(AE, TE) = (K4, B)

(AE,TE) = (R, I'4)

;
. _
(R, [4) = (KA, ER)
componendo
(@4, I'd) = (@K, R)
permutando
(04, OK) == (I'4, R)
componendo
(K4, 6K) == (04, B)
or O(GK, 04) = O(KA, R) («) g
componendo r aﬁ%@“&%ﬂﬁ Nv
,
[T(4AI), O(4E, TE)] = [0(04, OK), T(E)I")

or, because of (x) ,

. = (KA, R) .
(F(4T), O(AE, TE) = [OURA, B), TRY = (4B

Algebraically: If 4 and K are determined successively by

R+h
R+h = fpy L
AE = h, ‘Iwmw and KB = hy hy

then it has to be proved that
3. K4 = ynd*R
or KA @& &

R rt hyh,

iplication of
1) This passage, which we should uoémm@%m&woﬁOMM%W&BMMﬂMWMMo n ot
the corresponding members A.gm the two .Huwoﬁou. ions ,
the Greek theory of proportions by writing -
(AT, AE) = [T(AT), O(AT, AE)] = [O(e4, ®.NNN A.H.Qw:
(A, TE) = |O(AT, AE), O(I'E, AE)] = [O(R, )s R

from which the required conclusion follows ex aequali.
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reader that we only possess an Att
is to be read from its mention in the
opatgay Emméde Teuehy,
Eyew.,

Now it is true that

B3R +hy)+ho(R+ hy) (By +hy)? &2
KA = AE+KE = LA v ¥ R
+& Tty B = F g

Note. The property

proved is frequently also used, instead of in
the form

(4E,TE) = (B+AE, AE),
in the form to be derived separando, viz.:
(4, TE) = (R, AE) .

Ar R
By

Algebraically :

Proposition 3.

To cut a given sphere by a plane so that the surfaces of the Segments
may have to each other a ratio which is the same as a given ratio.

From I, 42, 43 it follows readily that for this the plane has to
divide the diameter to which it is Perpendicular in the given ratio.

This is followed by one of the great problems of Greek geometry:

Proposition 4.

To cut a given sphere {by a plane) so that the segments of the
sphere may have to each other a ratio whi

ch is the same as o given
ratiot),

Fig. 82.
) The original formulation of this proposition (we would remind the
ic version of On the Sphere and Cylinder)
preface to On Spirals: Tay Sodeivay
dioze Td Tpdpere adrds nor’ el o Taydérra Adyor

Archimedes. 13 193




In Fig. 82 let AT be the intersection of the required plane with
the meridian plane of the sphere with. centre K perpendicular to it.
Apparently we may also require the sphere to have a given ratio
to the segment AAI". Let this ratio be equal to

(ZB, Z©), in which ZB = E.
Find according to S.G. II, 2 the points P and A so that.
Cone PAI' = segment BAT"-
Cone AAT" = segment AAT".
For this we must have (vide Note to II, 2)
(PB, BX) = (R, X4) (1)
(A4, AX) = (R, XB). @)

The problem thus amounts to finding a point X so that
(P4, XA) = (ZB, Z0O), (3)

the positions of the points P and 4, however, depending according
to (1) and (2) on the position of X.
The ratio (P4, XA) is compounded of the ratios

(P4,44) (x) and (44,X4) (B).

These two ratios are first written in a different form:

«. From (1) it follows permutando From (2) it follows permutando

that that

(PB, R) = (BX, X4) (44, B) = (4X,XB)
componendo componendo

(PK,R) = (B4, X4) (4) (AK, A4) = (B4, X4) (5)

_ _
[ .
(PK, R) = (AK, A4)

permutando

(PK, KA) = (R, A4)
componendo

(PA, KA) = (KA, A4).
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Apparently therefore (P, 44) is the duplicate ratio of (KA, AA)

“and because of (5) also of (B4, X4). Therefore

(PA, A4) = [T(B4), T(XA4)].
B. From (2) it follows componendo
(AX, A4) = (ZX,ZB) or invertendo
(A4, AX) = (ZB, ZX).
The ratio (P4, XA) therefore is compounded of the ratios
[T(B4), T(X4)] and (ZB,ZX). (6)

The ratio (ZB, ZO) appearing in the 2nd member of (3), how-
ever, is compounded of

(ZB, ZX) and (ZX,Z0O). (1)

By comparison of the expressions (6) and (7) it follows, because
of (3), that )
' (2X, Z0) = [T(B4), T(XA4)]. (8)

The question therefore amounts to a given line segment ZA4 (3R)
having to be so divided in a point X that the part ZX shall have
to a given line segment Z6 the same ratio as the square on another
given line segment BA (2R) has to the square on the remaining
part XA. _ .

Archimedes announces that he will deal with this problem ana-
lytically and synthetically at the end of the proposition'). This,
however, is not done. The solution he promises must already have
been lost in the days of Diocles (who gives another solution in-
stead). Eutocius, however, thinks -he has found it again?), in an
apparently mutilated form; he presents a reconstruction which we
reproduce as follows: Formulated in a general way (i.e. without
any relation to the notation and the particular ratios of the line

1) Opera 1, 192. éni 7éler dvatviijoerar xei ovvredijostar.

%) Opera ITI1, 130-132. Eutocius here says that the solution of Archimedes
~~recognizable by the Dorian dialect and by the old denomination of the
conics—, which did not oceur in any codex, was traced by him in a book,
but that it was obscure and showed many errors in the figures. He himself
in his exposition uses the Apollonian terms parabola and hyperbola, an ex-
ample which we are following in the reproduction of his argument.
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p  segments to each other in II, 4),
the problem is as follows: Given
(Fig. 83) a line segment 4B, a line
segment AI', and a surface A, it.is
required to find on 4B a point &
such that

(AE, AT) = [A, T(BE)] (7)

This question is treated analyti-
cally: Let E be the required point.
From the figure, in which Al is
. plotted at right angles to 4B and
Zy K5%  the rectangle HZOI is completed,
it follows that

(AE, AT') = (HI', HZ). (0)

A C] Further suppose that A=
N O(HT, HM), then, because BE =
ZK, we must have

Be— ﬂqmwl\_ (HT, HZ) = [OW@HT, HM), T(ZK)]

or [O(HT, HM), O(HZ, HM)]
= [O(HT, HM), T(ZK]],

MM 4 4, 1 _
therefore

T(ZK) = O(HZ, HM) .

From this it follows (III; 2.0)
that K lies on a parabola which
hag H for vertex, HZ for diameter,
and HM for orthia (latus rectum).

Moreover, because of Euclid I,
43, the rectangle KI'is equal to the
rectangle AH, so that K also lies
) on an orthogonal hyperbola with.

Fig. 83. asymptotes HI' and OT, which
passes through B (Conica II, 12).
K is therefore determined as the point of intersection of two

conics.
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Before it is possible to proceed to the synthesis, a Sioprouds?)
is derived. Indeed, it is evident that for a given value of 4B the
data AT and A are subject to certain limitations, for we have the
relation

_ (4E, AT') = [A, T(BE)]

which, because of Euclid XI, 34, states that the volume of the
parallelepiped with base T(BE) and height AE is equal to the
volume of the parallelepiped whose base has a surface A and whose
height is AT'. If we denote the solids in question successively by

SIT(BE), AE)] and I[A, AN (Z = otepedy) ,

it has to be found out what is the maximum value which can be
taken by the volume of the first solid when E varies; the volume of
the second solid is then delimited by this value as its upper limit.

It is now proved that the solid with base T(BE) and height AE
attains its maximum volume when BE=2.4E: to see this we con-
struct the above-mentioned curves once more for the point Z,,
which satisfies this condition; the corresponding point K, lies on a
parabola with diameter HZ, and latus rectum HM, so that

T(Z,Ko) = O(ZoH, HM,) .
and also on the orthogonal hyperbola already mentioned above.
We now proceed to prove that the parabola HK, touches this
hyperbola in K.

To prove this, on Z,H produced measure HE=HZ,, then by a
familiar property of the tangent to a parabola (III; 2.2), ZK, is
tangent to the parabola in K. If further ZK, meets the asymptote
I’ in O, then, because BE= 2. 48, apparently K IT= K0, so that
the line /70, in view of a property of the tangent to a hyperbola (III;
5.43), touches: this curve in K,. By this the proposition is proved.

The branch BK,... of the hyperbola in the figure thus lies

.oogwwm&oq on one side of the parabola HK... If therefore £ be

any point of 4B (in the figure chosen between B and E,), the
perpendicular through E on AB meets the hyperbola in K, while

1) diwpiopds is here to be understood in the sense of “condition which
the data of a problem have to satisfy, if it is t0 permit of golutions™. Ele-
ments of Huclid I, 168.
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the line ZK, parallel to 4B, meets the parabola HK,in N, it is
found that
ZK < ZN .

Now K lies on the orthogonal hyperbola; from this follows the
equality of the rectangles KI" and BI", and consequently also that
of the rectangles X4 and BA; in view of the reverse of Euclid I, 43
the points I, E, and 7 now lie on one straight line.

It had to be proved that

2[T(BE), AE] < Z[T(BE,), AE,] @

or, if we call the particular value of the given surface A, which
with AT given leads to the finding of the point £, A,

Z[A, AT] < Z[D,, AT].
In this, however,

A=O0OHIHM) and A, = OHT HM,),
while

T(ZK) = O(HZ. HM) and T(ZN)= O(HZ,HM,).
Because ZK <ZN, we have HM ANN,E. o> therefore A <A, from

which the correctness of the proposition becomes evident. For a
point E between £, and A the proof is analogous. .

The diopiouds thus found is then applied as follows in the syn-
thesis.
First find E, so that BE,=2.AE,. If now

> there is no solution.
S[T(BE,), AE,] E, is the required point.
< find the point M so that

A = O(HT, AM).

S[A, A

Construct the parabola with diameter HZ and latus rectum HM,
the orthogonal hyperbola through B with asymptotes I'H and 10,
and find the point of intersection K of these two curves, which lies
on the same side of /(K with H. The required point E is then
obtained by drawing « perpendicular from K to 4B.

The method found may now be applied in the problem posited
by Archimedes in Proposition 4. For this, 4B from the general
discussion is to be replaced by the line segment Z4 = 3R of Fig. 82.
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AT is to be replaced by Z@ of Fig. 82, and A is to be taken equal
to T(B4). Then BE, becomes equal to 2R, AE, to R. Because
ZO < R, we now have

S[A, AT = 3[T(2R), Z6] < Z[T(2R), B},

s0 that the condition for the solubility of the problem, which has
been derived in the general discussion, is satisfied.

We have deliberately reproduced the whole argument in a purely
classical form. We will now elucidate it by translating it into alge-
braic symbolism : _

If (again in the general problem) we suppose 4B=a, BE =z,
AI'=p, A=g? the equation of the problem (vide (y)) is:

- 2
Wm.m Hmln or 2 (a—x) = pg® or z*—ax®+pg? = 0. (&)

The Greek solution is equivalent to equating each of the two
members of :

a—x g

P a®
@

to m in conformity with relation (d), in which HZ =y.
We now have the two equations a

_ 2 .
yla—z) = ap and a2 = W.@,

which represent successively the orthogonal hyperbola and the
parabola used by Archimedes. The abscissae of the points of inter-
section of these two curves represent the solutions of the equation
(¢). The found values of z, howevet;, can only be used in the geo-
metrical problem II, 4 of Archimedes when they satisfy the relation
0 <z < §a, because x has to be less than 2R, and a is equal to 3R.

In order to find out the number of roots, we compute the dis-
criminant

D = —[27pg—4a¥lpg?,

from which the following becomes apparent:
If pg? be less than ;-a® there are three real roots; since their
product is — pg? and is therefore negative, while the sum o is posi-

tive, one of these roots is negative and the other two are positive.
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If pq® be equal to % a®, there are two positive roots, which coin-
cide.

If pq? be greater than % a3, there is only one real root, and this
is negative.

Since in the problem discussed by Archimedes only positive
roots can be used, it is a prerequisite that pg? be less than 5 a.

This prerequisite is identical with the condition () derived by
Archimedes. In fact,

Eu = HNAQI.\HV H

which latter form reaches its maximum, viz. ;56% when z= %a.
Of the two positive roots which satisfy the equation in the case of

2 4
pg? < ad

and which correspond to the two points of intersection of hyperbola
and parabola, having positive abscissae, in the particular case of
11, 4 only one can be used, viz. the one which is less than fa.
That there is always one such root, and only one, is clear upon
geometrical consideration: of the two points of intersection of para-
bola and orthogonal hyperbola, which have positive abscissae, one
lies to the left and one to the right of the line K H,.
:  Algebraically the same is found because the expression

28 — ax? + pg?

appears to have a zero point between #=0 and z= %, and another
between z=%a, and 2=qa.

Eutocius mentions two more solutions of the proposition S.C.
11, 4%). In the first, which originates from Dionysodorus?), the
problem is first reduced (by a different method from that of
Archimedes) to the form (3). The solution (translated into the
notation of II, 4), however, then proceeds as follows:

In Fig. 82 provide for

O(ZX, Z6) = T(MX) (o)
then by (8) we have:

1) Opera III, 152 et se. and 160 et seq.

%) Probably Dionysodorus of Caunus, who was a contemporary of Apollo-
nius. Presumably he Was the writer of a treatise megl Tijs omelgag (On the
tore), quoted by Heron (Metrice II, 13, Heronis Opera IIT1, 128). In this he
derives an expression for the volume of a tore.
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[T(MX), T(Z20)] = (ZX, Z6) = [T(B4), T(X4)],

therefore
(MX,Z0O) = (B4, X4). 8

In the above, (x) represents a parabola with vertex Z, axis Z4,
and latus rectum ZE), and () an orthogonal hyperbola with centre
A, the asymptotes of which are AZ and the perpendicular erected
through A on AB. X is then determined as the foot of the ordinate
of a point of intersection M of these two curves. _

Algebraically this means, in the notation adopted above, that
for the solution of the equation

a—z ¢*
p &
we suppose 42 = pla—=x),
go that
y_1
p oz

We now have to find the points of intersection of the parabola

y* = pla—2)
and the orthogonal hyperbola

xy =pq.

In the second solution, which was suggested by Diocles?), the
problem is generalized even more, as compared with Archimedes.
In fact, in Archimedes, when the points B and A were given, the
points P and A were determined hy the relations (Fig. 82):

(PB, BX) = (R, X4) and (44,A4X) = (R, XB),

while X then had to satisfy the condition (PX, AX)=given ratio.
In Diocles, R is replaced in the two first-mentioned relations by
a line segment of any length, which is no longer conditioned by
the length of BA. Formulated once again, the problem now is as
follows (Fig. 84):
1) Diocles HVH.OU@E% lived about 100 B.C. He is known to this day for his

cigsoid. The solution of S.C. II, 4:quoted above has been taken from his
treatise mept mvpiwy (on burning-mirrors).
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To divide a given line segment AB at E so that, if the relations
(ZA, AE) = (AK, BE)
(HB, BE) = (BM, AE) with AK = BM
apply, E satisfies the condition
(ZE,HE) = (I, 4),

in which I" and A4 are given line segments.

N—E 4
T
&
- )
NU N. A m H
I
K \m\\ M
Y
Fig. 84. ,

This problem is analysed as follows:

Let ME produced meet KA produced in ©; likewise let KE
produced meet MB produced in A, then it is proved without
difficulty that

ZA = 0OA and HB=A4B.

Now

(AE, BE) = (0A, MB) = (KA, /\B) = (OA+AE, MB+ BE)
= (KA+ AR, AB+BE);

therefore O(@A+AE, AB+BE) = O(KA+AE, MB+ BE)
or,if BY = BM, AP = AK,
O(ZE, HE) = O(PE, 2E) .
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From this it follows that
([, 4)=(ZE, HE)=[O(ZE, HE), T(HE)|=[O(PE, ZE), T(HE)].

Now make EO equal to EB and perpendicular to AB, XT
perpendicular to 4B with T on OBproduced. From the similarity
of the triangles ZOB and XZTB it now follows that

(TB,0B) = (XB,EB), therefore componendo (T0,0B) = (XE,EB).

If the perpendicular to BA through P meet BO produced in ¥,
then we also have
(BO,0Y) = (BE, EP),

from which it follows ex aequali that

(I0o,0Y) = (ZE, EP).
Thence
[O(TO0, 0Y), T(0Y)] = [O(ZE, EP), T(EP)]
or : A
[O(T0, 0Y), OZE, NE,U: = [T(0Y), T(EP)] = 2:1.

Therefore

O(T0,0Y) = 20(ZE, EP).
Above it has been found that
[O(ZE, EP), T(EH)] = ([, 4), -
therefore, because EH =20, .
| [O(T0, 0Y), T(O=)] = (2T, 4) .
Now construct a line segment Aﬂ._”wo that
(er,4) = (1Y, ?),

then it is found that Z lies on an ellipse, produced by elliptical
application to @ with a defect, the ratio of whose sides is (T'Y, @)
(IIT; 1.2). 7Y is here the diameter conjugated to the direction Z0.

But because the rectangles KB and IIN are equal, & also lies
on an orthogonal hyperbola with asymptotes KN and KM, which
passes through B. Thus the point Z is determined, from which &
follows.
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Algebraically: If AB=a, AB=x2, AK=BM=0b, (I, d)=m:n, x
has to satisfy the relation .
b

T —x
a—x m
73

or o

which may be reduced to

p
(@ —x-+b)(x+b) Hm“@la._.m%!@“ .

Now suppose ab
.m = M\ >
then the equation reduces to

(y+a-z=b) = — (a—z-+b)a-+b).

If we now consider z and y as coordinates in the rectangular

"system of axes K(MN), we have to intersect the orthogonal hyper-

bola 4
xy = ab,

which has KM and KN for asymptotes and passes through B, by
the curve

Here
y+a—x—b = 5O, a—~z+b = —, 2+b = —.

If we suppose
.mgndu QN.."MH_ QM\"MN_

we have the equation

which stands for an cllipse, written in the two-abscissa form (III;
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1.1), which has 7Y for diameter and the direction of FO as con-
jugate direction.

Proposition 5.
To construct a segment of a sphere similar to a given segment and
equal to another given segment of a sphere.

4 —_
0 — < _ J X
E & YA 5
2t P
K ¥——0 T
A A w
0]
¥ N
Fig. 85.

In Fig. 85 conceive the required segment AK® to be equal to
the given segment I'AB and similar to the given segment HEZY),
By applying S.C. II, 2 we replace all three segments by cones.-
Suppose ,

(PY, AY) = (PE+EY,EY), then segment AK@ = cone YKO .
(XT,I'T) = (IIN+NT, NT), then segment I'AB = cone X4B.
(20, H®) = (20+09, 0P), then segment HEZ = cone QEZ .

Now it must be true that
1) cone XAB = cone PK@,

whence
[T(K®, T(4B)] = (XT, ¥Y) (x)

1) Two segments-of a sphere are called similar when their heights are in
the same ratio as the diameters of their bases, 7.e. when the meridian sections
are similar.
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