberg’s edition of the Elements but apparently
in Butocius® own text,

%2 The idea is that a typical ratio is, for ins
cognate is the cardinal “two.
mmber “two.”

A first-second centuries AD
Music does not survive.

4 Known only from this reference.

305 An extant treatise written by Nicomachus.

%% Standard English usage has X multiplied by Y, not on Y. |
literal translation of the Greek particle &mi since,
context, Archimedes and Eutociug are about to e
Suggest a similar calculation, applied to geometry,

307 1. integer multiplicatives such ag “twice,
%8 Kinds of what we call non

tance, the multiplicative “twice,” whose
™ So the term for ratio “twice” i the cognate of the term for

Pythagorean philosopher—mathematician.lHis On

prefer to stick to the
@ few pages below, in 2 geontetrical
mploy the same exXpression so as to

" “three times,” efe,

-integer, positive rationa] nhumbers. Here they are men-
3 kinds of mumbers. See Eutocius® comment to SC L2 for

39 The quantity of non-inte
must be stressed by Eutoeius, s
starts from the relationship be
in the case of integers.

310 For instance: 2 is a sixth of 12, therefore it is a “part” of 12 {namely, a sixth part).

910 12 cannot be expressed by such a single term, It is three quarters of 12, three parts,
Therefore it i “parts” of 12 (Elements VL. Deff. 34).

BET ratios is not a cardinal, This seemingly trivial point
ince, in trying to make sense of “ratios as quantities™ he
tween ratios and their cognate number,

which exists only
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antecedent. For the quantity of nine to six, being the unit and the half,
multiplied on 6, produces 9, and it is possible to observe the same in
the other cases as well.

Having clarified these first, let us teturn to the enunciated proposi-
tion. For let the two given numbers®!! be A, B, and let a certain mean
be taken between them, I'. So it is to be proved that the ratio of A to B
is combined of the <ratio> which A hasto I", and I to B.

(a) For let the quantity of the satio A, T*'? be taken, <namely> A,
(b) and <let the quantity> of the <ratio>T', B <he taken, namely> E;
(1) therefore T, muitiplying A, produces A, (2) while B, multiplying E,
<produces> T (c) Solet A, multiplying E, produce Z. Isay that Zis a
quantity of the ratio of A to B, that is, that Z, multiplying B, produces
A. (d) For let B, muitiplying Z, produce H. (3) Now since B, multiply-
ing Z, has produced H, (4) and, multiplying E, <it has produced> T',
(5) it is therefore: as Z to E, H to I'3'3 (6) Again, since A, multiplying
E, has produced Z (7) while, multiplying T', it has produced A, (8) it
is therefore: as Eto I, Z to A. (9) Alternately: asEto Z, T" to A3
(10) inversely also: as Z to E, so A to I'¥* (11) But as Z to E, H was
proved <to be> to T'; (12) therefore also: asHto I', A to T'; (13) there-
fore A is equal to H.3'® (14) But B, multiplying Z, has produced H;
(15) therefore B, muitiplying Z, produces A as well; (16) therefore Z is
a quantity of the ratio of A to B! (17) And Z is: A, multiplied on E,
(18) that is: the quantity of the ratio A, T, <multiplied> on the quantity
of the ratio T", B; (19) therefore the ratio of A to B is composed of both:
the <ratio>, which A has to I", and T" to B; which it was required to

prove.?!

311 «Nymbers:™ any pretence at generality is by now dropped. In what follows, Euto-
cius consistently uses the masculine article, referring to “mumber.”” My translation “A,”
abbreviated to avoid excessive tedium, thus stands for the original “the <number> A,”

312 “The ratio A, I':” a revolutionary expression.

313 This can be related to Elements VIL17 — which is apparently what Futocius con-
ceives of as the basis for his own argument. Eutocius seems to discuss the subject matter
neither of Elements V (geometrical magnitudes), nor that of Elements VII (integers), but
the subject matter of what he has cafled “calculation,” which we call positive rational
numbers. Since, however, his tool box is so heavily based on Euclid, he probably finds it
natural to deal with (what we call) positive rational numbers as if they were integers.

314 Flements V.16 (magnitudes) or VIL.13 (numbers)?

S Flements V.7 Cor. (No separate Elements proof for numbers).

36 Elements V.9.

317 Bytocius does not stop here — the interim definition of goal — but goes on to obtain
the original goal, referring explicitly to the.composition of ratios.

318 The proof s valid for the rational numbers Butocius has in mind, But its limited
generalizability is fundamental. While it is casy to provide a clear sense of the-ratio-
of-two-rational-numbers as a rational number, there is no such simple way of defining,
say, the-ratio-of-two-lines as, say, a line, let alone as any numerical magnitude of the
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Codex D has A greater
A r B than I', in turn greater
than B; and A greater
than E, in turn greater
than Z. Codex E has A
greater than B, in turn
equal to I"; and A _

greater than E, in turn =
A E z equal to Z. Codex G
has the three lines A,
E, Z (equal to each
othet) greater than the
three lines A, B, I
(equal to each other).
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And so that the thing said shall be clarified with an example, too,319
let some mean number, <namely> 4, be inserted between 12 and 2. |
say that the ratio of 12 to 2, that is the six-times, is composed of the
thrice (12 to 4) and of the twice (4 to 2). .

For if we multiply the quantities of the Tatios on each other, that is
on 2, 6 results, being the quantity of the ratio of 12 to 6, and it is
six-times, which is also what was put forth to prove, ,

And even if the inserted mean happens not to be (first) smalier than
the greater and (second) greater than the smaller, but is instead the
opposite of that, 0 or it is greater than both, or smaller than both;
even so the composition mentioned above follows. Let some mean be
inserted between 9 ang 6, greater than both, <hamely> 12. | say that

from both; the converse—oﬂa—thjrd—as—large-again ratio (9 to. 12) and
from the twice (12 to 6), the half-as-large-again is composed (9 to 6),

(1) For the quantity of the ratio 9 to 12 js three fourths, (2) that
is half and g fourth, (3} and the quantity of 12 to 6 ig 2. (4) Now if
we multiply 2 on half and fourth, a one unit and a half results, (5)
which is a quantity of the haif-as-large-again ratio, (6) which 9 has to
6, as well. And similarly, if 4, as well, is inserted <as> a mean be-
tween 9 and 6; from the 9 to 4 (twice—cum—converse-of—four—times) and

<from> the 4 t0 6 (converse—0f—half~as-large-again), the half-as-large-

again is composed. For again, when we multiply the quantity of the

3

which, for better or worse, is not what Eutocius is offering us.

I Unilike hig predecessors, Butocius exp
an example. Having done 50, he now goes on to add the examples.

2% Thatis, smaller than the smaller and greater than the greater. This, as Heiberg notes
in his textual apparatus, is not possible, Heiberg suggests Eutocius inay have nodded off
here, byt T would be even happier to believe this is some sort of an atternpt at humor,

licates the concept with a proof, rather than
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twice-cum-converse-of-four-times, <namely> 2%,%2! on the quantity
of the converse-of-half-as-large-again, that is the two thirds, we shall
get the one <and>> a half, the quantity of the half-as-large-again ratio,
as has been said. And the same argument will apply similarly in all
other cases.

From the things said it is also clear that if not one mean term is
inserted between two given mumbers or magnitudes, but many, the
ratio of the extremes is composed of all the ratios which the terms
have, arranged in sequence, starting from the first and terminating in
the last one in the order of the <terms> standing in ratios.>*

For, there being two terms, A, B, let more than one <terms, namely=>
T, A, be inserted. I say that the ratio of A to B is composed of the
<ratio> which A has to I, and " te A, and A o B.

(1) For since the <ratio> of A to B is composed of the <ratio>,
which A has to A, and A to B, (2) as has been said above, (3) and the
ratio of A to A is composed of the <ratio> which AhastoF,and I to
A, (4) therefore the ratio of A to B is combined of the <ratio> which
AhastoT,and T to A, and A to B. And similarly it will be proved in
the remaining <cases? means?>.

Further in the text he says:*?* “butas PA to AA, <so0> the <square>
on AB was proved to be to the <square> on AX.” (1) For since it has
been proved: as PA to AA, the <square> on AX to the <square> on
AA (2) and as the <square> on KA to the <square> on AA, 50
the <square> on BA to the <square> on AX ((3) for it was proved:
asKA 10 AA, BA to AX, through the “compoundly™>%); (4) therefore
as PA to AA, the <square> on BA to the «<square> on AX.

321 Greek strictly speaking does not have the symbol “3.” Instead, the symbol “4”"
is used to mean “fourth part.”
322 Bytoeius is at pains to clarify that the order need not be that of quantity (from
great to small) but can be any order whatsoever, )
323 Phe word “text” is a free translation of what means roughly “what is said.” Buto-
cius’ point is that the lemma immediately follows the preceding lemma: the commentary
follows one Archimedean sentence, and then the next.

324 Step 15 in Archimedes’ analysis. ‘

325 Gtep 17 of Archimedes’ analysis. This time “compoundly” refers not to the
composition-of-ratios operation, but to the “compoundly” proportion argument, Ele-
ments V.13,
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“And let it be made, as PA to AX, BZ to Z©.” Wherever the
point @ be positioned, as far as the logical consequence of the proof is
concerned, no obstacle to the argument may arise. But it shall be clear
that it always fails (just as it is positioned in the diagram) between B,
B, as follows: (1) for since jt is, as AK to AK, that is to KB, (2) so
KP 10 PB,* (3) and therefore aiso as one to one, so all to all: 328 (4) g
APto PK, KP to PB, (5) But AP hasto PX a greater ratio than AP to
PK;*® (6) therefore AP has to PX a greater ratio than KP to BP, too,
(7) that is ZB to BP (8) Conversely, PA has to AX a smaller ratio than
BZ to ZP** (9) Therefore if we make: as PA to AX, so BZ to some
other <line>, it shall be to a <line> greater than Zp

And it is at once apparent that Z® is greater than ®B.*! (1) For

since it has been proved: as A A to AK, AX to XB (2) and KB to BP332
(3} and AX is greater than XB, (4) therefore AA, too, is greater than
AK, (5) and KB «is greater> than BP; (6) so that AA <is greater>
than BE, as well.**® (7) Therefore the whole AX is greater than XP as
well; (8) so that OZ «is greater> than ®B, as well,

“Remaining, therefore, it is: as the <square> onBA, that ig g given,
to the <square> o AX, s0 ZX to Z®.” (1) For since the <ratio~
composed of the <square> on BA to the <square> on AX and of
BZ to ZX was proved to be the same as the ratio of B2 to @733
{2) and the same ratio (of BZ to Z®) is the same also as the <ratio>
composed of the <ratio> of BZ to ZX and of XZ to Z©, (3) therefore,
also, the ratio composed of the <ratio> of the <square> on BA to the
<Square> on AX and of the <ratio> of BZ to ZX is the same as the

<ratio> composed of the <ratio> of BZ to ZX and of the <ratio>
of XZ to Z@. (4) Now if we take aw.

ay the <ratio> common to both
ratios, <namely> the <ratio~ of BZ to XZ, the remaining ratio of the -
<square> on BA to the <s

quare> on AX is the same as the <ratio
of XZ to Z®,

And “So it is required to cut a given line, AZ, at the <point> X,
and to produce: as XZ to 3 given <line>" (that is Z®) “so the given
<square>" (that is the <Ssquare> on BA) “to the <square> on AX,
And this, said in this way —without qualification — is soluble only given
certain conditions, but with the added qualification of the specific char-
acteristics of the problem at hand” (that is, both that AB is twice BZ

325 Both radii,

321 Step 10 of Arcihmedes’ analysis, plus an implicit use of Elements V.18.
B Elements V.12, 329 Elements V.8,

30 See Eutocius® commentaty to SC 1.2,

331 S0 we get an even firmer grasp of where the point @ is.

332 Steps 10-11 in Archimedes’ analysis.

335 Remember AK=KB (radii). 33 Step 34y Archimedes’ analysis.
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and that Z@ is greater than BZ — as is seen in the analysis) “it is always
soluble; and the problem will be as follows: given two lines AB, BZ
(and AB being twice BZ), and a point on BZ, <namely> ©; to cut
AB at X, and to produce; as the <square> on AB to the <square> on
AX, XZ to Z©; and these <problems> will be, each, both analyzed
and constructed at the end.” While he promised to prove the afore-
mentioned claim at the end, it is impossible to find the promised thing
in any of the manuscripts. Which is why, as we found, Dionysodorus,
too, failing to get to the same proofs — being unable to lay hands on
the lost lemma — went on another route to the entire problem, which
we shall write down in the following. And Diocles too, in the book i
he composed On Burning Mirrors, also in the belief that Archimedes
promised, but had not delivered the promise, attempted to fill the gap .
himself: and we shall write down the attempt in the following. (In-
deed, this again has nothing resembling the lost argument, but, simi-
larly to Dionysodorus, he constructs the problem through a different
proof.) '

But - in a certain old book (for we did not cease from the search for
many books), we have read theorems written very unclearly (because
: of the errors), and in many ways mistaken about the diagrams. But
i they had to do with the subject matter we were locking for, and they
L preserved in part the Doric language Archimedes liked using, written
g with the ancient names of things: the parabola called “section of a right--
angled cone,” the hyperbola “section of an obtuse-angled cone.” From
: which things we began to suspect, whether these may not in fact be the
things promised to be written at the end. So we read more carefully
the content itself (since we have found — as had been said - that it
has been an uneasy piece of writing, because of the great number of
mistakes), taking apart the ideas one by one.”»® We write it down, as
far as possible, word-for-word (but in a language that is more widely
used, and clearer). ' _

The first theorem is proved for the general case, so that his claim,
concerning the limits on the solution, becomes clearer. Then it is also
applied to the results of the analysis in the problem. ¥

335 Note how narrative form is kept throughout, beginning from the romantic quest
for books, following the commentator in his study — the moment of sudden conversion,
and then the long work of taking the treatise apart.

336 The textunl and mathematical commentary on the following passage — on
Archimedes’ problem in the lost appendix and on its later solutions — could not be
contained within the boundaries of this volume, I publish them separately in Netz (forth--
coming b). Within this volume, I limit myself to immediate comments on the details of
the text.
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Given a line, AB, and another, AT, and an area, A: let it first be put

forth:** to take a point on AB, such as E, so that it is: as AEto AT, 50
the area A to the <square> on EB.

(a) Let it come to be, (b) and le
AB, (c} and, having joined I'E,
and let I'H be drawn through I

L RO

t AT be set at right <angles> to
(d) let it be drawn through to Z, (e)
» parallel to AB, (D) and let ZBH be
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contained> by 'HM be equal to the <area> A

(1)} Now since it js: asEA to AT, so the <area> A tothe <square:>
on EB,%8 (2) put a5 BA 1o AT, so T'H to Hz,3% (3) and as I'H 10

| T
i
[ Wy

are in square the <rectangle
applied> along HM,36 it shaf| pass through K,37 (14) and it <=the
parabolaz- shall be given in position, (15) through HM’s being given
in magnitude (16) as it contains, together with the given HT, the given
<area> A3 (17) therefore K touches a parabola given in position,

37 Le. et the geometricai task be.”

9 Eloments Vi2,4,and 134 340 Elements V1.1,
2 Blements v.15, 3 Elements VL1,
344 Elements V1],

B8 The assumption of the analysis,

7 B Elements 1.34.

7 Converse of Conies I.11.

348 For Step 15 to derive from Step 16, Data 57 is Tequired. Step 14 derives from

5 in the sense that there is a nnique parabola given an axis, a vertex and a latus
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(5) Now, let it <=the parabola> be drawn, as has been said, and let
it be as HK. (18) Again, since the area ®A is equal to the <area>
T'B,* (19) that is the <rectangle contained> by ®KA is equal to the
<rectangle contained> by ABH, (20) if a hyperbola is drawn through B,
around the asymptotes @, I'H, it shafl pass through K, (21) through the
converse of the 8th theorem of the second book of the Conic Elements of
Apollonius,?° (22) and it shall be given in position (23) through <the
fact> that each of ©T, I'H is <given in position>, as well, (24) further
yet - <through the fact that B is given in position, too. (k) Let it be
drawn, as has been said, and let it be as KB; (25) therefore K touches a
hyperbola given in position; (26) and it also touched a parabola given
in position. (27) Therefore X is given. (28) And KE is a perpendicular
drawn from it to a <line> given in position, <namely> to AB; (29)
therefore E is given.>*! (30) Now since it is: as EA to the given <line>
AT, so the given <area> A to the <square> on EB: (31) two solids,
whose bases are the <square> on EB and the <area> A, and whose
heights are EA, AT", have the bases reciprocal to the heights; (32) so
the solids are equal;®s2 (33) therefore <the solid produced by> the
<square> on EB, on EA <as the solid’s height>> is equal to <the solid
produced by> the given <area> A on the given <line> I'A <as the
solid’s height> 3% (34) But <the solid produced by> the <square>
on BE on EA <as the solid’s height> is the greatest of all similarly
taken <solids> on BA, when BE is twice EA, as shall be proved;*** (35)
therefore <the solid produced by> the given <area> onthe given <line
as the solid’s height> must be not greater than <the solid produced
by> the <square> on BE on EA <as the solid’s height> 3%

rectum, once again through an obvious converse of Conics .11 (any other conic section
must yield two unequal lines drawn to the axis, both producing an equal rectangle when
applied to the same latus rectum).

349 Elements 143,

350 What we have as Cories 11,12, Notice that this type of reference is most probably
due to Eutocius.

31 Data 30. 352 Flements X1.34.

353 The exptession “plane on line™ has here a geometrical significance, yet it can be
also interpreted as the multiplicative “on” used in the examples of calculation earlier,
where we had “number on number.” For this ambiguity of meaning, see Netz (forthcom-
ingb}. ) .

35 For the modern reader; the maximum of x%(a — x) for a»>x=>0 is at x = 2/3a.
Archimedes indeed proves this below;, obviously, as we shall see, following a geometrical
route.

355 That is, assuming BE is twice EA. The idea is the following. You take the original
line BA, divide it at the point where BE is twice EA, derive the solid BEX*EA, and now
you’ve got a maximum for the solid A*T'A. Since both A and T'A are independently
given, they could theoretically be given in such a way that BE?*EA < A*T A, Thisis the
limit on the conditions of solubility.
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And it wili be constructed like this: let the givenline be AB, and some
other given <line~ AT, and the given area A, and Jet jt be required

to cut AB, so that it is: a8 one segment to the given AB, so the given
<area> A to the <Square> on the remaining segment,
(a) Let AE be taken, a third part of AB; (1) therefore the <area>
A, on the <line~ AT is either greater than the <square> on BE, on
EA, or equal, or small'er.‘
(2) Now then, if it is greater, the problem may not be constructed,
as has been proved in the analysis; (3) and if it s equal, the point E
produces the problem, (4) For, the solids being equal, (5) the bases
are reciprocal to the heights, 356 (6) and it is: as the <line> EA to the
<line> AT, 50 the <area~ A to the <square> on BE.
(7) And if the <areg> 4, on AT, is smaller than the <square> on
BE, on EA, it shall be constructed like this:
€a) Let AT be set at right

356 Elements X1.34.

*7 The closest foundation in Euclid is Elemen
then g:d:00p (fora, b, cand 4 being lines).

358 Stepsb, e, f, Elements .34,
% Steps g and h define the
upon those points,

ts VL16, proving that if a*p ~ e*d,

points M, N respectively, by defining areas that depend
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In 114 Third diagram
Codices DH have the
rectangle A to the right
of the main figure, as in
the thumbnail. in thege
two codices, it is also a
near square.
Codex D hag o
redundant line paraile]
to O, KA, between
them; codex 4 had 4
redundant line AZ,
erased (perhaps by the
same scribe,
immediately correcting
a trivial error),
Codex E has the line
KA slightly slanted, so
that K is to the right of

A

m

LER b

| I

B 1

[ T T T T
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(13) but as EA to AT, so I'Z to ZH,*° (14) and as T'Z to ZH, so
the <square> on I'Z to the <rectangle contained> by ['ZH,*' (15)
therefore also: as the <square> on I'Z to the <rectangle contained>
by T'7ZH, so the <rectangle contained> by I'ZN to the <square> on
HM; (16) alternately also: as the <square> on I'Z to the <rectangle
contained> by I'ZN, so the <rectangle contained> by I'ZH to the
<square> on HM.*? (17) But as the <square> on ['Z to the <rectangle
contained> by I"ZN, T'Z to ZN,** (18) and as I'Z to ZN, (taking
7ZH as a common height) so is the <rectangle contained> by I'ZH
to the <rectangle contained> by NZIH;*%* (19) therefore also: as the
<rectangle contained> by TZH to the <rectangle contained> by NZH,

so the <rectangle contained> by I'ZH to the <square> on HM; (20)..

therefore the <square> on HM is equal to the <rectangle contained:>

by HZN.*5 (21) Therefore if we draw, through Z, a parabola around

the axis ZH, so that the lines drawn down <to the axis> are, in square,

the <rectangle applied= along ZN — it shall pass through M.%® (i) Let

it be drawn, and let it be as the <parabola> MEZ. (22) And since the

<area> @A is equal to the <area> AZ,3%7 (23) that is the <rectangle

contained> by ®KA to the <rectangle contained> by ABZ ¢ (24) if

we draw, through B, a hyperbola around the asymptotes ©T", I'Z, it shall

pass through K¢ (through the converse of the 8th theorem of <the

second book of> Apollonius’ Conic Elements). (j) Let it be drawn,

and let it be as the <hyperbola> BK, cutting the parabola at &, (k)

and let a perpendicular be drawn from E on AB, <namely> EOIL, ()

i and let the <line> PEX be drawn through E parallel to AB. (25) Now,

i since BEK is a hyperbola (26) and ©T", I'Z are asymptotes,’® (27) and

‘ - PEIT*"! are drawn parallel to ABZ, (28) the <rectangle contained> by

W E11 is equal to the <rectangle contained> by ABZ;*" (29) so that

} D the <area> PO, too, <is equal> to the <area> OZ. (30) Therefore if

a line is joined from T to X, it shall pass through O.3” (m) Let it pass, .

and let it be as [OX. (31) Now, since it is: as OA to AT, so OB to i

BX, (32) thatisTZ to ZX,*™ (33) and as ['Z to ZX (taking ZN as a

i

i
?Q
I
B

360 Stepsb, e, , Elements 129,32, VI4. ¥ Elements VL1,
362 Flements V.16. 3 Elements VI.1. 3% Elements VL1

365 Eloments V.7. 36 The converse of Conics L11.

367 Raged on Elements 143,

368 Ag a result of Step 2 (the angle at A right), all the parallelograms are in fact

rectangles.
369 Converse of what we call Conics TL12. 370 Steps 25-6: based on Step j.
| 37 An interesting way of saying “the <lines> PE, EI1” 72 Conics IL12.

T - 3B Step 30 is better put as: “The diagonal of the parallelogram PEZT passes through
: 0, which can then be proved as a converse of Elements 143.
37 Elements 129,32, V14. 35 Elements VL2.




TO 4

comimnon height) the <rectang
contained> by TZN,3% (3
<rectangle contained by
(35) And the <rectangle co
(36) while the <rectangle ¢
on X8, (37) that is to
parabola.3™ (39) Therefo
on BO. (40} Therefore
problem,

@

K M H

r A I 7z N

Andit will be proved like this that, BE being twice EA, the <square:
on BE, on EA, is <the>

greatest of all <magnitudeg~ similarly taken
on BA 380

, 50 the
<rectangle gontained:> by I'HM to the <8quare> on EB; (1) therefore

the <squ on BE, on EA, is equal to the <rectangle contained-
by CHM, on AT, (2) through the <fact> that the bases of the two
solids are reciprocal to the heights ¥ Now | say that the <rectangle

376 Elements v1.1. -

377 Steph. The original Greek {
equal the area A” (with the same
next step),

378 Steps a, e, k, L, Elements 1.34.

3 A reference to Conies 111 —

3% Here we reach the proof for
analysis. ‘
1 Elements X134,

s literally: “To the <rectangle contained by I'ZN is

Syntactic structure, inverted by my translation, in the

the “symptom”_ of the parabola.
the limits of solubility, promised at the end of the

323

le contained> by I'ZN to the <rectangle
4) therefore as OA to AT, too, so the
ZNtothe <rectangle contained~ by ZZN,
ntained> by IZN is equal to the area A 377
ontained> by LZN is equalto the <square~
the <square> on BO 3™ (38) through the
1eas OAto AT, sothe area A to the <square=
the point O has been taken, producing the

In 1.4 Fourth diagram
Codices BDG have the

line AB parallel to 'z,

Codex D has A as
nearly a square, It also
fails to have the points
H %,B Z aligned on a
single line, and does
- ot draw a line HZ,
Codex E has the lines
AK, O Z divergent so
that K is to the lefi of
A, B is to the right of
IT. Codex G has a
straight line instead of
the arc segment ME; H
has an arc segrnent
instead of the straight
line 50, The Jetter
N is omitted in codex
A. Hefberg restores it
on the line HZ, between
the points ¥, B (he also
removes the line
segiment that continues
from I'Z beyond Z).

BELLE B SERE R

“H

| IR .

g
:
F
Z
#

il 1 S b U Shinkcs

B

.




324

EUTOCIUS COMMENTARY TO SCII

contained=> by I'HM, on AT, is <the> greatest of all <magnitudes>
similarly taken on BA.%2

(h) For let a parabola be drawn through H, around the axis ZH, so that
the <lines> drawn down <to the axis> are in square the <rectangle
applied> along HM;® (3) so it will pass through K, as has been proved
in the analysis, (4) and, produced, it will meet ©I (5} since it is parallel
to the diameter of the section, ((6) through the twenty-seventh theorem
of the first book of Apollonius® Conic Elements™). (i) Let it <=the
parabola> be produced and let it mest <the line '@ produced=> at
N, (j) and let a hyperbola be drawn through B, around the asymptotes
NI'H; (7) therefore it will pass through K, as was said-in the analysis.
(k) So let it pass, as the <hyperbola> BX, (1) and, ZH being produced,
(m) let HE be set equal to it <=to ZH>, (n) and let EK be joined, (0)
and let it be produced to O; (8) therefore it is obvious, thatit <=80>
will touch the parabola, (9) through the converse of the thirty-fourth
theorem of the first book of Apollonius’ Conic Elements.3® (10) Now
since BE is double EA ((11) for so it is assumed®®) (12) that is ZK
<is twice> K©,%7 (13) and the triangle O@K is similar to the triangle
BZK, 338 (14) BK, too, is twice KO.>¥ (15) And EK is double KIT,
as well, (16) through the <facts> that EZ, too, is double KH,* (17)
and that TTH is parallel to KZ;*! (18) therefore OK is equal to KIL.
(19) Therefore OKTI, being in contact with the hyperbola, and lying
between the asymptotes, is bisected <at the point of contact with the
hyperbola>; (20) therefore it touches the hyperbola®* (21) through the
converse of the third theorem of the second book of Apollonius’ Conic
Elements. (22) And it touched the parabola, too, at the same <point> K.
(23) Therefore the parabola touches the hyperbola at K.*% (p) So let the

382 The point E is taken implicitly to satisfy the refation mentioned in the introduction
to the proof: EB is equal to twice EA.

383 Por every point taken on the parabola (say, in this diagram, K): (sq(KZ) =
rect.(ZH, HM)). (The point Z is obtained by KZ being, in this case, at right angles
to the axis of the parabola and, in general, by its being parallel to the tangent of the
parabola at the vertex of the diameter considered for the property.)

334 What we call Conics 1.26. %5 What we know as Conics 1.33.

386 Thig is the implicit assumption of the entire discussion.”

37 Step d, Elements 1.30, 34. 3% Step ¢, Elements 129, 32.

389 Floments V14, ~ 30 Stepml

391 Step d, Elements 1.30. Finally, Step 15 derives from 16, 17 through Elements V1.2.

352 In the sense of “being a tangent.”

393 As far as the extant corpus goes, this is a completely intuitive statement. Not
only in the sense that we do not get a proof of the implicit assumption (“if two conic
sections have the same tangent at a point, they touch at that:poirt™), but also in a much-
more fundamental way, namely, we never have the concept of two conic sections being
tangents even defined.
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hyperbola, produced, as towards P, be imagined as well, ¥ (q) and Jet 3

chance point be taken on AB, <namely> I, (Mandlet TTY be drawn
through ¥ paralle] to KA, (s) and let it meet the hyperbola at T, (t) and
let ®TX be drawn through T parallel to I'H. (24) Now since (through

the hyperbola and the asymptotes)’* (25) the <area> oy is equal

to the <area> 'B; (26} taking the <arca> I Z away <as> common,
(27) the <area> px isthene

MR R e

e

il Bk )

+ IRH B
T TTEsIE o
[]:F

are> on WX is equal to
the <rectangle contained- by XHM?*?7 (30) through the parabola, 398

(31) the <square> on TX is smaller than the <rectangle contained; ‘
by XHM.>* (v) So let the <rectangle contained> by XHE come to be

400 (32) Now since it is: as TAto AT, so

TTR

| I 2 ¢
|-y

on BX, on XA, is equi
'A% (37) But the <re

* n Step k it has been drawn only as far ag K.

3 Refersto Conies 1.1 2, already invoked in setting-up the hyperbola. ¥or the theorem

to apply in the way required here, it is important that the asympiotes are at right angles
10 each other (as indeed provided by the setting-out of the theorem),

¥ Converse of Elements 143,

37 The point W is the intersection of the
had not yet come to existence when the parab
explicit then, and it is left implicit now,
this, the most complex of diagramsg!

3% Conmics 111,
¥ Archimedes effectively assumes that, inside the “box”
always “inside” the parabola. This is nowhere
this, c.:g. on the basis of Conies V.26,
0 This step does not construct
Rather, it determines the point .
A Steps ¢, d, Elements 1.29, 30, 32, V4,

0 Slepy, 404 Steps . t, Flements 134,
0 Elements X134, The s

Pparabola with the Iine ©X. Since this line
ola was drawn, this point could not be made
to be understood on the basis of the diagram

KZHA, the hyperbola ig
proved by Apcllonins, Greeks conld prove

arectangle (this remains a completely virtual object).

402 FElements VI.1.

326 being somewhat in-

athematical gist: (32) EA:AI‘::FH:I—D(, but (33)
I"H:HX::rect.(l"HQ):rect.(XHQ), (34) rect.(XHQ) = 5¢.(XT) hence (from 334
the result (not stated separately): (34%) I“H:I-I.X::rect.(I"HQ):sq.(XT); then (35)
50.(XT)=sq.(B%) hence the result (not stated separately): (35} T'H:HX:-rect.
(I‘HSZ):sq.(B):) and, with 32 back in the argument, the result (not stated separately):

(357 EA:AI‘::rect.(FHSZ):sq.(BE) whence finaily: (36) 3q(BZ)on XA = rect(M'HO)
onlA.
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than the <rectangle contained> by I'HM, on T'A;*% (38) therefore
the <square> on BX, on T A, is smaller than the <square> on BE,
on EA.

(39) So it will be proved similarly also in all the points taken between
the <points> E, B.

But then let a point be taken between the <points> E.A, <namely=-
c. 1 say that like this, too, the <square> on BE, on EA, is greater than
the <square> on Bg, on ¢A*Y

(w) For, the same being constructed, (x) let P5P be drawn through ¢
parallel to KA, (y) and let it meet the hyperbola at P; (40) for it meets
it, (41) through its being paralel to the asymptote;*™ (2) and, having
drawn A'PB’ through P, paralle! to AB, let it meet HZ (being produced),
at B'. (42) And since, again, through the hyperbola, (43) the <area> re
is equal to <the area> ATL*° (44) the line joined from I' to B/ will
pass through ¢.*1° (a") Let it pass, and let it be I'¢B’. (45} And since,
again, through the parabola, (46) the <square> on A'B’ is equal to the
<rectangle contained> by B'FHM.#!! (47) Therefore the <square> on
PR’ is smaller than the <rectangle contained> by B'HM.*2 (b)) Let

the <square> on PB’ come to be equal to the <rectangle contained>’

by B'HS.413 (48) Now since it is: as g A to AT, so I'H to HB',*! (49)
but as TH to HB' (taking HS? as a common height), so the <rectangle
contained> by T'HE? to the <rectangle contained> by B'HQ,** (50)
that is to the <square> on PB’, (51) that is to the <square> on Bg,*"°
(52) therefore the <square> on Bg, on ¢ A, is equal to the <rectangle
contained> by 'HS2, on TA*7 (53) But the <rectangle contained>
by ['HM is greater than the <rectangle contained> by THE;*'® (54)
therefore the <square> on BE on EA is greater than the <square> on
Bc, on ¢A, as well.

(55) So it shall be proved similarly i all the points taken between the
<points> E, A, as well. (56) And it was also proved forall the <points>

406 Step v, Elements X1.32.

407 I Netz (1999) I suggest that this part of the argument may be due to Eutocius,
rather than Archimedes.

48 ComiesIL.13. 4% Conics IL12,

A0 Converse to Elements 143, 1 Conies 111,

412 Gteps 407 retrace the ground covered earlier at 24-31. Step 47 is unargued, like
its counterpart 31.

413 This is a very strange moment: an already determined point (€2, determined at
Step v above) is now being re-determined.

Y4 ploments 129,32, VL4, 5 Elements VL1

316 Steps w, %, z, Elements 130,34, 7 Elements X1.34.

418 Step b’, Elements VI.1. The implicit result of: (52) sq.(Bg) on gA = rect.(THE)
on I"A and (53) rect.(THM) > rect.(THR) is (53} sq(Bg) on ¢ A < rect(THM) on A
This implicit Step 53 {together with Step 1!} is the basis of the next, final step.
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In Ii.4 Fifth diagram
Codex A had the two
curves - parabola and
hyperbola — meet at a
point higher, and to the
Iefl of P, as in the
thumbnail, This is
preserved in all copies.
Codices E4 have the
lower segment of the
hyperbola (below K)
drawn twice to the
point B, once passing
correctly at the point T
in its correct position
(the intersection
TY/X®), once passing
above it. Codex H hag a
sitnilar arrangement,
only it has the higher
branch of the hyperbola
terminate not at the
Point B, but above it,
between B and X;

- codex D has only the
higher branch, drawn to
the point B. In ail these
codices DEHA, the

&

it is possible to produce the task assigned Ie'ff-er.T. is consequently
by the origina) problem, by cutting the <lines AB at two points (when repositioned to be at
the given area on the given <line> js smaller than the <square> on e intersection of the

higher branch and the
. line TY. It appears
() And this comes to be, if we imagine a parabola drawn around likely that codex A had
the diameter XH, so that the lines dr: i

the arrangement of B4,
In all copies, the

parabola passes rather
parabola> must meet 'N ((3) being parailel to the diameter*!), (4) it near the point x (and

isclear that it cuts the hyperbola at some point above K. ((b) as, here, %22 not, asinthe pﬁﬁt‘c"d
at P), (5) and <it is clear that> a perpendicuiar drawn from P on AR diagram, somewhat

below the point).
Perhaps it is intended to
pass through that point,
9 Here we almost certainly have Eutocius, rather than Archimedes speaking, In COd]CgS DG, the
® From Step v of the proof, and then the converse to Conies 111, rectangle A has the

421 Step 2 derives from Step 3, through Conics L26. %22 1o ip this diagram»  sides somewhat longer
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{(c) as, here, Pg), cuts AB at ¢, so that the point ¢ produces the task
assigned by the problem, (6) and so that the <square> on BE on ZTA
is then equal to the <square> on Bg on ¢ A (7) as is self-evident from
the preceding proofs.

So that - it being possible to take two points on BA, producing the
required task — one may take whichever one wishes, either the <point>
between the <points> E, B, or the <point>> between the <points> E,
A.Forif <one takes> the <point> between the -<points> E, R, then, as
has been said, one draws a parabola through the points H, T, which cuts
the hyperbola at two points. <Of these two points, > the <point> closer
to H, that is to the axis of the parabola, will procure™ the <point>
between the <points> E, B (as here T has procured ), while the point
more distant <from the diameter will procure> the <point> beiween
the <points> E, A (as here P procures ¢).

Now, <taken> generally, the problem is analyzed and constructed
like this. But, in order that it may also be applied to Archimedes’ text,***
let the diameter of the sphere AB be imagined (just as in the diagram of
the text), and the radius BZ,** and the given <line> Z©.%26 Therefore
he says the problem comes down to:

“To cut AZ at X, so that it is: as XZ to the given <line> so the given
<square> to the <square> on AX, This, said in this way — without
qualification — is soluble only given certain conditions.”

423 The verb heurisko, better known to mathematicians for its first perfect singular
used by an animate subject (héuréka, translated 1 have found,” “I’ve got it”}), commonly
used in the infinitive with an animate logical subject understood (in the definition of
poal inside problems: “dei heurein . . " wanslated “it is required to find . . .” ie. by
the mathematician). Here, a third-person present/future with an inanimate subject, the
translation must be different, and mine is only one of many possible guesses.

424 Te,, the text of SC 114 (all this, after all, is a commentary to that propesition!).
Archimedes has promised (SC IL4, passage following Step 40) to analyze and construct
“hoth problems,” meaning 1. The general problem, given any two lines and an area, 2.
The problem required in this proposition (the given lines and area are fimited within
certain patameters). The lost text found by Eutocius contained only the first, general
problem. Perhaps we have lost the particular case. (It is clear that Eutocius® source was
not another fext of the SC — he would have told us that — but rather, some compilation
of mathematical results. In such a context, the particular problem would have been of no
interest.) Perhaps Archimedes never did give a particular solution; perhaps he meant it
to be implicit in the general solution, Tt is so, in a sense, and Eutocius’ business here is
to make this implicit particular solution explicit.

425 nother case where identity and equality are not distinguished. Eutocius® intention
is not that BZ is. the radius, but that it is equal to the radius.

426 Note that Butocius® new diagram does not come directly from the original diagram

of SC 1L.4. Eutocius produced a mirror-inversion of the original diagram, putting the

greater segment to the right. This is done in order to make this new diagram fit the
diagrams for the solution of the problem.

In IL4 {cont.)

than the base. Codex G
has the rectangle A to
the left of the main
figure. Many lines
do not appear parallel.
Horizontals: codex D
has AB, ®X climb to
the right, ©Z fall a
littke to the right; codex
E has ®X fall a little to
the right; codex H has
@X climb a little to the
right: codex 4 has AB
fall a little to the right,
Verticals: codex E has
P rather to the left of

G, K slightly to the left '

of A. Codex A had

& instead of ¥ (soin

all copies). Codex E |
omits A and I, Codex;
G omits P, I think ¥
might see a® where
Heiberg (whom I

follow) prints a I,
character is so rare
either way that no re
decision is possible.
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» the solution would
what Archimedes originally put forward; for the
sphere would not be cyt according to the given ratip 428 Therefore,

said in this way, without qualification, it was only soluble given certain
added conditions, “By¢ with the added Qualification of the specific
characteristics of th (that is, both that AB is twice

¢ problem at hang”

BZ and that Bz, i5 greater than Z@), “it jg always soluble.” For the given
<square> on AB, on 2@, is smaller than the <square> on AB,onBZ
©), and, when this is the case, we

(through Bz being greatér than Z
sible, and how it then unfolds.

bave shown that the problem is pos
It should also be noticed that Archimedes’ words fit with our analy-
i analysis) he stated, in general terms,

OWN to, saying: “it is required to cut g

(132 FOO T T8
3t L AN

|
-

BZ (and AR being twice BZ), and «pi

Ojtocut ABatX .. »_ and no longer saying,

Archimedes put forward originaily, 429

] i i , it simply
cannot be constructed.
* What we are looking for is a

2 phrasing reminiscent of the.point made above, why B would not do as a solution
(it does not produce 3 cut in the sphere), The same consideration
only that solution which pick;

applies here: we require
8 a point inside the sphere.
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In T1.4 Sixth diagram

So we have copied this down, in conformity with Archimedes’
words, as clearly as possible.*"

Dionysodorus, too, as has been said above, did not get to read what
Archimedes promised to have written at the end, and was incapable of
discovering again, as it were, the unpublished proofs. Taking another
route to the whole problem,®! the method of solution he uses in his
treatise is not without grace. We therefore thought it incumbent upon
s to add him to the above, correcting the text as best we could. For with
him, too, in all the manuscripts we had come across, as a result of men’s
massive carelessness, much of the proofs was difficult to understand,
with the sheer number of mistakes.

As Dionysodorus

To cut the given sphere by a plane, so that its segments will have to ’
each other the given ratio.
Let there be the given sphere, whose diameter is AB, and <let> the
given ratio be that which I'A has to AE. So it is required to cut the
sphere by a plane, right to AB, so that the segment whose vertex isA i
has to the segment whose vertex is B the ratio which I"'A has to AE.
(a) Let BA be produced to Z, (b) and let AZ be set <as> half
of AB, (¢) and let ZA have to AH <that> ratio which I'E has to
EA, (d) and let AH be at right <angles> to AB, (¢) and let A®

430 At face value, this seems to suggest that so far we had only Archimedes’ words.
But of course this is not the meaning, For the sake of the transition, from Archimedes
to Dionysodorus, Eutocins lumps together all the preceding text as “Archimedes.” It is
always salutary to realize how careless are ancient commentators in signposting their
text and dividing lemmas from commentary.

431 Meaning now the main problem of SC IL.4.




fore A® is greater than

of Conics 1.11.

5 The key insight of Archimedes’ solution was that the Parabola contained the
hyperbola in the relevant “box.” The key insight of Dionysodorus’ solution js that the
hyperbola cuts the Pparabola at the relevant “box.” Both insights are stated without proof,

of the parabola, Contey L11), what we have shown is that the hyperbola, starting below
the parabola {H below ©), will become higher than the parabola, well before either
reaches the line BK. Thus they must cut cach other,

“* What we call Conics IL12. 497 glopomse L34 % Blomens V.16,
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<square> on AM is equal to the <rectangle contained> by ZM, AHS?

(18) therefore it is: as ZM to MA, so MA to AH;*? (19) therefore also:

as the first to the third, so the <square> on the first to the <square>

ont the second and the <sgquare> on the second to the <square> on the

third:*! (20) therefore as ZM to AH, so the <square> on AM to the
«<square> on HA. (21) But as the <square> on AM to the <square>

on AH, so the <square> on AB was proved <to be> to the <square>

on BM; (22) therefore also: as the <square> on ABto the <square> on
BM, so ZM to AH. (23) Bui as the <square> on AB to the <square>

on BM, so the circle whose radius is equal to AB to the circle whose
radius is egual to BM; %2 (24) therefore also: as the circle whose radius
is equal to AB to the circle whose radius is equal to BM, so ZM to AH;
(25) therefore the cone having the circle whose radius is equal to AB
<as> base, and AH <as> height, is equal to the cone having the circle
whose radius is equal to BM <as> base, and ZM <as> height;*? (26)
for such cones, whose bases are in reciprocal proportion to the heights,
are equal.*** (27) But the cone having the circle whose radius is equal
to AB <as> base, and ZA <as> height, is to the cone having the same
base, but <having> AH <as> height, as ZA to AH,** (28) that is 'E
to EA ((29) for, being on the same base, they are to each other as the
heights**); (30) therefore the cone, too, having the circle whose radius
is equal to AB <as> base, and ZA <as> height, is to the cone hav-
ing the circle whose radius is equal to BM <as> base, and ZM <as>
height, as I'E to EA. (31) But the cone having the circle whose radius is
equal to AB <as> base, and ZA <as> height, is equal to the sphere,™’
(32) while the cone having the circle whose radius is equal to BM <ag>

469 Comics L1140 Elements V11T, * Elements V120 Cor. 2.

42 Floments XI1.2. Those are curious circles. We are not guite given them, since we ‘
do not know their exact radii. (We know what their radii are equal to, but this is not yet
knowing what they are.) On the other hand, these are fully fledged individuals: they are
“the” circles of their kind, not just “a” cirele whose radius is equal to a given line. Over
and above the semi-reality of the diagram, we are asked to invent another oy reality,
where certain mmnamed circles subsist. More of this to follow.

443 The toy circles, introduced in Step 23, spring out of their boxes, riow as cones.
These cones have a particularly funny spatial location: their heights are not merely equal
to certain lines, but are in fact those certain lines. Hence they are half in the toy universe
of the circles, half in the more tangible universe of the diagram. Or more precisely: the
sense of location has been eroded, and we are faced with purely hypothetical geometrical
objects.

44 Broments XIL15. 5 Elements XI1.14.

446 This belated explicit reference to Elements XI1.14 is meant to support Step 27,
not Step 28. Tt is probably Eutocius’ contribution and, if so, so are probably the other:
references to the Elements and the Conics.

M7 SC134.
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In 1.4 Seventh diagram
Codex E has the line
AE drawn to the point i
K, 50 that the points g, ‘
K cealesce; meanwhile,
it repositions the letter
E s0 that it appears 1o
belong to the point A
(1), right beneath it. The
letter & is siiilary, at o =
least ambiguously
positioned in codices
GH. All codices omit
the letter N,
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on; (34) therefore the sphere, too, has to the said segment the ratio
which I'E has to EA; (35) dividedly, also: the segment, whose vertex
is A, and <whose> height is AM, has to'the segment, whose vertex is

B, and <whoge= height is BM, this ratio, which I"A has to AE 48

» 50 OM to MB;#9 @B7
therefore the cone having the same base a5 the segment, and OM <as>

height, is equal to the segment 450 (38) And since it is: as ZM to MA,
so OM to MB, (39) alternately also: as ZM to MO, so AM to MB,*!

¢, and MO <as> height; (44)
rtion to the heights; 54 {45) so

8 Elements V.17 9 This is the
B seps, Elements V.16.

2 The point IT is defined by the diagram alone. It is the intersection of the hine AM
with the circle, The claim is based on Elements iIL31, v1.8 Cor., VI.20 Cor. 2.
3 Blements X112, 44 Elements XT115,

definition of the point Q.
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that it <=the cone having the circle whose radius is equal to MB as
base, and ZM as height> is equal to the segment, 100.

As Diocles in On Burning Mirrors®

And Diocles, too, gives a proof, following this introduction: ;
Archimedes proved in On Sphere and Cylinder that every segment
of a sphere is equal to a cone having the same base as the segment, and,
<as> height, aline having a certainratio to the perpendicular <drawn> j
from the vertex of the segment on the base: <namely, the ratio> that:
the radius of the sphere, and the perpendicular of the alternate segment,
taken together, have to the perpendicuiar of the aliernate segment,**®
For instance, if there is a sphere ABY', and if it is cut by a certain plane,
<namely> the circle around the diameter ['AM and if (AB being
diameter, and E center) we make: as EA, ZA taken together to ZA, so
HZ to ZB, and yet again, as EB, BZ taken together to ZB, so ©Z to
ZA, it is proven; that the segment of the sphere TBA is equal to the 7
cone whose base is the circle around the diameter I' A, while its height _—
is ZH, and that the segment I"’AA is equal to the cone whose base is '
the same, while its height is ®Z. So he set himself the task of cutting
the given sphere by a plane, so that the segments of the sphere have to
each other the given ratio, and, making the construction above, he says:
“(1) Therefore the ratio of the cone whose bage is the citcle around the
diameter T A, and whose height is Z©, to the cone whose base is. the
same, while its height is ZH, is given, too;***® (2) and indeed, this too
was proved;*? (3) and cones which are on equal bases are to each other
as the heights;*6® (4) therefore the ratio of @Z to ZH is given. (5) And
since it is: as ®Z to ZA, so EBZ taken together to ZB, (6) dividedly: as
@A to AZ, so EB to ZB.*! (7) And so through the same <arguments>
also: as HB to ZB, so the same line <=EB> to ZA. '
So a problem arises like this: with a line, <namely> AB, givenin -
position, and given two points A, B, and given EB, to cut AB at Z and

455 The following text corresponds to Propositions 7-8 of the Arabic translation of
Diocles’ treatise (Toomer [1976] 76-86, who also offers in 178-92 a translation of the
passage in Eutocius with a very valuable discussion, 209-12).

456 §CIL2. . _

457 The circle meant is that perpendicular to the “plane of the page,” or to the line
AB.

4538 This text is part Diocles” own analysis, parta re-creation of Archimedes’ analysis,
now in the terms of Diocles’ diagram. Step 1 here corresponds to SC IL4 Step 4.

459 Step 2 probably means: “by proving SC 112, we thereby prove the claim of
step 1.”

40 Bloments XIL14. ! Elements V.17.
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to add ®A, BH so that the ratio of ©Z to ZH wii be <the> given, and _ §
also, so that it will be: ag ®Ato AZ, 50 the given line to ZB, while as £ z .
HB to BZ, 50 the same given line to ZA, : s

InI1.4 Eighth diagram

b LTI TR T T

i RSIHE

TR

| R 2
-

to NK. (1) Now since it is:

assumed; (3)and as MB to BE,so @A to AE (4) through the
the triangles,*™* (5) therefore a5 ZA 10 AE, 50 @A 1o AE. (

similarity of
6) Therefore

%63 The “certain given line” remains unlabeled,
464 The triangles referred to

are @AE, BEM, That they are similar can pe seen through
Step b, Elemenzs 127,129 115 (

or 129, 1.32), Step 3 derives from Step 4 through
Elements V14, ’




336

EUTOCIUS COMMENTARY TO §CII

ZA is equal to ©A.*5 (7) So, through the same <arguments>, BH,
too, <is equal> to BA.%%® (8) And since it is: as @AE taken together
to MBE taken together, so KAE taken together to ABE taken together;
(9) for each of the ratios is the same as the <ratio> of AE to EB:467
(10) therefore the <rectangle contained> by ®AE taken together and
by ABE taken together, is equal to the <rectangle contained> by KAE
taken together and by MBE taken together;*®® (h) Let cach of AP, B
be set equal to KA % (11) Now since ®AE taken together is equal to
ZE, (12) while ABE taken together is equal to EH, (13) and KAE taken
together is equal to PE, (14) and MBE taken togetheris equalto LE, (15)
and the «<rectangle contained> by ®AE taken together and by ABE
taken together was proved to be equal to the <rectangle contained>
by KAE taken together and by MBE taken together, (16) therefore the
<rectangle contained> by ZEH is equal to the <rectangle contained>
by PEX. (17) So through this, whenever P falls between the <points>
A, Z, then E falls outside H, and vice versa.’’ (18) Now since itis: as T’
to A, so ZE to EH, (19) and as ZE to EH, so the <rectangle contained>
by ZEH to the <square> on EH,*"! (20) therefore: as I" to A, so the
<rectangle contained> by ZEH to the <square> on EH. {21) And the
<rectangle contained> by ZEH was proved equal to the <rectangle
contained> by PEE; (22) therefore it is: as I to A, so the <rectangle

465 Elements V.9.

466 The setting-out and Step a, again, provide the proportion HB:BE::KA:AE and,
through the similarity of the triangles KAE, AEB the argument is obvious,

467 By “each of the ratios” Diocles refers to the ratios of the separate lines making up
the “taken together” objects, So we have four ratios: ®@A:MB, AE:BE, KA:AB, AE:BE
(AE:BE occurs twice). All, indeed, are the same as AE:BE, through the similarities of
triangles we have already seen. Step 8 follows from Step 9 through successive applications
of Elements V.18. :

468 Flements VI.16. Notice a pessible source of confusion. The rectangles are each
contained by two lines, and each of these linesisa sum of two lines, denoted by three char-
acters, This is confusing, because often we have a rectangle contained by two lines, and
these containing two lines are directly denoted by three characters, Here the summation
happens not between the sides of the rectangles, but inside each of the sides.

469 Thuys all lines AP, BT, KA, BM are now equal to the unlabeled, given line — this
anonymous line is cloned, as it were, all through the diagram.

470 The “vice versa” means that, conversely to what has been mentioned, also when H
falls between B, X, then P falls outside Z. (“Outside” here means “away from the center
of the diagram” — imagine the diagram s an underground network, and imagine that the
lines have two directions, “Inbound” and “Outbound).” This is a remarkable moment.
Diocles {or Eutocius?) is aware both of topological considerations, and of a functional
relation between variables. But the basic thought is very simple: it is impaossible to have
two equal rectangles, if the sides of one of the rectangles are both greater than the sides
of the other, If one side is greater, the other must be smaller. This is not stated in the -
Elements, but it is implicit in Elements VI.16. (That P, E, must both be “cutside” AB, is
implicit in the construction of the points and is learned from the diagram.)

47 Elements V1.1.
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contained> by PEX; to the <g

quare> on EH. (i) Let EQ be set equal to
BE, (j)and, joining BO, letith

€ produced to either side, (k) and, drawing

» an angle (<namely>, the <angle

contained> by EBO), halfof a right <an
position. ' (26) And the «<lines- IT, PY, <
drawn from given <points, > Z, B, cutting it <
position,> at T, Y; (27) therefore T, Y are given,
given in position and in magnitude. (29) And sin
ity of the triangjes EOB. =TB 75 (30) itis: as TR

» to the <square> on EH, the ratio which r
hasto A; (42) and therefore the <rectangle contained- by TOY has to

the <square> on EH the Tatio, which twice I has to A. (43) And the

qual to the <square> on E0; (44) for each of

&0 is equal to ABE taken together;*®2 (45) Therefore

the <rectangle contained> by TOY has to the <square> on 50O <the>
ratio, which twice I has to A, (46) And the ratio of twice I" to A is

given; (47) therefore the ratio of the <rectangle contained= by TOY
to the <square> on 20 s given as well,

T2 From Step i, OF = FB. From Steps b, g, OEB js o right angle. Then the claim of
Step 24 is seen through Elements 1.30.

473 Pata 30. 4 Data 25.

75 Steps b, g, k, Elements 127, 20, 15(0r32). % Flemenss via,
Y7 Elements v.1g, 478 Steps b, g, k, Elements 127, vi2.
% Elementsv.22. 480 Steps 34-5: both from Elemens VII.

Bl This is through the special case of Pythagoras’ theorem (Elements L47) for an
isosceles tight-angled triangle,

%2 RE—AR (through Steps b, £, g, Flements 127,30,34), E0 =R
So this settles B0 — ABE.EH = AR

B through Step i,
E can be seen through Step 7,

gle> 12 (25) Ty is given in
given> in position, are
=the line TY, given in
#74 (28) therefore TY i
ce, through the similar-
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(48) Therefore if we make: as A to twice I', so TY to some
other <line>, as ®, and if we draw an ellipse around TY, so that
the <lines> drawn down <on the diameter>, inside the angle EOB
(that is <inside> half a right <angle>), are in square the <rectangles
applied> along , falling short by a <figure> similarto the <rectangle i
contained> by TY, ®,%? <the ellipse> shall pass through the point i
&, (49) through the converse of the twentieth theorem of the first book
of Apollonius’ Conic Elements** (m) Let it be drawn and let it be
as YET; (50) therefore the point & touches an ellipse given in posi-
tion. (51) And since AK is a diagonal of the parallelogram NM,**

(52) the <rectangle contained> by NETI is equal to the <rectangle
contained> by ABM.* (53) Therefore if we draw a hyperbola through
J the <point> B, around ®KM <as> asymptotes, it shall pass through
P %,%87 (54) and it shall be given in position ((55) through the <facts>
o that the point B, too, is given in position, (56) as well as each of the
' <lines> AB, BM, (57) and also, through this, the asymptotes ®KM). -
- (n) Letitbe drawn and let it be as EB; (58) therefore the point Z touches
o ~ ahyperbola given in position. (59) And it also touched an ellipse given -

3 in position; (60) therefore E is given.*®® (61) And EE is a perpendic- 1
ular <drawn> from it; (62) therefore E is given.*®*® (63) And since it -
is: as MB to BE, so ZA to AE, (64) and AE is given, (65} therefore
AZ is given, as well.** (66) So, through the same <arguments>, HB

is given as well. % '

4

483 Thisis the Apollonian way of stating that ® is the parameter of the ellipse. Imagine

T that @ is set at the point T, at right angles to the line YT. You get a configuration similar

' L ’ to that of Conics 113 (see figure. ® here is transformed into E®), for which Apollonius

i proves that for any point A taken on the ellipse EA A, the square on AM is equal to the
associated rectangle MO. :

484 What we call Conics 1.21. 485 Stepsb, ¢, f, Elements 127, 33.

486 Based on Elemenis 143, *7 Converse of Conies IL12.

8 Daa25. % Data 30.

490 with E given, BE is given as well. BM is given from setting-out, Step ¢, hence
BM:BE is given, Step 65 then derives from Data 2.

491 The only difference will be that instead of using the proportion MB:BE:ZA:AE,
we use the proportion HB:BE:BM:EA (both from setting-out, Step c).
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And it shall be constructed like this:
For (as in the same diagram)
to cut, be AB, and Jet the other given
given ratio <be> the <ratio> of [" to A,
(a) Let BM (bein

) » Y, (g} and let it come to
o P, (h) and let an ellipse be drawn ar
drawn down inside haifa ri

() cutting the cllipse at &, (k) and jet 2 perpendicular, <namely> ZE,
be drawn from & on AB, (1) and let it be produced to IT, (m) and
let AEN be drawn through E parallel to AB, (n) and let KA, MB be
Produced to A, 8, (0) and, Jjoining ME, let it be produced and let it
meet KN at ©. (1) Now sin,

e BE is a hyperbola, and K, KM are
Asymptotes, (2) the <rectang]

¢ contained> by NE[I is.equal to the
=<Tectangle containeds by ABM, (3) through the 8th theorem of the

, let the given line, which it is required
<line> be AK, and <let> the

In I1.4 Ninth diagram
Codex D omits the line
EB. (Since the line
Tepresents a hyperbola,
Heiberg draws it as a
curved line). Codex D
further has the lines
KA, TY, not paralle],
meet at the point K. It
also positions the three
lines , I', A at the
“slot” beneath B, and
has @ and A greater
{rather than smaller)
than I", Codex A
had X instead of K, and
has permuted the
letters H, N. All are
corrected in the codices
BG. Codex D has
both X, K where X is
required. Codex H
has E instead of 5.

.
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second book of Apollonius’ Conic Elements,*? (4) and, through this,
KEA is a straight <line>.*? (p) So let AZ be set equal to @A, (q)
and <let> BH <be set> equal to AB. {5) Now since it is: as twice T’
to A, so @ to TY, (6) and as ® to TY, so the <rectangle contained>
by TOY to the <square> on E0, (7) through the 20th theorem of the
first book of Apollonius® Conic Elements,** (8) therefore as twice T’
to A, so the <rectangle contained> by TOY to the <square> on Z20.
(9) And since it is: as TB to BO, so B to BE,*** (10) compoundly
also: as TO to OB, so TE to EB.*% (11) But as BO to OY, so BE to
EP;%7 (12) therefore through the equality, also: as TO to OY, so LE
to ER%%® (13) Therefore also: as the <rcctangie contained> by TOY
to the <square> on OY, so the <rectangle contained> by ZEP to the
<square> on EP;*” (14) Alternately: as the <rectangle contained>
by TOY to the <rectangle contained> by ZEP, so the <square= on
OY to the <square> on EP*% (15) But the <square> on OY is twice
the <square> on EP (16) through <the fact> that the <square> on
BO, t0o, is <twice> the <square> on BE;**! ((17) for BE is equal
to EO,*2 (18) each of the <angles> at B, O being half right);’®
(19) therefore the <rectangle contained> by TOY, too, is twice the
<rectangle contained> by ZEP5* (20) Now since it was proved: as
twice I" to A, so the <rectangie contained> by TOY to the <square> -
on BO,5% (21) also the halves of the antecedents; (22) therefore as
[ to A, so the <rectangle contained> by ZEP to the <square> on
20, (23) that is to the <square> on EH; (24) for EQ is equal to EH,
(25) through <the fact> that each of them is equal to ABE taken
together.’® (26) Now since it is: as @AE taken together to MBE taken
together, so KAE taken together to ABE taken together; (27) for each
of the ratios is the same as the <ratio> of AE to EB;*"7 (28) therefore

492 What we call Conics IL12,

49 Converse of Elements 1.43. (As usual, the assumption that NAMK is a paral-
lelogram is not made explicit. It can be shown on the basis of setting-out, Steps a, m,
Elements 1,30, 33.)

494 What we call Conics L21.

}95 Steps b, d, Elements 1.28, 29, and then 115 {or 132}, and finally V1.4.

49 Floments V.18. ™7 Steps d, k, 1, Elements 1.28, V1.2,

498 Eloments V.22.  *? Successive applications of Elements VI.1.

500 Elements V.16. )

50t Step 15 derives from Step 16 through Steps d, k; Efements V1.2, then V.17, then
VI22.

502 Step 16 derives from Step 17 through Step k, Elements 1.6, 47.

503 Steps e, k, Elements 1.32.

504 Steps d, k, Elements VL2, and then V.18, and then V122, % Step 8.

506 Steps g, 17. Also: Steps a, k, 1, m together with Elements 1.29, 34,

507 Step 26 derives from 27 through Steps a, Elements 1.29, V1.2, and then V.18 (that
the angle at A is right is an assumption carried over without mention from the setting-out
of the analysis}.
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to AFE, s0 HB to BE: which

_ These things proved, it i
to the given ratio, like this:
For let the diameter of the

3 possible to cut the given sphere according

8 Elomengs VL16, :

%% Step p. The original syntactic structure is:
ZE" (and similarly with the following equalities),
0 Blements VILL
. Compare the argument for the derivation of
12 Substitute Step q for Step p,
the same,
513 “The samen as MB
synthesis foIIowing).

“But to @AE taken together is equai

Step 26 from Step 27.
4n.the chain of reasoning, and the argument is indeed

(equality is taken here for identity: also compare Step cin the
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(1) For since it is: as HA to AZ, so EB fo BZS¥ (2) also com-
poundly;>!® (3) therefore as HZ to ZA, so EB, BZ taken together to BZ;
(4) therefore the cone having the circle around the diameter KA <as>
base, and ZH as height, is equal to the segment of the sphere having
the same base and ZA <as> height >!% (5) Again, since it is: as @Bto
BZ, so EA to AZ, (5) it is also, compoundly: as ©Z to BZ,s0 EA, AZ
taken together to AZ;'7 (6) therefore the cone having the circle around
the diameter KA <as> base, and Z& as height, is equal to the segmeit
of the sphere having the same base, and BZ <as> height 5** (7) Now
since the said cones, being on the same bases, are to each other as the
heights,?1? (8) that is as TIZ to Z©, (9) that is T to A, (10) therefore
the segments of the sphere, as well, have to each other the given ratio;
which it was required to do. '

K

A

And we shall prove like this, how one draws a hyperboia through the
given point, around the given asymptotes, (as this isnota self-evident
outcome of the Conic Elements):>* :

Let there be two lines, TA, AB, containing a chance angle (that at
A), and let some point A be given, and let it be put forth: to draw a
hyperbola through A around TA, AB <as> asymptotes. }

(a) Let AA be joined and produced to E, (b) and let AE be set
equal to AA, (c) and let AZ be drawn through A parallel to AB, (d)
and tet ZI" be set equal to AZ, (¢) and, having joined T'A, let it be
produced to B, (f) and let the <rectangle contained> by AE, H be
equal to the <square> on I'B,52! (g) and, producing the <line> A4,

514 genc, 1% Elements V.18. 518 gC 112

S Elements V.18. 58 SC02. 3P Elements X114,

520 pg noted by Heiberg, at this point we definitely move from Diocles to Eutocius,
who refers to Apollonius® Conics.
/7521 Step £ defined the point E.

In 114 Tenth diagram
Codex D has AH

considerably greater.
than @B,
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let a hyperbola be drawn around i

t,°2 through the <point> A, so that
the <lines> drawn down <on

the axis> are in Square <the rectangles

N by <a figure> similar to the <rectangle

comtained> by AE, H523 | say that TA, AB are asymptotes of the
drawn hyperbola.

(1) For since AZ is parailel 1o BA, (2) and T'Z is equal to ZA, (3)
therefore F'A, too, is equal to AB:32% (4) ¢o that the <square> on B
1s four times the <square> on I"A. (5} And the <square> on I'B s
equal to the <iectangle contained by AE, H; (6) therefore each of
the <squares> on T A, AB is a fourth pait of the figure <contained-
by AE, H.5% (7) Therefore T'A, AB are asymptotes of the hyperbola,

(8) through the first theorem of the sccond book of Apollonins’ Conic
Elements,

CEBB A GE R A
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In IL.4 Eleventh
diagram
Codex D has the
hyperbola drawn as a
sitigle arc (about a
semicircle), (So does
the heavily corrected
codex B, which alsg
has the asymptotes
touch the hyperbolia),
Codex E does not
continue the line FA
inside the hyperbola
itself. Codex A
has omitted the line &
with its letter; jt is
reinserted as a late
To the synthesis of 4 correction in Codex B,
at the position printed.

In the synthesis he produces the dj

ameter of the sphere, AB, and sets
alf, and he cuts it at @ by the given

322 Thig time “around” means “around it as diameter” (and not, as above, “around
s asymptote™), If g hyperbela is around one ling, it is around a diameter; if around two
lines, it is around asymptotes, ’

523 The formulaic way of stating that E is the center, and H the parameter of the
hyperbola,

524 Elements V1.2,

25 In Apollonius’ Conies 11, the expression “the fourth of the figure <contained~
by .. * becomes formulaic, hence the word

gure” here, which refers simply, in this
case, to the contained rectangie,
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XZ to ©Z, so the <square> on BA to the <square> on AX —making
the same construction as before. He then says that; “let it come to be:
as KAX taken together to AX, so PX to XB,” and he sets P between
the <points> @, Z.

It ought to be proved that this is the case.’® (1) For since it is: as
KAX taken together to AX, PX to XB, (2) dividedly: as KA to AX,
PB to XB;%" (3) altemately: as KA to PB, AX to BX.’® (4) But AX
is greater than XB; (5) therefore KB, toc, is greater than BP52 (6) that
is ZB <is greater> than BP; (7) so that P fails inside Z. (8) That it also
falls outside © shall be proved similarly to the <arguments> in the
analysis (as the entire synthesis of the theorem proceeds < = simjlarly
to the analysis=).5* (9) For it is obtained, that it is: as PX to XA, B& to
©2Z,% (10) so that compoundly, aiso.*> And through this the present
proof, too, follows in accordance to what was said above.”

“And through the equality in the perturbed proportion.” We Jearned
in the Elements that “a perturbed proportion is, there being three
magnitudes and others equal to them in multitude, when it is: as an-
tecedent to consequent in the first magnitudes, so, in the second mag-
nitudes, antecedent to consequent, while, as consequent to some other
<magnitude> in the first, so, in the second, some other <magnitde>
to antecedent.””>* Now, it has also been proved here that as antecedent

526 Y that, given the construction, the position of P is indeed as in the diagram, i.e.
between the points @, Z. As Eutocius will make clear, this is essentially the same as his
note to Step 21 of the analysis of this proposition, Nothing in Archimedes’ argument
relies on the exact position of the point. This is a commentator’s, not a mathematician’s
“ought.” The force of the “cught” is that this is an interesting point to comment upon,
not that this is a logical lacuna. ‘

52 Blements V.17, 5% Elements V.16.

528 KA, KB are taken to be interchangeable {both radii).

530 The original grammar is very compressed; perhaps some words have been lost?
The point is clear: the synthesis is the same as the analysis, even with the same labeling
of the diagram, hence precisely the same arguments would apply without any change
including, presumably, Eutocius” comment to Step 21.

531 gtep 16 in the synthesis (inverted).

532 Hlements V. 18. The implicit claim is: PA:XA=BZ:OZ.

533 What Butocius has done is to show that the construction of Step h in the analysis
holds in the synthesis as well (although it is not made explicit in the synthesis). Having
shown that, he is justified in simply pointing backwards to his argument on that Step h.

$34 Epclid’s formulation at Elements V Def. 18 (essentially unchanged by Eutocius)
suffers from the difficulty of marking out, without lettering, an object which is arbitrary
andyet fixed. The strange bare nouns, “antecedent in the first magnitudes,” “consequent in
the first magnitudes” ete. are just this: one of the terms in the proportion, no matter which,

but the same throughout the definition. Heath’s lettered and typographic transcriptionis - -

“a perfurbed proportion is an expression for the case when, there being three magnitudes
a, b, ¢ and three others A, B, C,aistobasBisto C,bistocas A isto B.”

1
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a3 proved in the fifth book of the Elements, S it foliows through the
equality, as well: a5 PA 1 AX, 50 BZ to Z@ 536
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Codex D has the lines
EZ, OK slanted (E
somewhat higher than
Z, @ somewhat higher
than K), Codices
E4 have 7 Instead of o
While codiceg DE4
omit Y. (Codex A
probably had = and, if
it had the Y] it must
have been very
inconspicuous.)

335 Elements v 23,

36 Thig is the first

time we gee 5 comment whose sole function is to show how
tly validate an Archimedean move
OUS components of the Elements ne
for all readers, Was Eutocing puzzled by Klemens V.237 -
%7 Lewe coucentrate on just the two circles, 533 Step a of Archimedes® proof.
3% Elements Tl Def. L 540 Gren o of Archimedes’ proof.
41 Elements 132, 42 Elements V1.4, 343 Elements v.22,

- This is extremely interesting
ed not be ali equally accessible
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