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ON THE SPHERE AND CYLINDER.
.WOON I

“ ARCHIMEDES to Dositheus greeting,

On a former occasion I sent you the investigations which
I had up to that time completed, including the proofs, showing
that any segment bounded by a straight line and a section of a
right-angled cone [a parabola] is four-thirds of the triangle
which has the same base with the segment and equal height.
Since then certain theorems not hitherto demonstrated (dve-
Méyrrow) have oceurred to me, and I have worked out the proofs
of them. They are these: first, that the surface of any sphere

- is four times its greatest circle (Tof peyicrov KOkAOV); next, -
 that-the surface of any segmient, of s sphere is equal to a circle

whose radius (4 éx rod xévrpov) is equal to the straight Hne
drawn from the vertex (xopuerf) of the segment to the circum-

- of the sphere, is 1tself [4.e. in content] half as large again as the

sphere, and its surface also [including its bases] is half as large
again as the surface of the sphere. Now these Properties were

étudy of N%Emﬁdw m.m.ibm.,, however, now discovered that the

Properties are true of mmmmn figures, I cannot feel any hesitation
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in setting them side by side Jmﬂw with M%ﬁﬁﬂ“ﬂﬂ _memmmew
1 with those of the theorems :
Mm”rmwwm held to be mosb wﬁmmumm.pww mmmmwwwﬂwww MMMHMWM
that any pyramid is one ﬁs.am part of the pris .
i amid and equal height, and that any
MMH.WM Wmmwﬁwﬁ Mwﬁd% mvww._n of the cylinder which has the same
base with the cone and equal height. For, Epodmw Mrmmm
properties also were naturally inherent in the mde.me all a %«W@
t they were in fact unknown to all the many able geometérs
Mqﬂ.o lived before Eudoxus, and had nob been observed by Hﬂw
one. Now, however, it will be o@mﬁ.ﬂo awo.mm who H.uowmmmmaw e
requisite ability o examine these .w.mmoodmﬁom of Bﬁpﬂ | mm%
ht to have been published while Conon was ‘still alive,
MMW I should conceive thab he would best have been m‘Em. to
grasp them and to pronounce upon ﬁp@mﬁ the m.@m.ﬁoﬂﬂﬁm
verdict ; but, as I judge it well to .ooEBﬁEnﬁm them to wmm
who are conversant with BmaroBmw.Sm. T send them Wo uSM.. wi
the proofs written out, which it will be open to mathematicians
to examine. Farewell.

1 first seb out the azioms® and the assumptions which H
have used for the proofs of my propositions.

DEFINITIONS,

1. There are in a plane certain mmﬁbmﬁm&mm. ,UEM %umm
(rapmitat rypappal ﬂm..._.m.oao.t.mea&.._...ﬁwwow ma.rmu ﬂmm w mmmmw M H.
the same side of the straight lines joining their extrem I
have no part of them on the other side.

9. 1 apply the term concave in the upﬂmpwnﬁmmwm
to s line such thag, if any two points on it Wam t Mw.m i
all the straight lines connecting the points fall on he o
side of the line, or some fall on one and the mmnﬁp s o
others fall on the line “.;.mmﬁ. but none on the other

ON THE SPHERE AND CYLINDER I 3

8. Similarly also there are certain terminated surfaces, not
themselves being in a plane but having their extremities in a
plane, and such that they will either be wholly on the same

side of the plane containing their extremities, or have no part
of them on the other side.

4. I apply the term concave in the same direction
to surfaces such that, if any two points on them are taken, the
straight lines connecting the points either all fall on the same
gide of the surface, or some fall on one and the same side of
it while some fall upon it, but none on the other side.

5. I use the term solid sector, when a cone cufs a sphere,
and has its apex at the centre of the sphere, to denote the

figure comprehended by the surface of the cone and the surface
of the sphere included within the cone. =

6.- I apply the term solid rhombus, when two cones with
the sare base have their apices on opposite sides of the plane
of the base in such a position that their axes lie in a straight
line, to denote the solid figure made up of both the cones.

ASSUMPTIONS.

1. Of all lings which have the same extremities the straight
line 4s the least*.

* This well-known Archimedean assumption is scarcely, as it stands, a
definition of & straight line, though Proclus says [p. 110 ed. Friedlein] ¢ Archi-
medes defined (Jplruro) the straight line as the least of those [lines] which have
the same extremities. For becanse, as Buclid’s definition says, é Irov xefrac rols
& Eavrfis onpuetors, it is in conseguence the least of those which have the same
extremities,” Proclus had just before [p. 109] explained Euclid’s definition,
which, as will be seen, is different from the ordinary version given in our text-
books; a straight line is not *“that which les evenly between its extxeme points,”
but ““that which é& frov rols ¢¢ éavrfis onpelors xeiran” The words of Prooclus
are, “ He [Euclid] shows by means of this that the straight line alone [of all

lines] oceupies & distange (raréyey Sedarype) egual to that between the poinis

onit, For, as far as one of its points is removed from another, so great is the

length (péyefos) of the straight line of which the poinis are the extremities;
snd this is the meaning of 74 ¢f Toov xeirfar ols & davrfis onpelos.  But, if you
take two points om a circomference or any other line, the distance cut off
‘between them along the line is greater than the interval separating them; and
thie I8 the case with every line except the siraight Hne.”” It appears then from
4this that Euclid’s definition should be understood in a sense very like that of

# Though the word nsed is abudpara, the © axioms” sre more omm_””w MM
¢ definitions ; and in fact Tutocins in his uammm speaks of »WMHB a8 o
° + Under ﬂ.wm term bent line Archimedes includes not only oﬁww% i
continnous eurvature, bat lines made up of any number of lines !
either straight or curved.
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Proposition 6.

Proposition 5. o )
“Similarly we can show that, given two unequal mugnitudes

Given o circle and two unequal magnitudes, to describe @ and a sector, it is possible to circumscribe o polygon about the
polygon about the circle and insoribe another in tt, S0 that the . | sector and inscribe in 1t another similar one so that the circum-
circumseribed polygon moy have to the tnscrided a ratio less &Sﬂm scrébed may have to the insoribed a ratio less than the greater
the greater magnitude has to the less. : magnitude has to the less.

Let A be the given circle and B, € the given magnitudes, B | And it is likewise clear that, if @ circle or @ sector, as well
being the greater. as o certain area, be givem, it is possible, by tnseribing regular

polygons in the circle or sector, and by continually inscribing
such in the remaining segments, to leave segments of the circle or
sector which are [together] less than the given area. For this is
proved in the Blements [Eucl. x11. 2]

But it is yet to be proved that, given a circle or sector and
an arew, it is possible to describe a polygon about the circle or
sector, such that the aren remoining between the circumference
‘and the circumscribed figure is less than the given area”

m

Take two unequal mwwm._m.m.wﬁ lines D, B, of which D, 5;&5
greater, such that D: B<B: ¢ [Prop. 2], and let F be a nwmmu
proportional between D, E, so that D is also greater than F.

Describe (in the manner of Prop. 3) one polygon about the

circle, and inseribe another in it, so that the side of the mou.w.wﬁ. :
has to the side of the latter a ratio less than the ratio D : F.

Thus the duplicate ratio of the side of the moaBm_..waH%mg,.‘
to the side of the latter is less than the ratio D* : F= ;

But the said duplicate ratio of the sides is m&ﬁ&.ﬁ.o_" the
ratio of the areas of the polygons, since they are EHE_mf

therefore the area of the circumseribed polygon Wmmdo the
area of the inscribed polygon a ratio less than the ratio bw F*
ov D : E, and a fortiori less than the ratio B : C.

_ The proof for the circle (which, as Archimedes says, can be
equally applied to a sector) is as follows.

Let 4 be the given circle and B the given area.

. > Now, there being two unequal magnitudes 4 + B and 4, let
~ & polygon (C) be circumseribed about the circle and a polygon
: {{) inseribed in it [as in Prop. 5), so that

A Cid & A+ B A seavvswninamiill),
- -.The circumseribed polygon (0) shall be that required.
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Proposition 3.

Given two unequal magnitudes and @ circle, it 1s possible ﬂo
inscribe @ polygon in the circle and, to describe another aboud it

magnitude fo the less.
greater.

. hot .
greater, Such B2k 4 B ()

L ol

KM=F.

NOO) less than twice the angle LKM.

regular polygon inscribed in the circle. Let OF be mvo E&@

of the circle bisecting the angle NOC (and therefore bisectin

NC at right angles, in H, say), and let the tangent at Hu.a.pmm
- 0C, ON produced in 8, T respectively. i

+CON<22LEKM,
s HOC< 2 LKM,

Now, since

so that the side of the circumscribed polygon may have to the m&m E
of the inscribed polygon a ratio less than that of the .m_q.mﬁwﬂ..

Tet A, B represent the given magnitudes, 4 being the.

Find [Prop. 2] two straight lines F, KL, of which F wm.“ ﬁmw“

Draw LM perpendicular to LK and of such Hmﬁm&w‘_.mmmd,

i i : vo diameters .m.m.mm&n ”
In the given cirele let CE, DG be two iameters at right
angles. memu_ bisecting the angle DOC, bisecting .&5 half
again, and so on, We shall arrive ultimately at an m.ﬂm?. Q.m ;

Join NC, which (by the construction) will be the side of
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and the angles at H, L are right;
therefore MK : LK > 0C : OH
>0P : 0H.
ST:CN<MK:LK
<F:LK;

.Hence

therefore, a fortiors, by (1),
ST:CN<4:B.
Thus two polygons are found satisfying the given condition.

Proposition 4.

. Again, given two unequal magnitudes and a sector, it s
possible to describe a polygon about the sector and to inscribe
another in it so that the side of the circumscribed polygon may

have to the side of the inscribed polygon o ratio less than the
greater magmitude has to the less.

[The *“inseribed polygon™ found in this proposition is one
which has for two sides the two radii bounding the sector, while
the remaining sides (the number of which is, by construction,
some power of 2) subtend equal parts of the arc of the sector;

' the “circumscribed polygon” is formed by the tangents parallel
to the sides of the inscribed polygon and by the two bounding
radii produced.]

T

r . In this case we make the same construction as in the last
- proposition except that we bisect the angle COD of the sector,
instead of the right angle between two diameters, then bisect

the half again, and so on. The proof is exactly similar to the
* Preceding one.
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9, Of other lines in a plane and having the same extremi-
ties, [any two] such are unequal whenever both are concave in
the same direction and one of them is either wholly included
between the other and the straight line which has the same °
extremities with it, or is partly included by, and is partly
common with, the other; and that [line] which is included is -
the lesser [of the two).

3. Similarly, of surfaces which have the same extremities,
if those extremities are in a plane, the plane is the least [in
area]. . , 2
4 Of other surfaces with the same extremities, the ex-.
tremities being in a plane, [any two] such are unequal when-

over both are concave in the same direction and one surface
is either wholly included between the other and the plane which

has the same extremities with it, or is partly included by, and

partly common with, the other; and that [surface] which s
included is the lesser [of the two in area]. o

5. Turther, of unequal lines, unequal surfaces, and unequal
solids, the greater exceeds the less by such a magnitude  as,
when added to itself, can be made to exceed any mm.mmm.n&
magnitude among those which are comparable with [it-and
with] one another®.

These things being premised, if a potygor be inscribed in o
circle, it is plain that the perimeter of the inscribed polygon s
less than the circumjference of the circle ; for each of the ‘sides -
of the polygon is less than that pars of the circumference of the
circle which is cut off by it.” - * Bl

Archimedes’ sssumption, snd we might perhaps translete as follows, “ A straight
line ie that which extends equally (¢ foov. kefra) with the points on it,'.0f 0
follow Proclue’ interpretation more closely, “A straight line is’ that which
represents equal extension with [the distances separating] the points on i

+ With regard to this assumption compare the Introduction, chapter 3L §

Hexce EG, GH are two lines satisfying the
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Proposition 1.

If a %c@.@%.\ be circumscribed about o circle, the pervmeter
of the circumscribed polygon is greater A

than the perimeter of the circle. a

. H.mn any two adjacent sides, meet- 7
ing in A4, touch the circle at P, @
respectively.

Then [Assumptions, 2]
P4+ AQ > (arc PQ).

A similar inequality holds for each
mbm.;m of the polygon; and, by ad-
dition, the required result follows,

Proposition 2.

Given G.So .gﬁmzam magnitudes, it 48 possible to find two wun-
equal %?ﬁ@i lines such that the greater straight line has to the
less o ratio less than the greater magnitude has to the less.

Let 4B, D represent the two unequal magnitudes, 4 B bein
the greater. u s

Suppose BC measured along B4 equal to D, and let GH be

.wzw straight line.

.. Then, if CA be added to itself a sufficient i
_ number of times, the sum will exceed D. Let nl 3
hm_rwmw this sum, and take & on GH produced
- such that GH is the same multiple of HE e
AFis of AC. e et
- .Thus  EH:HG=AC:AF. , 8
: .Hwﬁy‘_mwuom AF > D (or OB),
AC: AF < AC : CB. 18
Therefore, componendo, a F

EG:GH<AB: D,

given condition.
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For the o.:..&m (A) is greater than the inscribed polygon ().
Therefore, from (1), @ fortiort,
C:A<A+B: A,
whence C<d4d+B, -
Qr Q == km. < w. ! w”_.

Proposition 7.

- If in an 1sosceles cone [ie. a right circular cone] o %@aasww&.
be inscribed having an equilateral base, %:m .W:M.\amm .Mm @M
pyramid excluding the base is equal to a trwangie mMeM&w Sw.
base equal to the perimeter of the base of the %M“@gw; % o %4
height equal to the perpendicular drawn Jfrom the apes o
side of the base.

Since the sides. of the base of the pyramid m.um_ m%ﬁm.ﬁ.m. it
follows that the perpendiculars from the apex fo all the s od
of the base are equal; and the proof of the H...H.owomaob_.a
obvious.

Proposition 8.

) ) : bout an tsosceles %:m.,_.%
I ramid be Sﬂoﬁsﬁaﬁ&mﬁ.& o ; , con
m:ﬁ\%mao.w “NH& pyramid excluding s base is equal Sm a ﬂq,”.ﬁm“m
hawing its base equal to the perimeter of the base of M he %wm _
and, its height equal to the side [i.e. @ generator] of the cone.

The base of the pyramid is & woqmwn OWR.E.B%HMME@ m.m_wmaw
the circular base of the cone, and the line joining & .M ﬁ.wwm p
the cone or pyramid to the point o.m ooww._”ma. om%uww Mwo.w ...%mm

i verpendicular to that side. Also a heas’ perpels
MWM.MWMM wawﬁ.mw generators of the cone, are equal ; ,‘ﬁ._pmwm“m %
proposition follows immediately.
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Proposition 8.

If in the circular base of an isosceles cone a chord be pluced,
and from its ewtremities straight lines be draum to the apes of
the cone, the triangle so formed will be less than the portion of

ﬂmmmzﬂ.\.anme\.u@«ogm@.zuméw@%&82%9@%mﬁxmm&ﬁa@:%%m
apec.

Let ABC be the circular base of the cone, and 0 its apex.

Draw a chord 4B in the circle, and join 04, OB. Bisect
the arc ACB in €, and join AC, BC, 0C,

Then AOAC+AOBC> AOAB.

0

~ Let the excess of the sum of the first two triangles over the
third be equal to the area D.

Then D is either less than the sum of the segments 4 EC,
CFB, or not less.

- L Let D be not less than the sum of the segments referred
t0.

We have now two surfaces

(1) that consisting of the portion OAEC of the surface

of the cone together with the segment AZC, and

-(2) the triangle 0AQ;

and, since the two surfaces have the same extremities (the
_ Perimeter of the triangle OACQ), the former surface is greater
than the latter, which is ncluded by it [Assumptions, 3 or 4].




