To express it in modern terms, he excludes the existence of
actual infinitesimals; the magnitudes he is going to discuss are t0
form Eudoxian systems.

At the end of the Lambanomena it is mentioned, by way of con-
clusion from the second, that the perimeter of a polygon inseribed
in a circle is less than the circumference of the circle.

4. Introductory Propositions (1-6).

In the first Book of On the Sphere and Cylinder the ratio form of
the compression method (IIT; 8, 21) is to be repeatedly applied.
The group of the propositions 2-6 serves to prepare the way. It is
preceded by the proposition 1, in which it is derived from the
second assumption that the perimeter of a polygon circumscribed
about a circle is greater than the circumference of the circle.

In the following propositions

€ denotes a circle, C,, a regular polygon of n sides circumseribed
about this circle, I, a regular polygon of n sides inscribed in this
circle. All three symbols at the same time denote the area of the
figures they represent. The sides of the polygons are called suc-
cessively Z, and 2.

Danske Videnskabernes Selskab. Matem.-Fysiske Meddelelser XXV, No 15,
Kabenhavn 1950, pp. 4, 5), distinguishes the two axioms in question as the
axiom of Eudoxus and the lemma of Archimedes. According to him, the
object of the lemma is to establish that, when two magnitudes satisfy the
axiom of Eudoxus in respect of each other, their difference also satisfies it in
respect of all magnitudes of the same kind with @ and b. This view is in agree-
ment with the one defended above; it differs from it only in the motivation:
the formulation of the new axiom is considered necessary not for the sake
of excluding the method of indivisibles, but to give sense to the difference
of two homogeneous magnitudes a and b, e.g. in the case where a is a circular
arc and b a line segment, or a part of the surface of a sphere and b part of &
plane. In the theory of proportions of Euclid this axiom, according to the
author’s view, was not necessary, becausea—b always exists as amagnitude of
the same kind with @ and b. We are not convinced by this argument. Eudoxus
(in Buclid V) merely requires of his magnitudes that they shall satisfy his
axiom, and does not say at all what magnitudes they are. It cannot be
understood why with him @ could not be a circular arc and b a line segment.

The axiom of Archimedes is not therefore required because the scope of
the geometrical magnitudes under consideration is widened, but it serves to
fill up a gap in the theory of proportions of Fuclid V (Euclid, for example,
tacitly assumes in V, 8 what the axiom of Archimedes explicitly postulates).
Tn fact, through this gap the indivisibles might slip into geometry again.
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[ Propor

roponition 2,

iven two unequal magnitudes, it s possible o find oo unequal
stradght imes such thal the greater straight line has to the lesser a ratio

leww thean the greater magnitude has to the lesser.
Proof: In Fig. 652 let the given magnitudes be 4B
I and A (AB = A). Measure BI'=A., Take any straight
line Z/. Measure a multiple 46 of AI" such that
A@ = A (postulate of Eudoxus). Now let HE be the

Hr 4 numo portion of ZH as AI'is of A6. Then
¥ (ML, ITZ) = (AL, A®), whence, because 46 > 4,
4] (HH, HZ) < (AT, 4) = (A", I'B) .
Clomponendo (I11; 0.42):
MJ_. P (l7, HZ) < (AB,I'B) = (4B, 4) .

Upon superficial examination this proof may appear
ﬁ unduly long. In fact, it might be asked why we do
not choose any point @ between A and B, and then
Mg, 62, conclude that (40, 4) < (4B, 4). In that case, how-
ever, it would be forgotten that 4B and 4 are indeed
roprosented by line segments, in order to fix our ideas, but that
in renlity they are geometrical magnitudes (ueyédn) that are not
defined any further, e.g. lengths of curves, areas or volumes?!). FZ
und /7, on the contrary, are real line segments. Although it is
not explicitly stated in the proposition, it appears from the given
Inequality relation and the application of the postulate of Eudoxus
that the magnitudes 4B and A are assumed to be of the same kind.
In modern notation the argument is as follows:

Z

1) Thig is also pointed out by Hjelmslev, le. p. 7, who observes in this
connection that when at the words “Measure BI' = A" the text refers to
lid I, 2 (Heiberg I 12, line 3), in the first place this should read I, 3, but
has also to be assumed that this is an interpolation, because the given
maognitudes 48 and 4 are not line segments, but are only represented by
line segments. It might be argued against this that, all the same, Euclidean
congtructions can be applied to these line segments funetioning as symbols.
I'or the rest, the above doubt as to the genuineness of the reference is in
itsolf not unjustified. Archimedes never quotes Euclid anywhere else; why
should he do it all at once for this extremely elementary cquestion ?
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I e and b e two unequal magnitudos of the same kind (@ > b),
find & notural number 7 such that
n(a—0) > b.
From this it follows that
n+l @
oy b
Proposition 3.
Given two unequal magnitudes and a circle, 1t is possible to inscribe
a polygon in the circle and to circumseribe another about it so that the
stde of the circumscribed polygon has to the side of the inscribed polygon
@ ratio less than the greater magnitude has to the less.

B
Y K

)

Z
Fig. 53. Fig. 54.

Proof (Fig. 53): Assume as given the magnitudes 4 and B (4 > B)
and the circle H. Find (Prop. 2) two straight lines @, KA (0> KA)

such that (0, KA) < (4, B).

Now (Fig. 54) construct a triangle KAM, right-angled in 4, in
which KM =06. In the circle H draw two diameters [’ and AZ at
right angles. Then apply dichotomy (III; 0.5) to the angle I'HA,
so that / NHI'< 2/ AKM. Now NI is the side of an inscribed
equilateral polygon. Let HE be bisector of / I'HN, OII tangent to
the circle at =, then O/ is the side of a circumscribed equilateral
polygon. If now HE meet NI'in T, then we have

/ NHI' < 2-/ AKM, whence / THI' < / AKM .
From this it follows that
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(TH, HT) < (KM, KA)

or (HE, HT) < (@, KA),
thorefore i ({I0, NI") < (0, KA) < (4, B).
Modern notation: Find a number p such that
Bt e
BB
Now construct an angle ¢(AK M) such that cos env%[.
By dichotomy find an angle «= w|Mu o that &< 2¢. i

Now let « be an angle at the eentre of a circumseribed and an
Inneribed regular polygon of # sides (n=2m+2), then we have for
tho pides Z, and z, thereof

z8 1 1 p+1l A

=" <.

®  COsSQ P B

Proposition 4.

This is similar to Prop. 3, provided one assumes as given, in-
atoad of w eircle, a sector of a circle, in and about which homologous
aquilateral segments of a polygon are described, The dichotomy is
now applied to the angle at the centre of the sector.

Proponition &,

Given a cirele and two unequal magnitudes, to circumscribe a poly-
(o about the cirele and to inscribe amother in it, so that the circum-
aoribed. polygon may have to the inscribed polygon a ratio less than
the greater magnitude has to the less.

/)
¢ 7|z

g, 65,

Construction: Assume as given (Fig. 55) the circle 4 and the
unequal magnitudes &, Z (B > Z). Construct (Prop. 2) two straight
lines I', A (I"'>A4) such that (I, 4)<(#, Z). Find the mean pro-
portional H between I" and 4, then T(H)=O(I’, 4) <T(I"), whence
H < T Circumscribe (Prop. 3) about 4 a polygon C,, and inscribe
in A a polygon I, such that the ratio of the sides Z, and z, may

satisfy the relation
ANSu NS\V A A;NJM mv *

Then we also have (ILT; 0.43)
ANZ,,z,) < AN, H) = (I, 4),
therefore (O Ty (T A). < (B, 2),
Modern notation:
c, e e

2
n | T T fa—
To i mmim o 7

n

Proposition 6.

«) In a similar way the corresponding proposition for a sector of
a circle may be proved.

B) The reader is reminded of the proposition from the Elements
(to be found in Euclid XII, 2), which states that upon continued
duplication of the number of sides of an inscribed equilateral poly-
gon the sum of the remaining segments of the circle decreases
below an assigned area.

y) Thereafter it is shown that a similar proposition applies fo
the sum of the tangent sectors!) which lie within a circumseribed
equilateral polygon and without the circle.

Proof: Let the assigned area be B and the area of the circle C,
then it is possible (Prop. 5) to find a number » such that

(O 1) < (C+B,0), i.e., because I,, < O,

(Cp, 0) < (C+B,0),
therefore
C,<C+B or C,—-C<B.

1) By a tangent sector we understand the figure bounded by the parts
of two intersecting tangents to a cirele between the point of intersection and
the points of contact, and the smaller arc of the circle between the points

of contact.
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The real meaning of the group of propositions 2-6 becomes clear
if we represent the repeatedly recurring ratio of two unequal
magnitudes of the same kind by ¢ (in which therefore &> 1).

[t has then been proved that » can be so chosen that

n+1 . on+l
In Prop.2 1< —<eg, orl) Lim——=1.
n n—sco M
Z Z
InProp.3 1<—2<e, or Lm-—"=1,
2y, n—>c0 2
C i (0]
InProp.5 1<-2<e¢, or Lim-Z=1.
Nz n—>co Ng

In P’rop. 6 the reader is reminded that with a given number

# 0, o number » may be chosen such that
0<C-I, <d,or Lim(C-1,)=0
n—>o0

while it is also proved that
0<C,—C <4, or Lim(C,—-C)=0.

n—00

b, Curved Surface of Cylinder and Cone. Propositions 7-20.
in thoorems of this group are the propositions 13 and 14,

the curved surface of this cylinder.

yposition 7.
an isosceles cone a pyramid be inseribed having an equilateral
buse, ils surface excluding the base is equal to a triangle having its

1) This word implies that the difference between the propositions of

base equal to the perimeter of the base [of the pyramid] and its height
equal to the perpendicular drawn from the vertex to one side of the base.

Nowadays this is expressed by saying that the lateral surface
of a regular pyramid is equal to half the produet of the perimeter
of the base and the apothem. This expression, however, is senseless
in Greek geometry, because as a rule it will not be possible to re-
present by numbers the lengths of the line segments multiplied by
us. Thus, wherever we use, to denote an area, a product of two
factors, the Greek geometer had to introduce a plane figure whose
area was equal to that of the figure under consideration. This often
makes the argument seem cumbrous to us; it is, however, an essen-
tial feature of the Greek point of view which thus becomes manifest.

For the rest, the proof of Prop. 7 is completely identical with
the one still commonly used.

In Prop. 8 the corresponding theorem for a circumseribed pyramid
is enunciated and proved.

Proposition 9.

If in an tsosceles come o siraight line fall within the circle whick
is the base of the cone, and from its extremities straight lines be drawn
to the vertex of the cone, the triangle contained by the chord and the
lines drawn to the verteax will be less than the surface of the cone inter-
cepted between the lines drawn to the vertem.

In Fig.56 let 4. ABI be the given
right circular cone, AI" a chord of
the circular base. It is required to
prove that

A AAT < portion of surface of
cone AA4I".

Proof: Let B be the middle point
of the arc AT, then

() A AAB+ N ABI' > N AAT
(vide Note).
Suppose A AAB+ A ABI— A AAT = 6, (1)

then either (I) @ = segment of circle 4B + segment of circle BI"

or (IT) ® < segment of circle 4B +segment of circle BI",

1556




