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438 Archimedes® De sphaera et ¢ylindro

COMMENTARY

2-3 “Omnis...spera.”” Cf. the translation by William Moerbeke of this
" same statement (Note: 1 include here for convenience the whole
passage from the introduction to Book I of the De sphaera, MS Vat.

Ottob. lat. 1850, 23v): “Primum quidem quod omnis spetre supetficies’

quadrupla est maximi citculi eorum qui in spera. Deinde autem quod
superficiei omnis portionis spete equalis est circulus, cuius que ex
centro est equalis recte ei que a vertice portionis ducitur ad periferiam
circuli qui est basis portionis, Ad hoc autem quod omnis cylindrus
habens basem quidem equalem maximo circulo eorum qui in spers;
altitudinem autem equalem diametro spere, et ipse est emiolius spete,
et superficies ipsius superficiei spere. ... Quod omnis pyramis est tertia

pars prismatis habentis basem eandem pyramidi et altitudinem equa-
lem, et quod omnis conus est tertia pats cylindri habentis baseni

eandem cono et altitudinem equalem....” Cf. the different wordin
of this first proposition in the De curvis superficiebus, Section 2 below,
Proposition VI, lines 43—44. Cf. Verba filiorum, Proposition XIV,
lines 36-37, and also De ysoperimetris, MS Oxford, Bodl. Auct F.5.28
106v (see Appendix III, passage 8).
§-12 “Omnis...spere.” See the previous comment for the Moerbeke trans
lation of this same statement. Cf. De curvis superficiebus (Section
below, Proposition VIII, lines 1—5).
13~15 “Omnis...serratilis.” Cf. Commentary, lines 2-3, above, for
Moerbeke rendering of this statement. The Adelard-Campanus ve
sion of the Elements (ed. of Basel [1546], p. 346) defines the ¢or,
serratile as follows: “Cotpus serratile dicitur, quod quinque sup
ficiebus, quarum tres parallelogrammae sunt, duae vero triangul
continentur.” Apparently in changing from prism to serratile the trafs
lator has limited the proposition to a pyramid with a parallelograr
as a base. If, howevet, the pyramid and serratile were constructed?
a triangular face, then the pyramid would be one third of the serra#
as in the Archimedean proposition.
16-17 “Omnis...eius.” Cf. Commentary, lines 2—3, above, for the M
beke rendering. £

-
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18-20 “Omnis...spere.” Moetbeke’s translation of these lines from Book
IT of the De sphaera runs (MS. cit., 31r): “...omnis sector solidus
[spete] est equalis cono basem quidem habenti circulum equalem ‘
superficiei portionis eius que in sectore spere, altitudinem autem equa- N !
lem diametro ei que ex centro spere.” Cf. the De curvis superficichus, '
Section 2, below, Proposition IX, lines 1—3, and the Commentary to
that proposition.

2. The Liber de curvis superficiebus | o 1 i

of Johannes de Tinemue | o | “
Much more significant for the spread of knowledge of the De sphaera et . E ‘ |
¢ybindro of Archimedes than the brief fragment described in the first section

of this chapter was the so-called Liber de curvis superficiebus of a mathe-
matician whose name seems to have been Johannes de Tinemue. This
treatise was, next to the De mensura cirenti, the most popular Archimedean
work circulating in the Latin West duting the thirteenth and fourteenth
centuties. This is shown by the fact that at Jeast twelve manuscripts of it
are still extant. Furthermore, it was widely quoted by geometers of this
period, as we shall see, and although it is probably of Greek origin—as I
shall argue—it circulated in the thirteenth century with the tracts of Arabic
otigin. While I have spoken of it as.an “Archimedean” work, I do not
mean to imply that it was a work composed by the great Syracusan
mathematician but only that it was inspired throughout by the techniques @
and conclusions found in Book I of the De sphasra et cylindro and the w
De mensura circals.

Before taking up the difficult problem of the origins of this tract and
the identity of its author, I should first remark that there was some B 1
vatiation in the title and in the author’s name. Among the geometers the |
wotk was ordinarily known as De survis superficicbus Archimenidis, and
indeed this title appears in some of the manuscripts.! Manuscript B, our
most trustworthy manuscript of the thirteenth century, has what T believe
% be the original title given in the hand of the sctibe of the main text:

i ? Sce_belovv, notes 20 through 25, and see the various forms of the title given in
: the variant readings.
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Liber magistri Jobannis de Tinemue de curvis superficiebus.2 This exact title is
repeated twice in manuscript /, also of the thirteenth century.3 An alternate
title is found in the colophon of the best manuscripts and the title of
manusctipt F: Commentum Jobannis de Tino (or T in) in demonstrationes Arehi-
menidis (although in F the name is spelled out as “Joannis de Chinemue”),
Finally, we can rematk that a Latin author of the first half of the thirteenth
century, Gerard of Brussels, cited our tract uander the title of De pyramid;-
bus (presumably abbreviated for De pyramidibus rotundis), i.e., On Cones,
no doubt because of the prominence in the treatise of propositions in-
volving concs. ‘

Tt will be evident from the titles already mentioned that there was some
variation among the manuscripts in the name of the author. MS B, in the
same hand as is used in the rest of the text, has in the lower lefthand
cotnor of folio 111r the form “Johannes de Tinemue,” as I have indicated
above. MS [ also has the same form. The late manusctipt ¥ appatently
altered the place name slightly to “Chinemue,” and incidentally the same
altered form appears in another work on quadrature in that manuoscript
(see Appendix I). MS A gives the different form “Tinnenie.” In the
colophons of the various manuscripts the following forms are found:
“Tih,” “Tif,” “Thin,” “TIn,” “Thins.”s In the colophons of two man?

uscripts (4 and Z) the name “Johannes” is dropped entirely and the
name of a Latin scholar is substituted: Gervasius de Hssexta () o

Gervasius de Assassia (B). But since MS A4—which I believe to be
beginning of this tradition—has the name of Johannes in the title, i
seems clear to me that the Latin scholar Gervasius took the work as it
existed in the first tradition of B and C and made some slight changg
to produce the second tradition. One of those changes was to substituf
his own name for that of Johannes de Tinemue in the colophon.
This brings us to the problem of when the treatise was origin
composed. There seems to be little doubt that it existed in some form

2Tt should be pointed out that at the
beginning of the tract MS B has De curvis
superficiebus Archimenides in what T believe
o be a hand later than that in which the
tract is writter. The title as indicated above
ig in the left-hand lower corner of the first
folio of the work (111v) and is in the same
hand as the rest of the text.

3 See varlant readings.

+ Gerard of Brussels, Léber de motn, 11, 2
(ed. of M. Clagett, Osiris, vol. 12, 1956,

p- 132, lines 7-8): “Patet ergo per pri
de piramidibus quod triangulus LNP eq
tur curve superficiei rotunde pirami
0.AE.” (CEf. the variant readings on p. I
line 74, p. 121, lines 8-10, of the Get:
text, except that the second reference o4
also to be to the fourth rather than to'
fifth proposition of the De cwrvis sh
[Jiciebus).

5 See the variant forms of the colop!
as given in the variant readings. :
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antiquity or the early Byzantine period. This I believe to be confirmed
by the fact that Hero of Alexandria quotes 2 conclusion equivalent to its
third proposition in his Aechanicsé and that the author of the § Fereomelry,
which is also a part of the Heronian corpus, quotes what is equivalent to
its tenth proposition.” Furthermore, an examination of the content of the
Latin treatise shows that the author had more detailed knowledge of the
De sphaera et cylindro of Archimedes than would have been possible for a
Latin author of the early thirteenth century, when the Latin version first
became known.® The most probable conclusion is that the tract was
translated. Against my earlier opinion? and the opinicn of Heiberg, 12T am

& Heto in the Mechanics, I 4 (ed. of
L. Nix, in Heronis Alexandrini opera...
ommia, vol. 2 [Leipzig, 1900], p. 11), argues
- that since the diameter of one circle is twice
that of another, the semicircumference of
the one is twice the semicircumference of
the other. He adds, “Archimedes has
already proved this.” Archimedes does not
directly prove this, either in the Measure-
ment of the Cirele or in the Sphere and the
Cylinder (although to be sure the determina-~
tion of r as a constant could serve as a basis
of proof). But the text of the De curvis super-
Jficiebus includes this as its third proposition.
7 Stereometrica, ed. of J. L. Heiberg in
Heronis Aloxcandrini opera...omnia, vol. 5
(Leipzig, 1914), p. 8, lines 6-7; cf. scholia,
p- 229. In both refetences it is said that
Archimedes proves the equality of eleven
cubes of the diameter to twenty-one
spheres. But nowhere does Archimedes
directly prove this in the extant genuine
works. I would suppose, therefore, that
this is an indication that the De curvis
superficiebus (which does include this pro-
position) was circulating and that even
“then it was associated in some fashion
-with Archimedes.
.8 For example, in the course of Proposi-
on VII (lines 179-80), the commentator
ays that the author (i.c., Archimedes) does
0t treat the case where the number of
ides of half of the regular polygon in-
cribed in a circle and rotating about the
d;ameter of the circle to make a solid
omposed of conical segments is an odd

’

number. He offers this omission as an
excuse for not investigating it himself, I
submit that this is a clear indication that
Johannes de Tinemue was following along
the text of Archimedes, particularly since
the enunciation of Proposition VII seems
to come almost directly from the text of
De sphaera et cylindro and was not available
in Latin before 1269 in any of the possible
soutces of Archmidean material; and the
De curvis superficiebus was quoted by Gerard
of Brussels in his Liber d¢ motw, which has
to be dated before 1260, and probably
should be dated a good deal earlier—see
Clagett (cited in note 4 above), pp. 104—
107.Isuppose it is not impossible to argue
that the author of the De curvis superficiebus
was 2 Latin Schoolman who was familiar
with Greek texts and constructed his
Latin text as a kind of paraphrase and
commentary on Greek materials, but I
think this quite unlikely, At least T know
of no other such composition at this time.
The only points favorable to an independ-
ent Latin composition are that the cita-
tions of Euclid seem to be in the form
preferred by Latin authors and that Propo-
sition XII. 10 of the Greek text is cited
as XIL g in the mannet of the Adelard and
Arabic. versions. (To be sure it may well
be that these versions -ultimately follow
a Greek order employed by Hero.)

0 “The De carvis superficichns Archime-
widis,”” Osiris, vol. 11(1954), pp. 297-99.

190 J. L. Heiberg, Archimedis opera omnia,
2 ed., vol. 2 (Leipzig, 1915), p. XCVIII,
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now convinced that the translation was made from the Greek rather than
from the Arabic. The Latin text retains no trace of the phrasing so char-
acteristic of works translated from the Arabic (as, for example, the use of
jam with the perfect tense to translate gad with the perfect). On the other
hand, lines 18—22 of the first proposition appear to be a translation from
the Greek, for it would be surprising if the proper name Pallas (line 19)
would survive transmission in unnmtilated form from Greek through
Arabic to Latin. Further evidence is pethaps provided by the use of the
word diseodos in line 18, which is the accusative plural of disco/us or, more
properly, dyscolus, a rare Latin word used to transliterate the Greek word:
Stoxoros, Tt is possible that this wotd was used by the translator of our
tract simply because he found the same word used in the Greek text.
The continuous use of the term falsigraphus,’2 which is commonly used to
render the Greek Jeudoypdoos, could be another indication of a tract that
is Greek in otigin, And finally the explicit of the treatise including the
wotd fiphis (transliterating the Greek tipos) seems to add further weight
to the Greek origin of the tract. Nothing can be argued from the geomet- '
tical tetms, for the terms employed in this text are those employed in
translations from both Arabic and Greek.

Assuming that the De curvis superficiebus was in its origin a Greck tract, -
we must then face the problem of identifying the author. Unfortunately,
I have not been able to find any trace of a Johannes de Tinemue in antig
or Byzantine sources. If the quotation of the third proposition in Hero’s
Moechanics was in the original text of Hero’s work and was indeed a quot
tion of this work, then the treatise cannot be any later than the first century:
A.0.13 But even if the quotation in Hero’s Mechanics is an interpolation i
the Arabic text (which I strongly doubt, since it is apparently in all of
the Arabic manuscripts), ot somewhat more likely an interpolation in th
Greek text prior to its translation into Arabic,# the antique or Byzantin

11 T suppose one could argue that since
the Latin word dyscolus was used in the
Vulgate translation of the New Testament
(L. Petr. 2. 18) it might have been used by
a Latin author who was, in preparing the
De curvis superficicbus, making an original
composition rather than dpoing a trans-
lation, but I have already argued against
the text being an otiginal composition.

1z See Chapter Three, Section 5, Corpus
Christi Version. See also Commentary,
Section 5, Chapter Three, lines 218-19.

13 See note 6 above. On the basis
astronomical evidence Hero can rath
confidently be dated in the first centuty,
See O. Neugebauer, “Uber eine Metho
zur Distanzbestimmung Alexandria-R
bei Heron,” Det Kgl. Danske Videnskab
wes Selckab. Iistorisk-filologiske Meddelels
vol. 26, 2 (1938), p. 23, and his note
Isir, vol. 39 (1048), pp. 243—44.

14 On the question of interpolations
the text of the Mechanics, see Nix’s 108
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origin of the tract seems to follow from the fact that the tenth proposition

was quoted in the Stereometry. The Stereometry, while probably not by Hero,

certainly existed in late antique or eatly Byzantine times.

I have remarked on the fact that two of the manusctipts include the name
of a Latin Schoolman, Gervastus of Essex, who apparently was responsible
for that revision of the text which I have called Tradition II. I have not
been able to identify any such person from Essex, but thete was a Johannes
Gervasius of Exter (Exoniz) who was chancellor of York and who was
consecrated Bishop of Winton in the Roman Cutia in 1261.15 A scribal
confusion between Hsexta and Hxonia is possible. The fact that Johannes
Gervasius was in Italy in 1261 and died in Viterbo in 1268 is perhaps an
indication that he was a member of that remarkable scientific group which : |
included Witelo, Campanus de Novara, William of Moerbeke, and possibly
Aquinas,’® Jf so, this would seem to establish his interest in scientific
matters. He might well have been the reviser of the Liber de cnrvis super- ; m

. [ficiebns. : '

The De curvis superficiebus is a treatise of ten propositions with several
corollaries dealing for the most part with the surfaces and volumes of *
cones, cylinders, and spheres. The meaning of the title is evident: On
Figures Bounded by Curved Surfaces. In brief, the main objectives of the
tract ate those of Book I of the De sphacra et cylindro of Archimedes. = L ‘
Curtze, Heiberg, and Bjérnbo tended to identify the two wortks,!7 and
Heibetg published the enunciations of the propositions without proofs. .
But none of these authors seems to have realized that the De cwrvis super- ' 1
Jieiehus, while something of a commentary on the De sphaera et ¢ylindro, is
an independent treatise rather than a fragment or paraphrase of Archi-
- medes’ work. Incidentally, they all miss the important point partially il l
recognized in the catalogue of Libri manuscripts!® that the form and
techniques of the De mensura cireuli influenced the author of the De curvir

duction (op. cit. in note 6 above), pp.

. Maphematischen  Wissenschaften, 26, Heft l
XX VIII-X X XTIT, ;

(1912), p. 128, Cf. Bibliotheca mathematica,

¢ 'Th, Tanner, Bibliothesa Britannico-Fi-
ernica (London, 1748), p. 313.

1 For a brief account of this group, see
. Grabmann, Guglielmo Moerbefe (Rome,
946), pp. 56-6a.

17 M., Curtze, “Uber cine Handschrift
t.,” Zeitsehrift fir Mathematik and Physik,
ol. 26 (1883). Hist.-lit. Abt., Pp. 1-13.
% A. Bjdrnbo, ‘“‘Handschtiftenbeschrei-
~ Avhandlungen gur Geschichte der

Dritte Folge, vol. ¢ (x908), p. 152, Hei-- |

berg’s comments, with the text of the
enunciations of the De curvis superficiehus,
are found in the work cited in pote 10
above, Jor. it

18 Catalogne of the Exitraordinary Collec-
tion of Splendid Manuseripis... Formed by

M. Guglielmo Libri, London, 1859, 147

(teferring to MS No. 665).
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superficiebus. For example, the expression of the enunciation of Proposition
1 of the De enrvis superficiebns was influenced by the statement of Proposi-
tion I of the De mensara circali. Incidentally, the author several times cites
the De mensura circali of Archimedes, sometimes with that title and some-
times as De guadratura circnli. Ordinarily it is the first proposition of the
De mensura cirewli that is cited, but the second proposition is referred to
twice in the course of Proposition X of the De curvis superficiebus (see
lines 4, 13), and the third proposition is noted in the course of Proposi-
tion 1T (scc lincs 34—35). Euclid’s Elements is the only other work referred
to by the authot, and he cites it about twenty times, although to be sure
many of the citations are to the same propositions, namely, Propositions
X119 and XII.11. He also borrows from the tradition of the Elements the
use of terms to label the various parts of a proof: exemplum (for the Greek
ekthesis or setting out), dispositio (for the Greek £ataskue or additional
construction needed for the proof), razio (for the Greek apodeixis or proof).
He also uses the term Zmprobatio to label a formal refutation and disso/u-
tio for a proof per impossibile. 1 have shown elsewhere how these terms
were used by Greek, Latin, and Arabic authors in connection with the
Elements 19

Not only was this work known to Gerard of Brussels by the middle of

 the thirteenth century, as I have indicated above (note 4), but Roget Bacon

speaks of it in his Communia mathematica2° In the fourteenth century the De
curvis superficiebys was cited by a number of authors: Thomas Bradwardine,?

19 See my “King Alfred and the Fl-
wents of Buclid,” Ifsis, vol. 45 (1954), pp.
272-73. The terms used in the text of the
De curvis superficichus are particularlylike
those found in the introduction to the
version of the Elewents which I have
designated as Adelard " TIT but which is
probably to be dated close to 1200, The
definitions found in the Adelard III in-
troduction. which are pertinent to our
present discussion are the following (#4d,
p. 274}t “Exemplum est alicuius figure
suppositio. Dispositio est aliarom figura-
rum ad exemplum applicatio. Ratic est
principiorum vel suarum conclusionusn
inductio, i.e., argumentum....Ilnstantie
dissolutio est cum falsigraphus insistit non
sic’ vel aliter accidere quam geometer
affirmat.”

20 For citation by Bacon, see Chapter

1V, division 1, note 3, where our tract is
called de Curvis Superficichus Archimenidis.
2t Thomas of Bradwardine, Tractatus de
proportionibas, chap. IV {ed. of H. Lamar
Crosby, Jt., pp. 124, 126): “Quorumlibet
duorum circulorum circumferentiae suis
diametris sunt propottionales. (Et hoc est
quinta conclusio De curvis supericiebus.). ..
Cuiuslibet spherae superficies acqualis est
quandrangulo qui sub lineis acqualibus
diametri spherae et circumferentiae maximi
circuli continetur. (Et hoc est octava Af-
chimenidis De ourvis superficiebus.)” Brad-
wardine makes a similar reference to the
so-called fifth conclusion in his De continio
(MS Thotn, 4° 2, p. 164). The propositions
cited by Bradwardine are actually the third
and sixth propositions of the De Vi
superfisiebus. It is obvious that Bradwardine
used a text of the tradition of D whi
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Nicole Oresme,? Francischus de Ferraria,? an anonymous author of
4 commentary on the Liber de ponderibus?t and the anonymous author
of the Liber de inguisicione capacitatis fignraram.?s Furthermore, sometime
prior to 1328 (see note 21) a Latin author added the two propositions
given in Section 3 of this chapter, while another Iatin author, probably in
the fourteenth century, paraphrased the proofs of the whole tract and
added three additional propositions (Section 4 of this chapter), and still a
third author (perhaps originally Gervasius) supplied an additional proof
to Proposition VII (Section 5 of this chaptet).

The text of the Liber do curwis superficiehus which 1 have piesented here
differs in only a few places from my previous effort,26 although I have
considerably expanded the variant readings, In gencral, I have preferred

the readings of the first tradition. Manuscripts B and C of that tradition’

have been employed throughout the text, Manuscript B is not the arche-
. type but must be quite a faithful copy. Tt is only rarely that T have felt it
necessaty to correct its reading by an appeal to Manuscript C or to the
second tradition. Manuscript 7, also of the thirtcenth centuty, may well
have been the link between the two traditions, as it seems to have been in

 the case of the Liber de motn of Gerard of Brussels, which 1 have edited

contained the two extra marginal proposi-
. tions. Since the De proportionibus was
- composed in 1328, it is evident that the
- tradition represented by D is prior to that
date,
. % Nicole Oresme, De confignrationibus
- qualitatan, MS Bibl. Nat. lat, 7371, 227V:
- “Nunc autem est ita quod proportio cir-
= cumferentiarum in quantitate est sicut
& proportio semidiametrorum circulorum
‘o quorum sunt circumferentie, ut patet [per]
‘quintam conclusionem Archimenidis De
wurtis superficiebus.” Oresme has also used
‘2 manuscript of the tradition represented
by D.
- Francischus de Ferraria, Questio de pro-
2ortionibys, MS Oxford, Bodl. Canon. Misc.
:;;‘2-6, 58v: “Deinde suppono unam suppo-
Sttionem Buclidis De curvis superficiebus. . .et
&5t Qulor]um angulorum et circulorum
drcomferentie suis dyametris sunt pro-
sottionabiles, igitur qualis est proportio
yametti 2 ad suam circurnferentiam talis
8t proportio dyametri 4 ad suam circum-
otiam.” Francischus has apparently

changed Archimenidis to Euclidis.,

#In E. Moody and M. Clagett, The
Medieval Science of Weights (Madison, 1952),
p- 3oz: “...per quintam Archimedis D¢
curvis superficiebus, eo quod eadem est pro-
portio diametrorum vel semidiametrorum
vel circumferentiaram.” Once more we
should note that the author of this tract
has vsed a4 text in the tradition of ma-
nuscript I3, where the third Pproposition is
numbered as the fifth.

25 De inguisicione capacitatis figurarnm, ed.
of M. Curtze in .Abbandlungen zur Geschichie
der Mathematik, 8. Heft (1898), p. 39: “Qui
cubus per 10®2 Archimenisis de curvis

“ superficiebus habet se ad sphaeram dati

circuli, sicut 21 ad 11....erg0 per sextam
Archimenidis de curvis superficiebus ip-
sum parallelogrammum acdh est aequale
embado sphaerae circuli dati.... [p. 50] et
per secundam Archimenidis provenit tota
curva superficies columpnae.”

* Published in the article cited in note g
above.
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elsewhere.27 For the second tradition I have used only manuscript A4, its
best manuscript, throughout the whole text. Most of the remaining ma-
nuscripts of both traditions specified in the Sigla have been collated through
line 47 of the first proposition, enough to indicate such groupings as can
be detected. Manusctipt [; was copied from [ and not very carefully;
1 have presented here its variant readings only through line 22 of the first
proposition (in addition to reporting its variant readings for the colophon),
1 see no reason to include any more of its careless misreadings. I have
also given the variant readings for the poot manuscript L only through
line 22 of Proposition 1. Manuscript A7 is a paraphrase of the text and 1
have treated it separately in Section 4 of this chapter. Some of the detailed -
charactetistics of each of the manuscript have been included in the Sigla
list below. Following my usual custom I have aumbered the propositions
successively with Roman numerals.28 The figures are those found in 5.2%
The marginal folio numbers refer to manuscript B.

K igla of Manuscripts

TrADITION L

B = Oxford, Bodleian Library, Auct. F.5.28, 111t-1161, 13C. On the
whole this is the most reliable manuscript. Most of its orthographic
peculiarities are refiected in the text here published. However, we can
here note that it almost always has ¢ before a vowel rather than %, as

through TII1 for the second book. J makes

27 See note 4 for my text of the Liber
de motu. I was able to use the Berlin
Manuscript (here designated as J/ but there
designated as B) in the preparation of that
text. As I noted in the introduction to that
text, the Berlin manuscript seems to have
occupied 2 middle position between the
Oxford and Naples manuscripts (here
designated as B and A4 but there design-
ated as O and N); see p. 109 of that text.
The identity of J and Libri MS 665 is
argued on pp. 103-104. .

28 Actually, manusctipts 4 and D num-
ber the propositions with Arabic numerals
in the margin: 1%, 2%, and so forth (although
A omits numbers for Propositions VIII,
IX, and X). B uses Roman numerals but
divides the propositions into two books:
I through VI for the first book, and T

the same division but uses a hybrid system
of Roman and Arabic numerals (sce variant
readings)., The only other manuscript to
reflect this division into books is 4,
although to be sure it numbers the pro-
positions successively so that Proposition
VII is 7° rather than I

29 Inside the figure for Proposition vII
in MS B we find written in the same hand
as that used in the text mors FHugonis, 1S
“the death of Hugo.” One is tempted to
think that reference is to Hugo the
twelfth-century author of a Practics geome-
trie, but this is merely 2 guess. Or it may
be a comment of the scribe of B dis-
couraged by the length and complexity ©
Proposition VL. If this is so, then ¢
scribe’s name could have been Hugo:
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in circumferencia. 1 have in my text employed the # form, B starts off

with the spelling pyramis (i.c., with py for all forms of this word) but.

for the major part of the work employs piramis. 1 have used piramis
throughout. B also vacillates between basen and basim, between demissa
‘and dimissa, generally preferring the latter of each of these paits of
tetms. The form corellarium is used, which I have rejected by following
other manuscripts. 5 divides the propositions into two books, number-
ing the propositions of the first book I through VI, and those of the
sccond book T through IV, But this numbering, added as rubrics, may
be in a later hand. There are a number of marginal notes in B which
are entirely explanatory or constitute a geometric elaboration of the text,
These have not been included in the variant readings since they appear
to be the notes of the scribe of B rather than of the author of the text.
They are of exactly the same sott as are found in all other works in
the codex. -
C = Ozxford, Bodleian Libraty, Digby 174, 174v-1781, 13c. This manu-
script is very close to B and, in fact, may be a copy of that manuscript,
Its orthographic peculiarities are evident in the variant readings, but a
few of them can be noted here: zeorema for theorema in B, ypothenussalinm
tor ypothenusalinm in B, demissa for dimissa, ordinatily basim but occasion-
ally basem, occasionally orfogonio for orthggonio. One unusual feature of
this copy is the judicious use of commas, a practice very rare indeed
among medieval manuscripts, which genetally have periods, colons, and
dashes used without much attention to rule or discrimination. There are
a few interesting notes in a sixteenth-century hand which I have not
included in my variant readings. There is a note dated: 1551, 6 May,
on folio 175v.
= Berlin, Deutsche Staatsbibliothek (MS now at Marburg, Westdeutsche
Bibliothek), Quarto 150, gor-94v, 13c. A Gothic hand very much like
that of B. A copy close to the tradition of B and C, but not quite as
accurate 4s those manuscripts. Within that tradition A and F resemble
J quite closely. I have collected it with the text through Proposition I,
line 47, and in the explicit. The forms piramis, ortogonio, and sometimes
bypothennsa (for ypothenusa) are used. In numbering the propositions and
dividing them into two books, it resembles B, but interestingly enough
t omits lines 26-28 of Proposition I in the same manner as C, although
these lines are present in B and even in Tradition II. This manuscript is
dentical with Libri MS 665 described in the Libtisale catalogue of Lon-
o1, 1859, pp. 14548 (see notes 18 and 27 above).
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I — Florence, Biblioteca Nazionale, Conv. Soppr. J.V.30, 1t—4v, 14C. A
good copy of this tradition, being quite close to B and C. It employs
hypothenusse for ypothenuse in B, that is, s5 is found instead of s in the
various forms of this word in those instances when the word is written
out and not abbreviated. We also find in D the peculiar form correlarium,
resembling the corellarinm of B in using ¢ as the second vowel. In D
the letter y replaces 7 in the various forms of diameter, as, dyametros,
D includes two extra propositions on the lower margins of folios 1r
and 1v. These additional propositions appeat to be in the same hand
(only very much larger in form). They have bzen edited and are dig-
cussed in Section 3 of this chapter. The propositions in this copy
are numbered in the margin: 1%, 2%, etc. Collation of D with the text
is through line 47 of Proposition L o

D, == Paris, Bibliothéque Nationale, MS lat. 11247, 2t-25V, late 15c or
16¢c. Copied directly from D but includes many misreadings. The pro-
positions are unnumbered and no figure after the first is given. I have
included variant readings only through line 22 of the first proposition.
Tts orthographic peculiarities for the most part duplicate those of D

F{ = Basel, Univ. Bibl. F.IL.33, 15111531, ¥4C. This is another good copy,
very close to B and C'in its readings. It was perhaps copied from /.
1 have given vatiant readings through the first 47 lines of proposition L.
The propositions are unnumbered in H. R ‘

F = Vienna, Nationalbibliothek, cod. 5303, 111 8v, 15—-16¢. F is of the
tradition of B and C. It has close similarities with /and /. Orthographic
distinctions: pyramis for piramis, hypothenuse for ypothenuse. The propos.
sitions are unnumbered in F. F has been collated with the text
through line 47 of Proposition I.

7 — Dresden, Sichs. Landesbibliothek, Db. 86, 1881-194, early 14¢. Thi
manuscript is badly stained (and often is not readable) but where it
free from staining it is a very good copy and quite close to B (e
even in the spelling corellario, cf. Proposition I, line 104). Occasio;
otthographic peculiarities: polfigonie for poligonse, habitum fot ambitithy
The propositions are unnumbered in 7. T has been collated with"
text through line 47 of Proposition L. : '

M — Florence, Bibl. Naz., Conv. Soppr. J.V.18, 92v—96v (lower pagi

tion). This text consists of a paraphtase but the enunciations appeat

be drawn from Tradition L. See Section 4 of this chapter.
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TrRADITION 1T B ;

A = Naples, Biblioteca Nazionale, VIIL.C.22, 57t-6ot, 1 3c. This is the
best of three manuscripts of the second tradition, the tradition perhaps
inaugurated by Getvasius of Essexta. Notice that in addition to the
substitution of his own name for that of Johannes in the colophon,
Gervasius eliminated the parenthetical paragraph included in lines 18-22
of Proposition I. The scribe uses the ¢ form as does B; he also often
employs matore fo1 maiors, basem for basim, sexccupla for sexctupla, theoreuma
for theorema. The propositions aze numbered through the seventh: 12, 24,
and so forth.

E = London, British Museum, Hatleian 625, 137:—1 39V, 14c¢ (¥). This is
a very free copy of the second tradition. I have included variant readings
only through line 22 of the first proposition. Note the form Gervasius
de Assassia in the colophon. The propositions are unnumbered.

G = Cambridge, Univetsity Library, Mm.JL1x, 1961-198v, 15¢, Corre-

sponds closely to .4 and Z'but cuts off in the middle of Proposition VII.

Hence it does not have Gervasius’ name. I have included varjant read-

ings through line 47 of Proposition I. The propositions are unnumbered.
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Archimedes’ De sphasra ef cylindro

Incipit Liber Magistti Johannis de Tinemue

de curvis superficiebus [Archimenidis|

Liber T

1. / CUTUSLIBET ROTUNDE PIRAMIDIS CURVA SUPERFI- |
CIES EST EQUALIS TRIANGULO ORTHOGONIO, CUIUS
UNUM LATERUM RECTUM ANGULUM CONTINENTIUM
EQUATUR YPOTHENUSE PIRAMIDIS, RELIQUUM CIRCUM-

. FERENTIE BASIS.

Sit ACNP circulus circa centrum D [Fig. 64.]. Et sit DE hnea
cathetus perpendicularis ad AN, CP diametros, LA vero sit ypothe-
nusa dimissa ab Z in 4. Stante igitur DF immota, citcumvolvatur
DEA triangulus orthogonius ad petficiendam piramidem rotundam

w pet OQPONMCB donec redeat ad punctum 4 unde ceperat. Sit item ~

Title Incipit....I mg. BJ* om. IGMD, In-
cipit liber Johannis de tinennie de cur-
vis supetficiebus. Liber I .4 De curvis
supetficiebus Archimenides mans recen-
tiori (7) B Archimedes (C many recen-
tiori; Archimenides 7f) de curvis super-
ficicbus CH Acimenidis (ff. 17y 21, 37
Archimenidis, ¢#) de corvis superficie-
bus (? 220 g D In nomine domini
nostti Iesu christi. Incipit commentum
Toannis de Chinemue in demonstratio-
nes Archmiedis (/) FF De curvis supet-
ficiebus E liber de ¢urvis superficiebus
Mj[Archimenidis] sapplevi; sed of. var.
supra _
181 J 1 AD (Note: the propositions
are numbered only in MSS BJAD; see
the Introduction to this chapter note
28.)) |

z est equalis #. AEG

-

3 continentium: continens ) continens, -
non 1,
4 ante reliquum add. E et
6 circulus om. AEG | centrum:
trum AEG | Bt om. G | sit? om,
7 cathetis D, [ AN, CP: AC NP
BA...sit: et vero EA E [ vero:
figure {$)H vero linea JF :
8 dimissa BIF demissa jAC‘H (
protrahata E [ immotz: immos
mota I]D;
g orthonogius: orthogomus inte]
ter JFH [ perficiendam: facien
g—T10 piramidem...per: rotundan
ficiem piramidem 4 rotunda
midem E&
10 ante Q- add. A A-|QP-: AP
-NM-: -MN- F [ donec: ciret
tiam donec HEJ [ A om.
rat J

matgia we tead de curpis Jiber primus.

*J has the title twice on folio gor, and following the title as given in
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Here Begins the Book of Master Johannes of

Tinemue on the Curved Surfaces lof Archimcdes]

Book Y

I. THE LATERAL SURFACE OF ANY |RIGHT CIRCULAR]CONE
IS EQUAL TO A RIGHT TRIANGLE, ONE OF WHOSE TWO
SIDES CONTAINING THE RIGHT ANGLE IS EQUAL TO THE
SLANT HEIGHTOF THE CONE, WHILE THE OTHER [ISEQUAL]
TO THE CIRCUMFERENCE OF THE BASE.

Fig. 64

Let ACNP be a circle with center D [see Fig. 64]. And let line DE
2 dine perpendicular to diameters AN and CP, while £.A4 is a2 slant
ight drawn from Z to A. Thercfore, with D as an axis, let tight A
B4 be rotated through OPONMCB until it returns to point 4 from
ch it began, thereby forming a cone. Also, let slant height F.A be
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E.A ypothenusa equalis linee $Z et tota circumferentia ACNP equalis

ST. Bt sit S angulus rectus.

Dico itaque quod curva supetficies rotunde piramidis DFEA est

equalis triangulo orthogonio 7.

Rationis causa. Presentis demonstrationis ypothesis, et tota sequen-~

tium theorematum series, lineam rectam cutve et superficiem rectam
curve esse equalem sibi postulat admitti.
Unde discolos et obiurgantes non cogit ad scientiam, cum et ipsi
sapere non audeant, cum etiam laborent ut nesciant, cum et a paliade
.0 ultro vultus detegentes oculos avertant. Ilec igitur hiis, qui rerum’
subtilium fugas, quantitatum miracula, proportionum nexus, nature
deposita rimantur, proposuit philiosophus. _
Triangulus itaque F aut est equalis cutve supetficiei DE A rotunde
piramidis aut curve superficiei rotunde piramidis site in minori basi

25

quam ACNP circulus, que piramis sit equalis altitudinis piramidi-

DEA, id est, cuius cathetus sit DE, aut curve supetficiei rotunde

11 821 scilicet Z DD,

11-12 et...S8T o AG et ST equalis cir-
cumferentie basis pyramidis Z

11 equalis?: equatur [ sit equalis F

12 post rectus add. E et protrahatur linea
TZ ita quod totus ille triangulus sit £

13 itaque: ergo DD

14 orthogonio om. BF

15 Rationis causa: ratio AGE | demon-
strationis om. HF | ante ypothesis add.
AGDD, et | hypothenussis D, | ypo-
thesis et tota: omnis £

15-16 subsequentiom 4

15—16 sequentium. ..series: series et the-
orematum sequentium E sequencium
cathetum series [

16 teotematum C | series: superficies sr.
et del. H et add. H g series

16-17 lineam...curve CHFJ lineam cut-
vam recte et superficiem rectam curve
Blineam rectam curvam curve et super-
ficiem rectam curve ) lineam rectam
curvam curve et superficiem trectam

curve D lineamn rectam curve et cur-

vam recte et supetficiem rectam curve [

superficiern curvam recte ut lineam

cutvam recte (recte o, A supraser. &)

_AG superficiem recte curvam et lineam
curve rectam F
17 esse equalem #r. FJF [equalem sibi
#r. D | admitte H ' L
18—22 Unde....philosophus om. AEG
18 discelos € | cum: et cum J :
19 etiam: ter D, fut: nec (?) I [ cum om:
HF | et: illic (?)D autem D, )
20 ultro vultus: vultum ultro A F ultimu
multum D, [ detegentes: detegente
CD]J detegentum HF deteguntem D)
| Hec: hoc D,
21 subtilians fiiguris [/ fugas: fugeras i
fugas J fugeras mg. J '
22 rimantur: rimanantur D nominantl
D, | ants proposuit add. JHI physi
filiis
23 itaque om. F1 [ est om. AG | curve
perficiei sr. E | DBA: dicte AG
24 post aut ser, ef del. € maiotis aut mif
aut | curve superficiei rotunde o
I(?) | aut...piramidis em. HE
25 quagp: quam sit AG | circulus o7, %
[ equalis om. J | pyramidis I
26 aut: aut est equalis AG
26-2% aut...DE om. CJ

5,
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equal to line §Z and the whole circumference ACNP be equal to ST
and let 5 be a right angle.

And so I say that the lateral sutface of cone DF.A is equal to right A F.

A supposition necessary for the proof: The hypothesis of the present
demonstration as well as the whole series of subsequent theorems postulates
that a straight line can be supposed equal to a curved line and a plane
surface to a curved surface,

Whence he does not urge to knowledge those who are objectors and are

-dithceult, since they do not venture to learn—for they even wotk in order

not to know—and since, on uncovering their faces, they avert their eyes
away from Pallas. Therefore, the philosopher has proposed these things
for those who examine the flights of subtle things, the miracles of quantities
the connections of proportions, the things committed to nature.

And so A F either is equal to (1) the lateral surface of cone DEA ot
to (2) the lateral surface of a cone situated on a base less than circle ACNP
but whose altitude is equal to that of cone DE.A, namely, to perpendicular
DE, or to (3) the lateral surface of a cone situated on a base larger than

4

&
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piramidis site in maiori basi quam sit ACNP, que pitamis sit equalis
altitudinis piramidi DEA, id est, cuius cathetus sit DE. Cum enim
triangulum 77 alicui curve supetficiei rotunde piramidis quivis bene
sanus admittat, aliter quam diximus nec ratio veritatis indagatrix capit,
nec humanus animus sibi consonus aliter esse posse animadvertit. Fere
enim ex immediatis trimembsis illa connectitur divisio.

Sit itaque, quod mentiatur falsigraphus, I non esse equalem curve
superficici rotunde piramidis .4F, sed minoris. Hsto ergo /7 equalis
curve superficiel rotunde piramidis site in minori basi quam AACND

circalus. Ft basis illius piramidis sit circalus AKX circa centrum 0,

Tt sit cathetus illius piramidis DE.

Dispositio. Insctibatur citculo ACNP figura poligonia equaliurm
laterum et angulorum et sit ACNP ita quod non contingat circalum
HEK, Deinde ab E dimittantur ypothenuse singule ad singulos angulos
figure poligonie A4 BCMNOPQ. Dimittatur etiam ab £ linea ER pes-
pendicularis ad AB. Sit item EH ypothenusa dimissa ab Z ad H
ubi DR linea secat circulum HK. Est itaque DEF triangulus ortho-
gonius qui intellectualiter circumvolvatur per circumferentiam /7K
donec redeat ad /7 unde ceperat ad perficiendam piramidem rotundam
DEH, cuius piramidis curve superficiei sit secundum falsigraphum
F triangulus equalis. '

Dissolutio. ZR est perpendiculatis ad 48. Ergo quod fit ex ductu’i""

ER in RB est duplum trianguli ZR B per [41] theorema primi Elemen-

27 base ' | ACNP: ACNP circulus HF |
pitamis: pyramidis /7

27-34 site....pitamidis om. G

27-32 quam.. ..divisio: et cetera .4

28 cuius oz H.F supra ser. ]

30 admittit 7

31 consonus: bene constitutus F [ posse
animadvertit: advertit HF [ Fere
CHDF Tonc B

32 illa om. D

33 itaque: ergo 4

33—34 curve supetficiei v, D

34 rotunde oz, JHF | DAE: DEA AGD
{ etgo: igitur HF

35 superficiei: superficiei alicuius [ [ ro-
tunde piramidis #. JAG [ minore AG |
quam BHF quam sit ACIG .

36 circulus:! circulus sit HF [ Bt: et sit
HF |illius: istius / alicuius [ [ sit oz.

CHFD supra ser. J

" 45 redeat: veniat AF | piramidem rotuf}

3637 sit....pitamidis om. 1

38 ACNP om. AG

39 et sit ACNP am. AG | sit om. D/lta
quod: in qua JIF

39 contingant D | citculum: minotem
culum AG

40 post HK add. H per X TInl (?) ef add.
pet cum lacuna | ab E om. AG [ demi
tantur ;I FGD myg. J [ angulos om. D

41 demittatur ACHFGD] [ linea om.
ADG

42 demissa CHGFD] [ ad:in AG

dam #. HF
46 DEI: HDE AG | curve superﬁciel:
AG
4950 in....ER om. B
49 [41] mpm ser. C many recentiori | theot
ma: 12 .4
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ACNP but whose altitude is equal to that of cone DEA, namely, to
perpendicular DE, For, since anyone who is quite sound admits that A F
is equal to the surface of some cone, no searcher after truth can understand
it in any way other than as we have stated it; nor can a sound human mind
think that it can be otherwise. For this [logical] division atises almost
immediately from the three terms.

And so let it be, as the pseudographer falsely says, that 7 is not equal
to the lateral surface of cone D4 but [to the surface] of one that is less.

-'Lherefore, let /' be equal to the lateral surface of a cone situated on 2 base
less than circle ACNP. And let the base of this cone be circle /A with
center 1. And let the altitude of this cone be DE,

Disposition*: Let thete be inscribed in circle ACNP a regular polygon,
ACNP, in such a way that it does not touch circle HK. Then from E
let slant heights be drawn to each of the angles of polygon .4 BCMNOPQ.
Also, from [ let ER be drawn petpendicular to 4B, Also, let EH be
the slant height drawn from E to A where line DR cuts circle HK. And
so right A DEH, which we mentally rotate through circumference HK
until it returns to /7 from where it began, forms cone DEH, to whose
lateral surface—according to the pseudographer— A F is equal.

Dissolution**: ER is perpendicular to .4B. Therefore, ER- RB =
2 A ERB, by Lax of the Elements. Similatly, ER + RA = 2 A FERA,

* That is, “further construction”; see ** That is, “the atgument by reduction
Page 444 for the use of this term. to absurdity”; see page 444.
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51 RA: ER A4 [ RB: RB coniunctim A4 |
est duplum 7. AC
s2—54 BEAB....teinaguli om. C
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torum. Similiter id quod fit ex ductu ER in RA est duplum ttianguli
ERA. Exgo quod fit ex ductu ER in R et RB est duplum trianguli
E.AB. Brgo pet primam secundi id quod fit ex ductu ER in A5 du-

. plum est trianguli £.48. Eadem ratione quod fit ex ductu £R inCB

duplum est trianguli ZCB. Fadem quoque ratione si bene numeraveris,
invenies id quod fit ex ductu ER in A4B, BC, CM, MN, NO, OP,
PO, 0.A, latera poligonii, esse duplum omnium triangulorum ypothe-
nusalium, scilicet, Z.AB, BCB, ECM, et reliquorum ypothenusalium,
Sed R angulus est rectus. Frgo /A maior est quam KHR&; et circum-
ferentia ACNP maior cst ambitu poligonii, scilicet, A5, BC, CI1]
MN, NO, OP, PQ, O.A, lineis rectis. Ergo maius est id quod fit ex
ducta EA in circumferentiam quam id quod fit ex ductu ER in
ambitum poligonii. Sed id quod fit ex ductn £.A4 in totam circumfe-
rentiam est duplum trianguli F, quia S7° est equalis circamferentie
ACNP et EA est equalis §Z. Et id quod fit ex £R in ambitum poli-
gonii est duplum omnium triangulorum ypothenusalium pariter ac-
ceptorum. Ergo maius est duplum trianguli F [ quam duplom om-
nium triangulorum ypothenusalium pariter acceptorum. Ergo sub-

duplum subduplo maius, scilicet triangulus F omnibus triangulis

ypothenusalibus patiter sumptis, Sed trianguli ypothenusales pariter
sumpti maiotres sunt curva supetficie DEH rotunde piramidis incluse;
Ergo triangulus 77 est maior curva supetficie rotunde piramidis DEH. -
Non efgo est ei equalis, contra hoc quod predixit falsigraphus. Relin- '
quitur ergo quod non possit esse F equalis curve superficiet rotunde”
piramidis site in minori basi quam ACNP circulus, que piramis st
equalis altitudinis piramidis D4F, id est cathetus sit DE.

Sit item, secundum falsigmp'hum, F equalis curve superficiei 10
tunde piramidis site in maiori bast quam ACNZP circulus, cuius pira

61 in!: in totam A
6z id em. A :

64 id om. A | fit om. A [ ambitum: habl

5253 Brgo...EAB om. A4

53 quod: id quod A4

54 duplum est #. A | quoque: que A4
55 ductu om. A

56 latera poligonii AC om. BI

56, 57 ypothenussaliuem ¢

57 scilicet om. A

57 et...ypothenusalium: et cetera A4

58 BA...BR: ER est minor EA CD |

maior: minor A4
6o NO...QA: et ceteris A

tum
6667 Ergo...acceptorum om. <1
68 maius om. A [ Fom. A '
6o sumptis: acceptis A4
6970 pasiter sumpti om. A .
-2 contra: quod est contea A4 [ predi
dicit .4
75 id est BCDI cuius Aet F
76 item: tunc A
77 maiore A
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Hence, ER(RA + RB) = 2 A EAB. Therefore, by I.1 [of the Flements),
ER-AB = 2 A EAB. By the same teasoning, ER - CB = 2 A ECA.
By the same argument repeated a number of times, AR - (AB + BC -
CM + MN + NO + OP + PQ + QA) = 2+ (N BEAB + A ECB
+ A BCM 4 A ENM + N ENO + A EPO + A EPQ + p FQA),
that is, the product of ZR and all of the sides of the polygon is equal to
double all of the face triangles. But / R is 2 right angle. Hence /7.4 = ER,
and circumference ACNP is greater than the petrimeter of the polygon,
- that is, the circumference is greater than the sum of the straight lines 4B,
BC, CM, MN, NO, OP, PQ, QA. Hence, (EA - circumference) >
(ZR - perimeter of polygon). But (£.A - circumference) = 2 A F, be-
cause $7" is equal to circumference ACNP and EA = 5Z. Furthermore
(ER - perimeter of polygon) == 2« (the sum of all the face triangles).

Therefote, 2 A F > 2+ (the sum of all the face triangles). Therefore, half

of the one is greater than half of the other, that is, A F > (the sum of

the lateral surface of the-included cone DEF/. Thetefore, A F is greater
than the lateral surface of cone DEH, Therefore, it is not equal to it, and
this is contradictory to that which the pseudographer stated earlier. It
remains, therefore, that 7 could not be equal to the lateral surface of a
cone situated on a base less than circle ACNP but with an altitude equal
to that of cone D AF, that is, with altitude DZE.

Following the pseudographer once more, let 7 be equal to the lateral
surface of a cone situated on a base greater than circle ACNP but whose

all the face triangles). But the sum of all the face triangles is greater than -
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79 EH sit 2. A
8o KH: HK .4/ phalsigraphus /
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midis cathetus sit DFE. Brevitatis tamen causa sit DEH piramis ro-
tunda proposita, cuius ypothenusa EF sit equalis $.2. Et circumferentia
KH sit equalis S7. Dicatque falsigraphus /7 non esse equalem curve
supetficiei piramidis DEH, sed alterius piramidis eiusdem altitudinis
site in maiofi basi. Et sit basis illius piramidis circulus ACNL. Piramis
vero fundata super ACNP sit DE.A, cuius scilicet DE.A curve super-
ficiei sit, secundum falsigraphum, £ equalis.

Improbatio. In hoc triangulo DEH, 1) est rectus; maneat enim
tota prior linearum dispositio. Frgo A est acutus. Frgo LHE est
obtusus; crgo maior quam R. Hrgo ZR est maius Z/7; et omnia latera
poligonii pariter sumpta sunt maiora quam citcumferentia /K. Ergo
maius est id quod fit ex ZR in ambitum poligonii quam id quod fit
ex FH in HK, scilicet, 57 in ST Sed quod fit ex 2 in §7 est duplum
trianguli F. Et quod fit ex ER in ambitum poligonii duplum est ad
omnes triangulos ypothenusales. Frgo maiores sunt omnes trianguli
ypothenusales quam #, subduplum subduplo sicut et duplum duplo
maius, Sed F, secundum falsigraphum, est equalis curve superficiei
piramidis DFE.A. Ergo omnes trianguli ypothenusales sunt majores
curva superficie DE.A rotunde piramidis. Superficies inclusa maios
sit superficie includente, quod est impossibile. Relinquitur ergo quod
curva superficies DAFE non sit equalis /.

Cum ergo F non sit equalis curve superficiei alicuius rotunde pira-
midis site in maiori basi vel in minosi quam in proposite piramidis:
basi, que sit eiusdem altitudinis proposite piramidi, relinquitur F ess
equalem curve superficiei proposite piramidis, quod proposui. Hog
itaque theorema satis elegans, satis eleganter propositum, satis eleganti
venustatur corollario. ' '
[Corollatium:] Ex hoc manifestum quod proportio curve superficie

96-97 Superficies. .. superficic: Bt sit su:
perficies inclusa maior A4

eiusdem altitudinis em. 4 99 alicuius em. A

82 maiore base .4

85 D: D angulus A4 [ maneat 5 manet AC'

88 pariter: insimul 4

89 ex: ex ductu A

89—91 quam....poligonii om. A

91 duplum est ¢r. A4

93 F: F triangulus 4 [ et om. A

94 maius om. A | F: F triangulos A, o7 #r.
A post falsigraphum

96 DEA., ... piramidis: piramidis DEA A

100 base A

1oc—ror ind,, . basi 4 piramis propos
BC

101 eiusdem: equalis

102 proposui: proposuimus 4

103 theorema BJ theoreuma 4/ teoren
C | satis2, ., satis? om. A ;

104 corellario B corrollario F cotrelati
(#) D corollarium f

105 quod: est quod A
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altitude is DE. For the sake of brevity, however, let cone DEH be the

proposed cone whose slant height £/ is equal to S.Z. Andlet circumference

KH be equal to §7° And let the pseudographer say that F is not equal to

the lateral surface of cone DL, but [to that] of another cone of the same

altitude but situated on a greater base. Let the base of that cone be circle

ACNP, while the cone based on ACNP we let be DEA. It is the lateral

surface of this cone DEA that the pseudographer supposes 77 equals.

Refutation: In this Ao DEH, 4 D is a right angle, for the whole

- arrangement of lines remains as before. Therefore, / A is an acute angle.

Therefore, / EHR is obtuse and thus greater than / K. Therefore,

ER > EH and the perimeter of the polygon is greater than citcumference

HK. Therefore, (ER - perimeter of polygon) > (EF - HK), and hence

{ZR - perimeter of polygon) > (§Z:57). But (§Z+57) = 2 A F, and

(ER - perimeter of polygon) = 2 - (the sum of all the face triangles). Hence

the sum of all the face triangles is greater than F, the halves being related

as their doubles. But F according to the pseudographer is equal to the

:+ lateral sutface of cone DA, Therefore, the sum of all the face triangles

s greater than the lateral surface of cone DEA, the included surface being

i greater than the including surface, which is impossible, It remains, there-
fore, that the lateral surface of DE.A is not equal to F.

Since, therefore, /7 is not equal to the lateral surface of some cone of the
same altitude but situated on 2 base greater than or less than the base of the
proposed cone, it remains that F is equal to the lateral surface of the
proposed cone, which is the proposition I have put forth, And so this
-~ theorem, sufficiently elegant and having been proposed with sufficient
. elegance, made beautiful by a sufficiently elegant corollary.

. [Corollary:] From this it is evident that the ratio of the lateral surface
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rotunde piramidis ad suam basim est sicut ypothenuse sue ad semidia-
metrum basis sue. Archimenides enim in quadratura circuli ostendit
circalum esse equalem triangulo orthogonio, cuius unum laterum rec-
tum angulum continentium equatur circumferentie circuli, reliquum
vero semidiametro. Cum itaque ex ductu circumferentic in semidia-
metrum fiat supetficies dupla circuli et eiusdem circumferentie in
ypothenusam fiat superficies dupla curve superficiei piramidis, erit
propoztio producti ad productum que producentis ad producens. Ergo
que est proportio dupli curve superficiei piramidis ad duplum sue basis,
eadem est ypothenuse ad semidiametrum. Sed duplorum et subdu-
plorum eadem est proportio. Exgo proportio curve superficiel pira-
midis ad suam basim que ypothenuse ad semidiametrum basis. |
1I. CUIUSLIBET COLUMPNE ROTUNDE CURVA SUPER-
FICIES EQUALIS EST TETRAGONO QUI CONTINETUR SUB
LINEIS EQUALIBUS AXI COLUMPNE ET CIRCUMFERENTIE
BASIS. o '
Hoc eodem genere demonstrationis quo et precedens theorema a~
struitur. Sive enim dicatur quadrangulum equale curve superficiei ma
ioris columpne eiusdem altitudinis, sive minoris columpne quam si
illa cuius axis et citcumferentid basis sunt equalia lineis continentibus
quadrangulum, probabitur contrarium.
Describatur enim intra basim maiorem poligonium equalium late
rum minotem citculam non contingentium. Et erigantur a singuli
angulis perpendiculares basi et equales axi, que omnes cadunt in cur
vam supetficiem maioris columpne; alioquin due linee supet punc
unum eidem linee orthogonaliter insistent, propter lineam que §
circuitu describit superficiem columpnalem Si igitur capita linearun
petpendicularium rectis lineis conjungantur, fient quadranguli reg
tanguli interiorem.columpnam minime contingentes, qui omnes parit
accepti erunt maiores cutva supetficie minoris columprie incluse
minores maiforis, et equales ei quod fit ex ductu perpendiculart

1L Bom Clls J 28 AD
5 theoreuma A

8 sunt: sint A

lum A 10 basem A4

dis BI pramidis superficie C tunt uni et eidem linee A4 [ insiste

basis gdd, A et e contrario
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of a cone to its base is the same as that of its slant height to the radius of
its base. Fot Archimedes in the Quadratare of the Circle shows that a circle
is equal to a right triangle one of whose sides containing the right angle is
equal to the circumference of the circle while the other [is equal] to the
radius. And so, since from the product of the circumference and radius
atises a sutface double that of the circle and from the product of the same
circumference and the slant height atises a surface double that of the cone,
the ratio of product to product will be as the ratio of multiplying factors
to multiplying factors. Therefore, [after the elimination of common
factors] the ratio of double the lateral sutface of a cone to double its base
is as the ratio of the slant height to the radius [of the base]. But the ratio
of doubles is the same as that of their halves. Therefore, the ratio of
the lateral surface of 2 cone to its base is as that of the slant height to the
radius of the base. _

II. THE LATERAL SURFACE OF ANY [RIGHT] CYLINDER IS
EQUAL TO THE RECTANGLE CONTAINED BY LINES EQUAL
[RESPECTIVELY] TO THE AXIS OF THE CYLINDER AND THE
CIRCUMFERENCE OF THE BASE,

This is provided with the same kind of demonsttation as the preceding
theotem, For if it be said that the trectangle is equal to the lateral surface
of 2 cylinder with the same axis but which is either on a greater or lesser
base than that whose axis and base citcumfetence are equal to the lines
containing the rectangle, the contrary will be proved. ' _

For within such a larger base let there be described a regular polygon
whose sides do not touch the smaller circle [which is the base of the
proposed cylinder]. And let there be erected from each of the angles {of
the polygon} a line perpendicular to the base and equal to the axis, all
of which lines fall in the Jateral surface of the greater cylinder. Moteover,
two [such] lines [opposite to one another] will be perpendicular to the
same line [each] at one [terminal] point. When this line [with its pet-
pendiculars] is rotated, it will generate a cylindrical surface. If, therefore,
the terminal points [of each adjacent pair] of perpendicular lines are joined
by straight lines, there will be produced [a set of] rectangles which do not
touch the interior cylinder at all. All of these rectangles taken together
will be greater than the lateral surface of the lesser, included cylinder and

‘will be less than [the surface of] the greater [cylinder], and they will be
#qual to the product of [one of] the perpendiculars, or the axis, and the




20

23

35

40

_ 20 sive: sue A4
21 minotis: maioris minoris 4
23 igitur: etiam 1 | quod: est quod 4
26 basem A4
28 Quia: quoniam A
31 anfe proportio del, A productio
33 piramidis om. 8§ °
34 circuli: basis .4 | semidiametri medie-
taiem: medietatem sul semidiametti A4
39—4o Et...theoremati: Sic ergo patet du-
plex corollatium premdssi theoreuma-

462 Archimedes® De sphaera et cylindro

sive axis in totum ambitum poligonii, qui maior est circumferentia
basis minotis et minor majoris. Observanti ergo otdinem precedentis
demonstrationis facile patebit propositum.

[Corollarium:] Ex hoc igitur manifestum quod proportio cutve su-
perficiei columpne ad curvam (superficiem) sue (rotunde) piramidis
est tanquam proportio axis columpne ad medietatem ypothenuse pira-
midis. Erit etiam proportio curve supetficiel columpne ad suam basim
sicut axis columpne ad quartam partem diametri basis.

Quia ex ductu circumfereatic circuli in medictatem ypothenuse fit
curva superficies piramidis per progimam et ex ductu eiusdem circum-
ferentic in axem columpne fit curva supetficies columpne per istam,
etgo cum productorum et producentium eadem sit proportio, erit
proportio curve supetficiei columpne ad curvam piramidis tanquam
axis columpne ad medietatem ypothenuse piramidis.

Amplius, ex ductu circumferentie circuli in semidiametsi medietatem
provenit area circuli, et ex ductu eiusdem circumferentie in axem
columpne provenit curva superficies columpne; ergo cum producto-
rum et producentium eadem sit propottio, erit proportio curve supet-
ficiei columpne ad suam basim que est axis columpne ad quartam
partem diametri basis. Et sic duplex patet corollarium suo iunctum
theoremati. ' .

L. QUORUMLIBET DUORUM CIRCULORUM CIRCUMFE-
RENTIE SUIS DIAMETRIS SUNT PROPORTIONALES.

Desctribantur duo circuli ABC, EFG circa centra D, H [Fig. 65].
Dico quod proportio diametri CD.A4 ad diametrum GHE que circum-
ferentie ABC ad circumferentiam FFG, Si enim ita non fuerit, erit
proportio C.A diametri ad GE diametrum que circumferentie ABC
ad minorem vel maiorem circumferentiam quam EFG.

Et sit primo ad minorem, scilicet circumferentiam /K. Describatur
ergo intra citculum EF'G poligonium equalium laterum et angulorum

tis A
39 duplex: dupliciterB | corellarium B
40 teoremati C

1 I B om. CIIIs J 33 AD [ circulorum

circumferentie 2. A
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; perimeter of the polygon which is [itself] greater than the circumference
of the lesser base and less than that of the greater. Therefore, that which
was proposed will be easily evident to one observing the order of the
preceding demonstration,

[Corollary:] From this it is evident, therefore, that the ratio of the lateral
sutface of a [right] cylinder to the lateral surface of its cone [constructed
on the same base] is as the ratio of the axis of the cylinder to one half the
slant height of the cone. Furthermore, the ratio of the lateral surface of the
; cylinder to its base will be as that of the axis of the cylinder to one foutrh
5 the diameter of the base. |

Since from the product of the circumference of the [base] circle and
one half the slant height atises the lateral sutface of a cone, by the preceding
[theorem], and from the product of the same circumference and the axis
of the cylinder arises the lateral sutface of the cylinder, by this [theorem],
therefore, the products and the factors producing the products being of the
same ratio, the ratio of the lateral surface of the cylinder to the lateral
sutface of the cone will be as that of the axis of the cylinder to one half
the slant height of the cone. ‘

Further, from the product of the citcumference of the [base] circle
and one half of its tadius arises the area of the circle, and from the product
of the same circumference and the axis of the cylinder arises the lateral
sutface of the cylinder. Therefore, since the ratio of the products is the
same as that of the factors producing the products, the ratio of the lateral
sutface of the cylinder to its base will be as that of the axis of the cylindet
to one fourth the diameter of its base. And thus the two-part corollary
joined to its theorem is evident. :

III. THE CIRCUMFERENCES OF ANY TWO CIRCLES ARE
. PROPORTIONAL TO THEIR DIAMETERS.

Let the two circles ABC, EFG be described about centers D and £
ce Fig. 65]. I say that the ratio of diameter CD.A to diameter GEE is
that of circumference .4BC to circumference EFG. For if it were not
hus, the ratio of diameter CA4 to diameter GA will be-as the atio of
itcumference .4BC to a circumference which is eithet greater than or less

EFG.

Now at first let [the ratio of diameters] be as that [of ABCT to a lesser
itcumference, namely, /K. Therefore, let there be desctibed within circle
FG 2 regular polygon whose sides do not touch citcle /X at all. And
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minime contingens /X circulum, Bt describatur simile poligonium intra
citculum ABC et sit IK citcz centrum /. Ratio. Age, que est propor-’
- tio C.A diametri ad GE eadem est ABC circumferentie ad 7K cir-
cumferentiam ex ypothesi falsigraphi; et que est C.4 ad EG eadem est
- ambitus poligonii ad ambitum poligonii, per primam duodecimi. Ergo
que est ABC circumferentiead /K circumferentiam eadem est ambitus
poligonii ad ambitum poligonii. Exgo permutatim que est propoztio

ABC circamferentie ad ambitum poligonii 4BC eadem est circum-
ferentie 7K ad ambitum poligonii £FG. Sed 4BC est maior ambitu
sui poligonii. Exgo /K citcumferentia maior est ambitu poligonii ZFG,
quod est falsum. Relinquitur ergo quod non sit proportio ABC cir-
cumfercntie ad minorem circumferentiam quam HFG que dlamctn
C.A ad diametrum EG.

Sit itaque proportio .4ABC ad maiotem circumferentiam quam EFG
que diametti ad diametrum; sitque A/S. Frgo e contrario proportio
EG diametri ad AC que MS ad ABC. Est itaque proportio ZG ad
AC que EFG citcumferentie ad aliquam circumferentiam; sitque illa
H.-Que est proportic EG ad AC eadem est tam M5 circumferentie
ad ABC circumferentiam quam EFG circumferéntie ad /. Ergo que
est proportio MS ad ABC eadem est EFG ad H. Ergo permutatim
que est MS ad EFG eadem est ABC ad A, Sed AMS est maior EFG.
Ergo ABC est maior . Est itaque proportio ZG diametri ad AC

11 Ratio AC om. B

12zCATEA A

14-16 Ergo...pohgonn om. A

17 ad A4 in BC | poligonii ABC: sui poli-
gonii .4

18 ABC: EFG AC

19 post poligonii add. A vel ABC

20 est falsum #r. A [ ergo om. C
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2q est propottio om. B | proporno om.
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i let there be described a.similar polygor: within citcle A BC; let the center
-of IK be H. Proceed: with the demonstration as follows: the ratio of
diamcter C.4 to diameter GE is as that of citrcumference ABC to cir-
camference /K, by the hypothesis of the pseudographér, and C'A4 is to
£G as the perimeter of fone] polygon is to the perimeter- of the [other]
polygon, by X111 [of the Elements]. Therefore, circumference 4BC is to
circumference JK as the perimeter of the one polygon [within ABCT is
to the perimeter of the polygon [within EFG]. Therefore, permutatively,
circumference ABC is to the perimeter of the polygon within ABC as

[circumference] ABC is greater than the petimeter of its [inscribed]
_ poljrgon. Therefore, circumference JK is greater than the pesimeter of

;
3
i
3
i.
1
Y
9
i
=
i

e

Fig. 65

olygon EFG, which is false. It remains, therefore, that the ratio of
ircumference ABC to a circumference less than EFG is not as. that of
iameter C.A4 to diameter FG.

And so let the ratio of 4BC to a citcumference greater than FFG be
s diameter to diameter. And this [greater circumference] we let be AS.
herefore, by inversion the ratio of diameter ZG to [diameter] .AC is
s that of [circumference] MS to [circumference] .4BC. And so the ratio
f EG to AC is that of citcumference BFG to some circumference, and
at [latter] circumference we let be A, [Thus] the ratio of EG to 4C is as
ne ratio of circumference MS to circumference ABC and as the ratio of
ircumference EFG to [circumference] /. Thesefore, [by the equality of
atios] the ratio of MS to ABC is as that of EFG to H. Therefore, by
e alternation [of ratios] M is to EF G as ABC is to 1. But [circumfer-
e] M5 is greater than [citcumference] ZFG. Therefore, [circumnference]

circumference 7K is-to the perimeter of the polygon within ZFG, But .

C'is greater.than [circumference] 7. And so the ratio of diameter G .
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que est EFG ad circumferentiam /A minorem 4 BC, quod prius im-
probatum est. Relinquitur ergo propositum inconcussum.

Idem aliter posset demonstrari per tertiam Archimenidis de men-

ss sura circuli. Sed non est adec sufficienter.

{Corollarium.] Ex hoc liquet theoremate quod id quod fit ex duct
cuiuslibet circumferentie in diametrum alterius circuli est equale ei
quod fit ex ductu secunde circumferentie in diametrum altetius circuli.

V. QUARUMLIBET DUARUM PIRAMIDUM ROTUNDA-
RUM INFQUALIUM FET SIMILIUM CURVE SUPERFICIES
HABENT DIFFERENTIAM EQUALEM EI QUOD FIT EX
DUCTU DIFFERENTIE YPOTHENUSARUM IN DIMIDIAS

s CIRCUMFERENTIAS SUARUM BASIUM. _

Esto exemplum OEC piramis rotunda [Fig. 661, cutus basis circulus
EQRB, cathetus OC, ypothenusa CE, curva superficies X, et minor
piramis DIM similis piramidi OEC, cuius basis ANM, cathetus DI,

ypothenusa I, cutva supetficies L. Dico ergo quod differentia aug-

32 BFG: EFG circumferentie .4 38 circuli: circuli scilicet prioris 4.

36-38 Ex...circuli o, F
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. to [diameter] AC is as that of [citcumference] EFG to citcumference 2
where A is less than [circumference] 4 BC, which [proportionality] was
~ refuted eatlier. "T'herefore, that which was proposed remains firm.

' The same thing can be demonstrated in another way by [using Propo-
sition] TII of Archimedes’ On the Measurement of the Circle, but not so
adequately.

[Corollary:] From this theorem it is clear that the surface arising from
the product of any circumference and the diameter of another circle is
equal to that which arises from the product of the second circumference
and the diameter of the first circle. ‘

IV. THE DIFFERENCE BETWEEN THE LATERAL SURFACES
OF ANY TWO UNEQUAL BUT SIMILAR CONES 1S EQUAL TO
THAT WHICH ARISES FROM THE MULTIPLICATION OF THE
DIFFERENCE BETWEEN THE SLANT HEIGHTS BY HALF [THE
SUM OF] THE CIRCUMFERENCES OF THEIR BASES.

For example, let OEC be a cone [see Fig. 66], whose base circle is
EQB, altitade is OC, slant height is CE, and whose lateral suiface is &.
And [let thete also be] a lesser cone DIM similar to cone OFC, Its base
we let be AN, its altitude D7, its slant height 74, and its lateral surface

Tr P
Z

Fig. 66
Note: I have added the prime sign to O’ here and in the text,

e —
ekriimimnce

—




R

| 94344

1o

20

25

30

35

26 SYZ: 8ZY A [ trlangulos similes #. .4
27 Sit: Bst AC | 8YZ: STY A
28 primam: proximam .4

OBE, ANM.

TERMINATA, DIAMETRO STANTI, CIRCUMDUCATUR, .

12 QBE: scilicet ABC A -

14 EQB: EOB A4

16Z: T A

g que:queest A/ ZY: ZP A4

24 TP: SP A | TP corr. C e SP | IM, S2Z.:
IMS, ZY .A | equales: equalia .4 equa
C

468 Archimedes’ De sphacra et cylindro

menti R supetficiei curve ad superficiem L est id quod fit ex ductu
augmenti CE ypothenuse super /A in medietates [ circumferentiarum,

Sit enim trigonus orthogonius S7P, cuius latus 57 sit equale CE |
et TP sit equalis citcumferentie EQB. Est enim trigonus S7°P equalis
R, per primam huius. Resecetur, ab 7, Z§ equalis 7, ZY equidis-
tante demissa a £,

Ratio. Age. Tam Z quam 7 est rectus, et S est communis, et Y, P
sunt equales propter ZY, P71 equidistantes. Frgo trigonus S7TP est
similis trigono SZY. Ergo proportio ST ad 7P que 57 ad ZY. Item
que est proportio diametri ZB ad diametrum A eadem est circum-
ferentic EQB ad circumferentiam ANA, per proximam. Et que est
EBad AM eadem est CF ypothenuse ad IA4 ypothenusam, per dif-
finitonem similium piramidum. Ergo proportio CF ad IM que EQB
ad ANM. Sed ST, CE; et EQB, T'P; et IM, 5Z sunt equales. Ergo
proportio ST ad 5Z que TP ad ANM. Sed que est ST ad SZ eadem est
TP ad ZY, proptet STP, SYZ triangulos similes. Ergo ANM, ZY sunt -
equales, cum 7P ad illa eadem sit propottio. Sit ergo trigonus SY.Z
equalis L, per primam huius. Patet ergo quod differentia R ad L est
supetficies ZYPT. Ducatur ergo linea ZPaZin PetYTaYinT.

Ratio. ZTY, YPZ sunt trianguli super ZY basim inter ZY, TP eq
distantes. Ergo sunt equales. Exgo id quod est ex Z7 in ZY est duplum |
ad utrumque, et sic ad ZPY. Ergo id quod fit ex 7.2 in medietatem
ZY est equale ZPY, Similiter id quod fit ex 77 in TP est duplum
TPZ. Brgo quod fit ex Z7 in medietatem 7P est equale TPZ, Et si
ZTPY supetficies, que est differentia R ad L, fit ex ductu differen
CE ad IM, que est linea Z7, in medietatem circumferentie EQB e
medietatem ANV, mediantibus 7P, ZY quod proposuimus.

V. SI IN CIRCULO DESCRIPTI POLIGONII EQUILATE
ET EQUIANGULI MEDIETAS AD TERMINOS DIAME

29 ZYPT B YZTP A ZYIP C ((w:l
signs to reverse 7 and P in C})

30 sunt om. C' | basem 4 [ TP: et TP lin
A

31id quod AC quod B [ 2T in
TZinTY ATZin ZY C
32 id om. C
34 TPZ! A ZTP BC | TPZz: ZTP
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L. I say, therefore, that
- (latsutf R —latsurf L) =(CE— IM)-(1)2 citcam@BE -1 J2circum ANM).
For let there be a right A STP, whose side 57 is equal to CZ and TP
is equal to circumference FQB, for A STP = R, by the first [proposi-
tion] of this [work]. Let line ZS, equal to line ZA7, be cut from S7 , with
line ZY drawn from Z patallel [to 7).

Now proceed with the proof: Both / Z and / T ate right angles, / §
is common, and / Y = / P since ZY and PT are patallel, Therefore,
A STP s similar to A SZY. Therefore, S7/7P — $Z/ZY. Also, diameter
EB is to diameter 1A as circumference QB is to circumference ANM,
by the pteceding [proposition]. And EB is to AM as the slant height CE
is to the slant height 74/, by the definition of similar cones. Therefore,
CE|IM = EQB[ANM. But ST == CE, EQB = TP, and IM — $Z.
Therefore, ST/SZ = TP[ANM. But ST|SZ = TP|ZY, since A STP
and A SYZ ate similar. Thetefore, ANM = ZV, since TP has the same
ratio to [each of] them. Therefore, let A SYZ = Z, by the first [pro-
position] of this [wortk]. It is evident, thetefore, that (R — L) == surface
ZYPT. Then let line ZP be drawn from Z to P and Y7 from Y to 7.

[Furthet] argument. ZYT and YPZ are triangles [constructed] on base
ZY and between parallel lines ZV and 7'P. Therefore the triangles ate
equal. Therefore (Z7'+ ZY) = 2 - (each triangle) = 2 A ZPY. Thetefore
(@Z-1/22Y) = A ZPY. Similatly (7Z-TP) = 2 A TPZ. Therefore
(&7} TP)= A TPZ. And thus .
sutf Z7PY = (R — L)=(CE — IM) - (} circom EQB + } circum ANM),
since ZTPY = ZT - (3Z2Y + §TP), and (CE — IM) = ZT. This is what
we proposed. :

V. IF HALF OF A REGULAR POLYGON-TERMINATED AT
THE ENDS OF A DIAMETER AND DESCRIBED IN A CIRCLE—
IS ROTATED WHILE THE DIAMETER REMAINS FIXED, THE

R e
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RUNT CONICE SUPERFICIES TOTIUS CORPORIS EQUALES
s EI QUOD FIT EX DUCTU LATERIS CIRCUMDUCTI IN OM-
NES CIRCUMFERENTIAS DESCRIPTAS AB ANGULIS POLI-
| GONI], SIVE EI QUOD FIT EX DUCTU CIRCUMFERENTIE
S CIRCULI CONTINGENTIS POLIGONIUM IN LINEAM QUE
o CUM DIAMETRO EIUSDEM CIRCULI ET LATERE POLIGO-
o NII IN EODEM CIRCULO CONSTITUIT TRIANGULUM OR-
THOGONIUM.
Esto exemplum circulus AHID et poligonium cquilaterum et in-
i scriptum [Fig. 67].
mmw g Dispostio. A singulis angulis poligonii ad oppositos ducantur linee,
: ’ s et sint NM, FG, HD, LE, BC, secantes diametrum 47 perpendicu-
i lariter. Ne tamen minus diligens lector scrupulum, quo progrediens
pedem offendat, possit teperire, sic probetur illas perpendiculariter
secare A1, ‘
Ratio, Age. ADC, AHB arcus sunt equales. Ergo C7Y, BIY anguli
« cadentes in illos sunt equales. Item YBZ, YCT in BI, C7 arcus equales
sunt equales. Ergo cum in BIY triangulo, B, 7, ¥ anguli sunt equales
duobus rectis, similiter et in triangulo YIC, Y, 1, C anguli sunt equales
duobus rectis, gemini ¥ sunt equales, et sic uterque rectus. Ergo BC
 est perpendicularis ad A7, Simili ratione N/ perpendicularis ad AL

i

12 eir illi 4 . 15 NM: MN 4
- 14 angulis om. A 19 AHB am. &
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CONICAL SURFACES OF THE WHOLE BODY [FORMED] WILL
BE EQUAL [IN SUM] TO THAT WHICH ARISES FROM THE
PRODUCT. OF A SIDE OF THE ROTATED [POLYGON] AND
THE SUM OF THE CIRCUMFERENCES DESCRIBED BY THE
ANGLES OF THE POLYGON, OR [IT IS EQUAL] TO THAT
WHICH ARISES FROM THE PRODUCT OF THE CIRCUMFEREN-
CE OF THE CIRCLE TOUCHING THE POLYGON AND THE
LINE WHICH FORMS A RIGHT TRIANGLE ALONG WITH THE
DIAMETER OF I'HE SAME CIRCLE AND A SIDE OF THE POLY-
GON IN THE SAME CIRCLE, ' :

For.example, let thete be circle 47D and a regular polygon inscribed
in it [see Fig. 67]. :

H
F

\
R/ x/o
o’ Q 1A
M
L _

b

zZ

Fig. 67

Disposition: From the individual angles of the polygon let lines be
drawn to the opposite angles, namely, lines N/, FG, D, LE, and BC,
all these lines cutting diameter .47 perpendicularly. Lest, however, the less
attentive reader be able to find an obstacle against which he strikes his
foot as he goes forth, let it be proved as follows that these lines cut .47
perpendicularly.

Proceed with the proof: Arcs ADC and AHB ate equal. Therefore,
angles C7Y and BIY falling in those arcs are equal. Also, [angles] Y.B7 and
¥CT in equal arcs B7 and C7 are equal. Therefore, since angles B, 7, Yin

< are equal to two right angles, the pair of angles at ¥ are equal, and
us ea.ch is equal to a right angle. Therefore, BC is perpendicular to A7
a similar argument NA is perpendicular to A7, Also, LC intersects

BIY ate equal to two right angles and similatly angles Y, 7, Cin A..
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Ttem 7.C secat LE, BC, et facit L, C angulos cadentes in LB, CE
equos arcus equales et coalternos. Ergo LE, BC sunt equidistantes,
et eadem ratione, LE, HD, et FG, et NM.

Protrahuntur deinde oblique secantes diametrum A7f linee NG,
FD, HFE, LC. Protrahatur deinde 4/ in occursum EC et £D extra
circulum, singulis angulis et punctis rationi necessariis per equalia
notatis, Erunt ergo NM, FG, HD, LE, BC diametri circulorum
quos describunt anguli semipoligonii ADJ circumducti. Dico itaque
quod conica superficies corpotis poligonii fit ex ductu unius lateris
poligonii, scilicet DF, in omnes circumferentias [circulorum] quorum
diametri sunt MN, FG, HD, LE, BC; et etfiam est equalis el quod
fit ex HE in ADIH circumferentiam.

Rationis causa, superficiem piramidis YIC describit ypothenusa JC.
Et est axis illivs piramidis 7Y, diameter basis linea BC. Hrgo per pri-
mam huius supetficies curva piramidis Y/C, quam describit /C cir--
cumvoluta, est supetficies que fit [ ex ductu 7C in medietatem citcum-

- ferentie BC diametti. Ttem in SEK, YCK triangulis, et ¥ et § est rectus

et X communis. Ergo SEK, YCK trianguli sunt similes. Ttem super-
ficies curva quam continent LB, CE et circomferentie diametrorum
LE, BC, scilicet quam describit linea CE circumvoluta, est differentia:
duarum piramidum inequalinm et similium, quarum minoris axis e
YK, ypothenusa KC, diameter basis BC’; maioris piramidis’axis X
ypothenusa KZ, diameter basis Z.5. Ergo per proximam illa superfi:;
cies, quam desctibit CE circumvoluta, fit ex ductu CE in circumferen :'A
tie BC medietatem et medietatem circumferentie LZ. Ergo curw:
superficies piramidis YJC, quam describit JC, et cutva superfici
quam describit CE, pariter sumpte, fiunt ex ductu CE in circumferen
tiam BC et medietatem circumferentie LE, quoniam JC, CE late

cumvoluta est differentia piramidum similium et inequalium O’ D¢
SEZ. Brgo illa superficies fit ex ductu £D in medietatem circumferef

25 LE ACIC(# B /LB, CE: LCLB 4
26 equos...equales: arcus equales equos .4
29 Protrahantur B
31 etgo: igitur A4
32z itaque om, A
35 eizilli A4
36 ADIH: AHT 4
- 39 supetficies curva #. A
41 ttiangulis 4 om. BC
42 K: Kest 4

42—43 supetficies curva #r, A

43 circumferentie diametrorum .4 circad
ferentia diametrum B circumfere
diametrorum C

46 piramidis A om. BC

47 LE: LEI C, sed supra ser. CLE

48—51 circumvoluta...CEr AB mg. G

52 LE om. A | post LE del. C et medi
tem circumferentie DH

s5s ED: DEC
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LE and BC and makes equal alternate angles Z and C falling in equal
~atcs LB and CE. Therefore, LE and BC are paraliel, and by the same
atgument LE, HD, FG, and N are parallel.

Thenlet the oblique lines NG, FD, HE, and L.C, all cutting the diameter
17, be drawn. Then let A7 be extended to meet FC and LD outside of the
citcle, with the separate angles and points necessary for the argument
marked off by equal lines. Therefore, NM, FG, HD, L.E and BC will
be the diameters of the circles which the angles of the half polygon AD7J
describe in rotatjon. And so 1 say that the conical surface of the polygonal
body arises from the product of one side of the polygon, namely, D/3,
and the sum of the ciscumferences [of the citcles] whose diameters are
MN, FG, HD, LE, and BC; and also that it is equal to the product of
HE and circumference ADIH, :

Fot the sake of the argument, [let us say that] hypotenuse 7C describes
the sutface of cone Y7C. And the axis of this cone is JY ; the diameter of
its base is line BC. Therefore, by the first [proposition] of this [work],
the lateral surface of cone. YJC, which JC desctibes in rotation, is the
sutface afising from the product of JC and one half the circumference of
which BC is the diameter. Also in triangles SEK, and YCK, Y and S
are right angles and / K is common. Therefore, triangles SEK and YCK
are similar. Further, the lateral sutface contained by LB, CE and the
circumferences of diameters 7.5 and BC, i.e., the lateral surface which
line CE desctibes in its revolution, is [equal to] the difference between
the two.unequal but similar cones, the smaller of which is that one with
axis YK, slant height KC, and base diameter BC, and the larger of which
is that one with axis X5, slant height K, and base diameter Z.E. There-
fore, by the preceding [proposition], that sutface which CE describes in
its revolution is equal to C& - (1/2 citcum BC' - 1/ citcum LE). There-
fore, the lateral surface Y7C described by IC and the lateral sutface de-
scribed by CE taken together are equal to the product of (1) CE and (2) the

and CE, as sides of the [regular] polygon, are equal. Further; the lateral
sutface described by- DE in revolution is [equal to] the difference of the
similar and unequal cones O'DZ and SEZ. Therefore, that surface is
equal to the product of (1) ED and (2) ‘the sum of 1/2 circumference

sum of circumference BC and one half the circumference LE, since 7
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tie L.E et medietatem circumferentie DF. Et sic supetficies curva
quam describit JC et quam describit CFE et quam describit DF sunt
equales ei quod fit ex ductu DE in circumferentias BC et LE et
medietatem circumferentie A.D. Simili ratione invenies curvam super-
ficiem quam describit AM et quam describit MG et quam describit

G D, scilicet medietatem totius conice superficiei poligonii corporis,
esse id quod fit ex GD, sive DI illi equali, in circumferentiam N/

et FG et medietatem circumferentie /7.0, Ergo si suflicienter enume-
res, reperies totam conicam superficiem fieri ex uno latere poligonii,
scilicet D in omnes circumferentias quas describunt anguh poligonii,
quarum diametri sunt NM FG, HD, LE et BC. Et sic prior pars
constat proposltl

Rusus, Y undique est rectus, et C B anguli cadentes in 7B, IC

equos arcus sunt equales. Brgo et T, 7 anguli sunt equales. Exrgo BYJ,
TYC sunt trianguli similes. Simili quoque ratione 7YC, 78L, SRE, -
RO'H, ' XD, XQF, QOG, OPN, PAM sunt similes. Ergo que est.
propottio IY ad BY eadem est T, YC; et ST, SL; et RS, SE; et
RO, O'H; et XO'; O'D; et X0, OF; et OQ, OG; et OP, PN ¢
AP, PM. Frgo que est propottio 7Y ad BY eadem est totius 47 a
omnes rectas lineas, BC, LE, HD, FG, NM. Sed que est A7 ad N
et FG et HD et LE et BC, eadem est ADIH citcumferentie ad omnes
citcumferentias quas describunt anguli poligonii, quarum diametd
sunt NM, FG, HD, LE, et BC, per tertiam huius et penultiman
quinti. Brgo que est proportio 7Y ad BY eadem est ADIH a
quinque citcumferentias diametrorum N, FG, HD, LE, BC [,qua
describunt anguli poligonii. Sed.Z/ED angulus est fectus cadens i
semicirculum; ergo est equalis Y. Bt F, B sunt equales, ut qui cadugt
in DA, IC arcus equales. Et sic BYZ, DEH trianguli sunt simileg d
Ergo que est propostio JY ad BY eadem est DE ad EH. Ergo q
est DE ad EH eadem est ADIH citcamferentie ad quinque circug
ferentias]. Brgo quod fit ex ductu primi in ultimum, scilicet ZD

guoque: que 4 | TSL: TIL A

79 1Y: QY C | ADIH: totius ADIH A
80-86 [quas....cricumferentias] suppl
sed ¢f. mg. B ubi ser. post 1Y ad
in Jinea 79 DE ad EH cum trian,
DEH, BIY sunt similes

constat #r. A ante priot in finea 66
IB: 1B C :
equos arcus #r. A

anguli A om. BC

TYC: TIC 4 | tnanguh A om, BC |
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LE and 1fz circumference DF. And thus the lateral sutfaces described ?
by IC, CE, and DE ate [together] equal to the product of (1) DE and ;
(2) the sum of cirenmference BC, circumference LE, and one half the - B
circumference /7D, By 2 similat argument you will find that the lateral EHEVHEHH

- surfaces described by AM, MG, and CD, ie., 1/2 the whole conical i b
surface of the polygonal body, is equal to the product of (1) GD, or its e

equal D, and (2) the sum of citcumference NM, circamference FG, LA :

and 1/2 circumference A D. Therefore, if you make the complete enume-

ration, you will find that the whole conical surface atises from the product i

of (1} one side of the polygon and (2) the sum of the circumferences. i

described by the angles of the polygon, i.c., it is equal to DE - (citcum of i

NM + circum of FG + circum of 7D + circum of LE 4+ citcum of

BC). And so the first part of the proposition is evident. .

Again, every angle at Y is a right angle and angles C and B falling in I -
equal atcs 7B and IC are equal. Therefore, angles 7" and 7 are equal. . ' 5 :
Therefore, A BYT is similar to A 7YC. By a similat argument, triangles :
TYC, ISL, SRE, RO'H, O'XD, XQF, 0OG, OPN, and PAM are |
similar. Therefore, IY/BY = TY|YC = ST|SL — RS|SE = RO'JO'H =
XOJO'D = XOIOF = 00|QG = OP|PN = AP[PM. Thetefore,
IY|BY = AI(BC + LE + HD + FG + NM) [by Euclid V.1]. But
AHNNM + £G + HD + LE + BC) = citcum ADIH|(citcum of
NM + citcum of FG + circam of HD + circum of LE 4 circum of
BC), by [Proposition] I1T of this [work] and the penultimate [proposition]
of [Book] V [of the Elements]. Hence 7Y, /BY = circum ADIH|(circum of
NM + citcum of FG + circum of FID -+ citcum of LF + circum of
BC). [But £ HED is a right angle, falling as it does in a semicircle. Hence
LHED =/ Y. And /H=/ B, as they fall in equal arcs DF and
{C.. Thus triangles BY7 and DEH ate similar. Hence Y, |BY = DEJEH.
Hence DEJEH < circum ADIH]the citrcumferences.*] Hence (ED - the
5 citcumferences) = (B - citcum ADIH). But (ED - the 5 circumferen-

* That is, (circum _of NM - circum of FG 4+ circum of HD + circum of LE +

cum of BC). -
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omnes circumferentias, est equale ei quod fit ex EA in ADIH. Sed
ex DFE in quinque circumferentias fit tota conica superficies corporis.
poligonii, ut preostensum est. Ergo tota supetficies corporis poligonii
equatur ei quod fit ex EH in ADIH circumferentiam. Et sic utraque
propositi pats plene constat

Eodem modo poterit probari propositum si fuerint latera semipoli-
gonii numerc imparia. Desctipta tamen superficies a medio latere
columpnalis erit. Esto enim figura X equalium angulotrum inscripta
citculo A4 DJH et equalium laterum [Fig. 68]. Ductis lineis a singulis
angulis ad oppositos angulos, sicut privs, perpendiculariter ad A7,
et [duce] alias oblique secantes .47, sicut in dispositione proxima,
deinde ab O centro ducatur OD perpendiculatis ad GFE, secans GE
in duo equa, et OF perpendiculatis ad FL, secans FL in duo equa.
Deinde ab O in F et in F ducantur due linee OF, OF. '

- Ratio. Age. AF, GD arcus sunt equales, quia sunt medietates GE, ~
FL equalivm. Et FA et GA sunt equales. Brgo AH, AD sunt.
equales arcus. Sed utraque est quarta totius circumferentie. Ergo O
gemini centrales cadentes in illos sunt recti. Brgo F/OD est una recta -
linea. Similiter cum F.AZK sit semicirculus, erit FOE una linea recta.:
Ttem cum A D sit perpendicularis ad GE et FL ex dispositione, erun
GE, FL equidistantes, Et sunt equales ex ypothesi, Ergo FGEL es
parallelogramum rectangulum. Cum itaque FG et LE sunt equales
et equidistantes, similiter FL et GE, et stanti A’ P, circumvolvatus
supetficies FE, et fiet columpna, cuius basis erit circulus quem de
scribit LE; axis vero M’ P. Fit autem cutva superficies illius columpneg

ei: illi 4 | ADIH: ADIH circumferen- 104 cadentes...recti: sunt equales cade

tiam A4 [ Set .4 _ tes in illos arcus quare recta A
EH: HE 4 10§ recta A om, BC
propositi...constat: pars constat pro- 106 GH: G .4

positi 4 107 Bt 4 Sed et BC'
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i ces) is equal to the whole conical surface of the polygonal body, as was

| just demonstrated. Therefore, the whole sutface of the polygonal body

[‘ is equal to the product of ZH and circumference ADJH. And thus each
part of the proposition is fully evident.

By the same method the proposition could be proved if the number of
the sides of the half polygon was an odd number. However, the sutface
described by the middle side will be cylindtical. For let there be described
in circle ADIH a tregular polygon of ten sides [see Fig. 68]. Having
drawn lines’ connecting each angle with the angle. opposite to it, as
before, these lines being perpendicular to .47, [draw] other [lines] cutting

Fig. 68
Note: I have added the prime sign to A"

OD be drawn petpendicular to GE, bisecting GF, and 017 perpendicular
to FL, bisecting FFL. Then from O let thete be drawn two lines OF and
OF to F and E [respectively].

Proceed with the argument: AF and GD are equal arcs because they
ate halves of equal atcs GE and F7., and F.4 and G.A are equal. Therefore
"AH and AD are equal arcs. But each is a quadrant of the whole cit-
-cumference. Therefore, both the central angles O falling in those arc are
ght angles. Therefore, FHOD is.a straight line. Similatly, since F.AE is a
“semicircle, FOE will be a straight line. Also, since ZD is perpendicular

GE and to FL by construction, G and FL ate parallel, and they are

ual by hypothesis. Therefore FGHL is a rectangle. And, so, since FG
equal and parallel to LE, and similasly FL to GE, with M'P fixed,
Uface FE is rotated and a cylinder is produced whose base circle will
the circle described by ZE and whose axis is /"2, Moteovet, the
teral surface of this cylinder is equal to the product of (1) the axis

AT obliquely, as in the previous construction. Then from center O let _
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ex ductu axis M'P, sive FL, in circumfetentiam diametti LE, per
secundam huius. Ratiocinando ergo ut superius, proba quod conica
superficies poligonii corpozis fit ex FI. in circumferentias quatuor ,
diametrorum, NM, FG, LE, BC. Similiter etiam ut supra probetut |
conicas illas supetficies fieri ex ductu /G in ADIH circomferentiam.
Et sic omni modo constat propositum.

{ VL. CUIUSLIBET SPERE SUPERFICIES EST EQUALIS
QUADRANGULO RECTANGULO QUI SUB LINEIS EQUALI- |
BUS DIAMETRO SPERE ET CIRCUMFERENTIE MAXIMI g
L CIRCULI CONTINETUR. |
i .  Esto exemplum ACBD circumferentia, diameter cuius sit «15 [Fig.

Go]. Stanti ergo .AB, circumducatur ACB, et fiat spera. Dico quod

id quod fit ex ductn diametri in ACBD circumferentiam. est equale

superficiei spere ACBD.

Sin autem, sit equalis superficiei minoris spere vel maioris; et primo.

. minoris spere, scilicet spere quam describit SIVA -semicirculus cit-
cumvolutus citea O centrum, constituitur. . -
Dispositio. Inscribatur circulo ACBD poligonium equalium late- .
rum et angulorum, circulum SN/ minime contingentinm. Deinde ab
O centro ducatur Of perpendicularis ad AF et secans AF in duo
s equaetaliaa Bin F. _ ;
Ratio. Age. B diameter est maior BF. Ergo id quod fit ex AB

115

r1gv

1t 114 corpotis om. A : 2 rectangulo om. A
B 114-15 quatuor diametrorum #7. A s Bsto A om. BC [ cuius sit: eius
| : 115 etiam: et A4 ‘ _ 7 ACBD A J ABCD BC
| " 116 ADIH J AHDI 4BC ' 8 spere om. A . :
117 omni modo: omnino 1 - 13 SNH minime B SH non 4 SH:

i T VIBom CVI J G AD [est ) me C ’
i equalis 7r. A ’ ' :




§ 2 De curvis superficiebus of Johannes de Tinemue 479

M'P, ot [its equal] FL, and (2) the citcumference of diameter LE, by
the second [proposition] of this [work]. Therefore, by reasoning as above,
prove that the conical sutface of the polygonal body is equal to the product
of (1) £L and (2) the circumferences of the four diameters NM, FG, LE,
and BC. Also let it be proved in the same way as above that those conical
sutfaces [making up the surface of the whole polygonal body] ate equal to
the product of FG and circumference 4D, And so this proposition
is evident in every way. : : .

VI THE SURFACE OF ANY SPHERE IS EQUAL TO THE
RECTANGLE CONTAINED BY LINES BEQUAL TO THE DIAM.
ETER OF THE SPHERE AND THE CIRCUMFERENCE OF THE
GREATEST CIRCLE [OF THE SPHERE]. '

For example, let ACBD be a circamference whose diameter is 4B
[see Fig. 69]. With 4B fixed, let ACB be rotated, producing a sphere.

Fig. 69

- is equal to the surface of sphere .4CBD. ,
. But if not, let it be equal to the surface of sphere that is less or greater
than [ACB D], In the first place let it be fequal to the surface] of a lesser

phere, ie., of the sphere which semicircle SNA describes in rotation
bout center 0, ' '

etiter O perpendicular to AF and bisecting AF. Let another line be
irawn from B to F. : S

>

- I'say that the product of (1) the diameter and (2) circumference ACBD
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in ACBD circumferentiam maius est quam id quod fit ex BF in
ACBD, Sed id qued fit ex BF in ACBD est equale conicis superfi-
ciebus corporis poligonii per proximam. Et conice superficies cor-
poris poligonii sunt maiores superficie spere S¥/ interioris. Ergo id
quod fit ex ducte A B in ACBD circumferentiam maius est superficie
spere SH; contra preconcessa. Relinquitur ergo id quod fit ex ductu
ABin ACBD non est equale superficiei minoris spere quam ACBD.

Sit itaque si fieti potest equale supetficiei spete maioris. Brevitatis
tamen causa, prior observetur figura, et sit S/ spera proposita et
diameter SH. Dico quod fit ex HY diametro in AV circamferentiam
non est equale superficiei maioris spere quam S/, Sin autem, sit
equalis superficiei spere ACED. _ ‘ :

Ratio. Age. F cadens in semicirculum A.DB est rectus. Similiter
et  rectus ex dispostitione; et .4 communis. Ergo 470, AFB trian-

guli sunt similes. Ergo que est proportio AF ad A7 eadem est BF -

ad O7. Sed AF est dupla ad AJ. Ergo BF est dupla O, Sed OF est
maior quam OS, que subdupla est ad S diametrum. Ergo BF est
maior HS; et ACBD circumferentia maior SINH circumferentia,
Ergo id quod fit ex BF in ACBD est mains eo quod fit ex HS in

SNH citcumferentiam, Sed quod fit ex BF in . ACBD est equale
conicis superficiebus corporis poligonii per proximam, Et quod fit-
ex HS diametro in SNH circumferentiam est equale superficiei spere.

ACBD secundum falsigraphum. Ergo conice supetficies corpoti
poligonii sunt maiores supetficie ACBD spere, inclusum includente
quod est impossibile. Relinquitur propositum.

[Corollatia:] Ex hoc etgo manifestum quoniam supetficies spere es
quadrupla maximo circulo eiusdem spere, et equalis curve superficie
columpne, cujus tam axis quam diameter basis equatur diametr

I
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(A8 citcum ACBD) > (BF- citcum ACBD). But (BF: citcum
ACBD) is equal to the conical sutfaces of the polygonal body, by the
preceding [proposition]. Further, the conical surfaces of the polygonal
body are greater than the surface of the interior sphere S#. Therefore,
(AB - citcum ACBDY > surface of sphere S#, which is contradictory
to what was conceded earlier, Tt femains, therefore, that the product of
<15 and ACBD is not equal to the surface of 2 sphere less than 4CBD,

And so; if possible, let it be made equal to the sutface of 2 sphere

greater [than sphere ACBD)]. For the sake of brevity, however, let the .

priot figure [Fig. 69] be consulted, atid let sphere SZ be the proposed
sphere with diameter SZ7. I say that the product of diametet S and the
circumference of HS is not equal to the surface of a sphere greater than
SH. But if this is not [equal to the surface of sphete SHT, let it be equal
to the sutface of sphere ACBD.

Proceed with the proof: F, falling in semicircle ADB, is a tight angle,
And similatly 7 is a right angle by construction, and / A is common.
“Therefore, triangles 470 and AFB are similar. Therefore, AF| AT =
BF|OL But AF = 2 AI Therefore, BF — 2 O], But O7 is greater than
OS, which is one half diameter /75, Therefore, BF is greater than "HS,
and circumference ACBD is greater than circumference SN, Therefore,
(BF + citcum ACBD) > (HS - citcum SNH). But (BF - citcum ACBD)
is equal to the conical sutfaces of the polygonal body, by the preceding
[proposition]. And the product of diameter 275 and circumference SNH

Is equal to the sutface of sphere .4C BD, according to the pseudographer.

Therefore, the conical sutfaces of the polygonal body are greater than

the surface of sphere ACBD, i.e., the “included” [is greater] than the
“including.” which is impossible. [Hence] the proposition remains [as
the only true possibility]. ‘ .

[Corollaries:] From this, therefore, it is evident that the sutface of
2 sphese is quadruple [the area of] the greatest circle of the same sphere,
-and fit is further evident that} it is-equal to the lateral surface of 2 cylinder
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s spere. Tota quoque huius columpne supetficies. superﬁmel spete sex-
qu1altera est.

Ut enim in quadratura, citeuli ostensum est quod fit ex ductu quarte
partis diametri in circumferentiam est equale circulo. Ergo quod fit
ex diametro in circumnferentiam, scilicet superficies spere, est quad-

so tupla ad circulum, Item ex ductu diametsi in circumferentiam maximi

circuli fit superficies spere, et ex ductu axis in circumferentiam basis

fit curva superficies columpne. Si ergo et axis et diameter basis colump-

ne sit equalis diametro spere, erit superficies spere superficiei iliius

columpne equalis. Ex hoc liquet quod curva superficies columpne cum

ss duobus circulis qui sunt extremitates columipne est sexquialtera ad
“supetficiem spere. Et hoc erat probandum.

Liber secundus

[Descriptio:] Omne corpus erectum supet basim supereminenti su-
petficiei equalem et similem et equidistantem sub basi et altitudine

~ dicitur contineri. _
s~ VIL OMNE SOLIDUM CONICARUM SUPERFICIERUM IN-
SCRIPTIBILE ET CIRCUMSCRIPTIBILE SPERE EQUUM ES
PIRAMIDI CUIUS BASIS SIT EQUALIS SUPERFICIEI SOLID

ET ALTTTUDO SEMIDIAMETRO SPERE INSCRIPTE SOLIDO
Fisto solidum conicarum supetficierum CAQAB inscriptibile et cig

1o cumscriptibile spete [Fig. 70]. Dico quod corpus ACBQ est equal
piramidi cuius basis est equalis conicis superficiebus ACBQ corpori
propositi et altitudo equalis semidiametro spere inscripte solido ACA
Rationis causa, Protrahantur a centro O ad tria latera superficig
poligonie, que circumvoluta facit solidum, tres perpendiculares.

ne  sint OF, OT, OZ. | Protrahantur item ad quatuor angulos C, F;

46 est om. O bus mg. B mann remztiori secundus g,
48 ante diametri del. B circumferentie | dia- {f. 937)

metti: circumferentie diametri C 2 [Descriptio] mg. H om. alii MSS di
49 diametro: ductu diametri 4 tio mg. D
sz et om. B 5 VIL: 73ADIBI*1]/sohdumBC
54 equalis #r. 4 post spere [ equale C pra ser. A corpus in fextu A

56 erat probandum .4 est BC, sed post est 10 ACBQ corr. ex ACQB i BCA
add. C manu recentiori quod ostendere 11 ACBQ C ACQB BA
voluimus [ 7 mg. habet B manu reventiori - 13 Protrahatur €
Explicit primus liber 14 poligonii .4

1 Liber secundus mg. B mg. A secundus 15 OT, OZ: OZ, OT C
liber Archimenidis de curvis superficie- )
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whose axis and base didmeter are each equal to the diameter of the sphere.
Further, the whole surface of this cylinder is three halves the surface of the
sphere, . ' ‘
. For in the Quadrature of the Circle it was demonstrated that the product
- of (1) one quarter of the diameter and (2) the circumference is equal to
the circle. Therefore, that which arises from the product of the diameter
-and the circumference—that is, the surface of the sphere—is quadruple
the circle. Also [if] from the product of the diameter and the circumference
of the greatest circle arises the sutface of a sphere, and if from the product
of the axis and the base circumference the lateral surface of a cylinder is

produced, then, when the axis and the base diameter of the cylinder are.

cach cqual to the diameter of the sphere, the surface of the sphere will be
equal to the [lateral] sutface of the cylinder. From this it is evident that the
lateral suzface of the eylinder together with the two citcles which are the

- bases of the cylinder is three halves the surface of the sphere. And this
is what was to be proved. '

Book IT

[Description:] Every body erected on a base which is parallel, equal,
and similar to a sutface rising directly above [the base] is said to be
contained by the base and the altitude. '

VIL. EVERY SOLID CONSISTING OF CONICAL SURFACES
AND INSCRIBABLE OR CIRCUMSCRIBABLE IN A SPHERE IS

OF THE SOLID AND WHOSE ALTITUDE [IS EQUAL] TO THE
RADIUS OF THE SPHERE INSCRIBED IN THE SOLID. -
Let there be a solid C.AQB (AC BQ) having conical surfaces, which solid
- s inscribable and circumscribable i a sphere [see Fig. 70]. I say that
- body ACBQ is equal to a cone whose base is equal to the conical surfaces
of the proposed body .4C BQ and whose altitude is equal to the radius of

the sphere inscribed in solid ACBQ.

[Construction] needed for the proof: Let there be drawn three perpen-
diculars from center O to three of the sides of the polygonal sutface whose
Totation makes the solid. Let these petpendiculars be 07, O7, and OZ.

L

EQUAL TO A CONE WHOSE BASE IS EQUAL TO THE SURFACE -
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s A acentro quatuor linee OC, OF, ON, OA. Protrahantur itaque AN,
NF in occursus linee OC. Ab F item ducatur perpendicularis 7
ad OC, et ab N perpendicularis N17ad OC.

Ratio. Age. Triangulus OFC, stanti OC, circumductus facit du-

2 plicem piramidem O FC, equalem piramidibus OPF, PFC. Sed colump-

na que fit ex ductu PC in circulum quem describit FP circumvoluta
est tripla ad piramidem PFC per IX duodecimi Elementorum. Et
columpna que fit ex ductn PO axis in circulum quem describit 7P
est tripla ad piramidem FPO per eandem. Quod ex ductu 2xis in
basim fiat columpna sumat demonstratot pro tato per precendentem
descriptionem. Quod etgo fit ex ductu totius OC in eundem circulum

triplum est duplicis piramidis OFC per primam secundi. Sed tam 7

quam P est rectus et C communis. Etgo OIC, CPF trianguli sunt

25

similes. Ergo que est porportio linee OC ad O eadem est CF ad FP.
Et que est propottio CF ad FP eadem est curve superficiei piramidis

30

FCP, quam desctibit linea FC, ad citcolum quem describit FP per

cotollarium prime huius. Ergo quod fit ex ductu OC linee in circulum
descriptum ab FP, quod, scilicet, est aliqua columpna per descrip-: -

tionem precedentem, est equale el quod fit ex O linea in curvam supet
ficiem piramidis 7/PC, quam desctibit linea 7°C. Sed quod fit ex ducty
OC in circalum quem describit FP circumvoluta est columpna tripk
duplici piramidi OPF, PFC, pet IX duodecimi Elementorum ¢

35

30 Bt: Sed A | proportio om. A
331 FCP: FOP A [ FP: SP A
32 corellatinvm B

33 FP: SP A o

34 ei: illi 4 [ ex: ex ducta A -

16 itaque: gue C

17 ante NF del. C AF
17, 21, 23 FP: SP A4
21 citcumvoluta e, B

221X X1 A

23 PO: PC A 33-34 descriptionem precedentem #7. «
24 FPQ: SPC A 34 linee A

25 sumat B sumit A4 summit C' 36 FP: SP.A

28 CPF: PFC A 37 IX: XTI A

29, 30 CF ad FP: OF ad Sp A4
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Also let the four lines OC, OF, ON, and O.A be drawn from the center
.. to the four angles C, F, IV, and 4. And then let AN and NF be extend-

cd until they meet line OC [extended]. Also, from # let FP be drawn

perpendicular to OC, and from N, NI perpendiculat to OC.

Proceed with the proof: With OC fixed, A OFC by rotation produces
the double cone OFC, equal to cones OPF and PFC. But the cylinder
which arises from the product of PC and the circle described by FP in
rotationis three times the cone PFC, by [Proposition] XI1. o* of the Elements
And the cone which arises from the product of axis PO and the circle
described by 7P is three times the cone FP0O, by the same [proposition)].
The demonstrator assumes that the cylinder arises from the product of

Fig. 70 .

the axis and the base, as is confirmed by the preceding description [given
just prior to Proposition VII]. Thetefore, the product of the whole OC
and the same circle is three times the double cone OFC, by [Proposition]
ILx [of the Elements]. But both / Iand /£ P are right angles, and / C
is common. Therefore, triangles OJ/C and CPF are similar. Therefore,

' OCJOI = CF|FP. But the ratio of CF to FP is the same as that of the
lateral surface of cone FCP described by line FC to the circle described
by FP, by the cotollary of [Proposition] I of this [work.] Therefore, the
product of line OC and the circle described by 7P, which product evidently
- Is equivalent to some cylinder by the preceding description, is equal to
- the product of line OT and the lateral surface of cone FPC described by
line FC, But the product of OC and the circle described by £P in rotation
$ [equal to] a cylinder which is [in volume] thtee times the double cone
OPF, PFC, by [Proposition] X11.g of the Elements and by the preceding

¥ Greek text XIL1o throughout this proposition.
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precedentem descriptionem, Ergo solidum quod fit ex ductu linee
Of in curvam superficiem quam describit #C in FCP piramidem est
equale illi columpne, et ita est triplum ad duplicem piramidem OPF,
PFC. Sed lins eiusdem columpne, que fit ex O in curvam superfi-
clem que sit equalis curve superficiei piramidis 77PC, quam supetfi-
ciem describit 7C circumvoluta, subtripla est piramis cuius altitudo
0O, basis vero equalis curve superficiei quam describit FC, per IX
duodecimi Elementorum. Ergo duplex piramis OF P, FPC est equalis
piramidi cuius altitudo OF, basis vero circulus cqualis curve super-
ficiei quam describit FC. Sit ergo illa piramis rotunda piramis A4
Amplius, ex ducte O} axis in circulum descriptum ab N1 fit
columpna tripla piramidi NT70 et ex ductu V0 in eundem circulum
fit columpna tripla piramidi NDV. Ergo per primam secundi quod
fit ex OD in cundem circulum est triplum duplici piramidi DNT/,
NVO. Item tam 17 quam Z est recus et D est communis, Exrgo N17D,
DZO trianguli sunt similes. Ergo que est propottio OD ad.ZO eadem -
est DN ad NV, Sed que est DN ad NT7 eadem est curve supetficiei
piramidis DNV, quam desctibit DN citcumvoluta, ad citculum cuius.
semidiameter est N1/, per corollarium prime huius. Ergo que est
proportio linee 0.D ad OZ eadem est curve superficiei quam describit
ND ad circolum quem describit N1/, Ergo quod fit ex ductu hnce.
0D in circulum descriptum ab NV, primi, scilicet, in ultimum, equumy
est ei quod fit ex ductu linee O in curvam superficiem quam describit
ND, scilicet unius medii in reliquum. Sed ex ductu OD in circulum
quem describit N1 fit columpna, per precedentem descriptionem;
tripla duplici pitamidi N0, NT7D, pet IX duodecimi Elementorum;
Ergo quod fit ex ductu linee OZ in curvam superficiem plra.m.ldl
NDV, quam describit linea N, est equale columpne triple ad dul
plicem piramidem N0, NIV D. Ergo piramis cuius altitudo est 02
basis veto circulus equalis curve supetficiei piramidis NV/D, quatx

38—39 lince OI #r. .4 om. A

39 FCP: FOP 4 59 OD om. C :
42 supetficiei om. A / FPC: SPC A4 6o lince OZ #. A .‘{'
43 piramidis .4 ) 61 scilicet A om. BC

45 FPC: SPC A4 o 63 tripla: est teipla A [ piramidi om. A
46 equalis o, A . . IX: X1 .4

52 NVD: NOD A4 65 equale columpne B equahs A cq al
53 estom. € columpne C
54 NVI: NO C 66 est A om. BC u
55 DN: linea DN A4 67 equalis A em. BC N

§6 setni- supra ser. B | cotellarium B [ Brgo
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description. Therefore, the solid arising from the product of line O and
the lateral sutface of cone FFCP described by FC is equal to that cylinder,
and thus is triple the double cone OPF, PFC. But the cone whose altitude
is O and whose base is equal to the lateral surface which FC describes is
one third that same cylinder which arises from the product of O7 and the
lateral surface of cone FPC described by FC in rotation; this is by [Propo-
sition] XI.g of the Elements. Therefore, the double cone OFP, FPC is
equal to the cone whose aititude is O and whose base cizcle is equal to
the lateral surface described by FC. Therefore, let this cone be conc A7,
Further, from the product of axis O1” and the circle described by N1~
atises a cylinder which is thtee times the cone N7/0, and from the product
of VD and the same circle arises a cylinder which is three times the cone
NDV. Therefore, by [Proposition] IL 1 [of the Elements], the product of
0D and the same circle is three times the double cone DNT/, NT70. Also,

V" as well as £ is 2 right angle, and / D is common. Therefore, triangles

NVD and DZO are similar. Therefore, OD[Z0 = DN|NV. But as
DN is to N1/, so the lateral surface of cone DN described by DN
in rotation is to the circle whose radius is VI, by the corollary of the
first [proposition] of this [work]. Therefore, the ratio of 0D to OZ is the
same as that of the lateral surface described by VD to the circle described
by NV, Therefore, the product of line O and the circle described by
NV, ie., the product of the first and the last term, is equal to the product
of line OZ and the lateral surface described by VD, i.e., the product of the
two middle tetms. But the product of O.D and the circle described by N1~
equals, by the preceding description, a cylinder which is three times the
double cone NVO, NV D, by [Proposition] XIL.g of the Elements. There-
fore, the product of line OZ and the lateral surface of cone VD1 desctibed
by line VD is equal to a cylinder which is three times the double cone
NVO, NV D. Therefore, the cone whose altitude is OZ and whose base
is a circle equal to the lateral surface of cone N1D described by VD is

P A
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6 D: D est 4 83 IX: XTI .4
72—74 cujus.. . circulum om. A 86 equale: est equale 4
73 corellagivm B g3 FPO: PF A4

77 piramidis A piramidum BC

78 OD om. 4’| columpna: conica A

79 equale &
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. describit VD, est equalis duplici piramidi NVO, NT'D, cum earom

utraque sit ad idem subttipla. Item tam P quam Z est rectus et D
communis. Ergo DFP, DOZ trianguli sunt similes. Ergo proportio
0D ad OZ que FD ad FP. Sed que FD ad FP eadem est curve super-
ficiei piramidis FDP, quam describit F/), ad circulum cuius semidia-
meter est linea /P per corollarium prime huijus. Ergo proportio OD
ad OZ que curve superficiei quam describit FD ad cirenlum quem
describit FP. Ergo quod fit ex ductu linee OD in circulum quem
describit /P est equale el quod fit ex ductu OZ in carvam superficien
piramidis F70P, quam superficiem describit linea 2F. Sed ex ductu
0D in circulum quem describit F2 est columpna ttipla duplici pira-
midi FDP, FOP. Et quod fit ex ductu OZ in circulum equalem curve
supetficiei piramidis: FDP, quam superficiem desctibit FD, est equ-
ale columpne triple ad piramidem cuins OZ altitudo, basis vero cir-
culus equalis curve superficiel piramidis FDP, quam supetficiem de- -
scribit /7.1, per precedentem descriptionem et IX duodecimi Flemen-
torum. Ergo pitamis cuius altitudo OZ, basis vero circulus equalis.
curve supetficiei quam describit 77D in piramidem FDP est equalis®
duplici piramidi FDP, FPO; subtriplum subtriplo equale sicut tri--
plum [ triplo. Sed piramis cuius altitudo OZ, basis vero citculus equalis:

culus equalis curve superficiei quam describit NF citcumvoluta, P
stanti, est equalis differentie duplicium piramidum DVN, NVO e

dens a linea VD, circumvolutus, DO stanti. Illa piramis sit S..

Regula enim hec fitmissima est: Quarumlibet duarum pirimidug
inequalium [einsdem altitudinis] differentia equatur piramidi eiusden
altitudinis cuius basis equatur differentie basium illaram piramiduny
Quod sic probatur. Sit piramis D.BO, cuius basis circulus .45, cathe
tus O, ypothenusa DB, et minor piramis ODE eiusdem altitudinis

altitudo #r. A

o4 Illa piramis om. 4

95-96 piramidum inequalium #r. A

96 [elusdem altitudinis] supplevs
98 AB:IB .4
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equal to the double cone N0, N VD, since each of them is one third
of the same quantity. Also, P as well a5 7 is a right angle, and / D is
common, Thertefore, triangles DFP and DOZ are similar, Therefore,
ODJ|OZ = FD|FP. But the tatio of FD to FpP is the same as that of the

 lateral surface of cone FDP described by FD to the circle whose radius -

is line FP, by the corollary of the first [proposition] of this [work].
Thetefore, .

oD - lateral surface described by 713
0Z —  circle described by FP

Therefote; the product of line O and the circle described by FP is

equal to the product of 07 and the lateral sutface of cone FDP described

- by line DF. But from the product of 0.0 and the citcle described by 7P
atises a cylinder which is three times the double cone FDP, FOP. And
the product of O.Z and the circle equal to the lateral surface of cone FDP
described by FD is equal to cylinder which is three times the cone whose-
altitude is O and whose base is cqual to the lateral surface of cone FDP
 desctibed by FD, by the preceding description and [Proposition] X1I.g
of the Elements, Therefore, the cone whose altitude is OZ and whose base
is a circle equal to the lateral surface which £D describes in cone FDP
is equal to the double cone FDP, FPO, for one thirdis to one third as triple
is to triple. But the cone whose altitude is OZ and whose base is a circle
equal to the lateral surface of cone NT7D described by line N.D in rotation,
with 17D fixed, has previously been shown to be equal to the double cone
NVO, NVD, Therefore, the cone whose altitude is 0OZ and whose base
is a circle equal to the lateral surface described by VF in rotation, with
. PV fixed, is equal to the difference between the double cones DVN,
. NVOand DPF, FPO, e, to the body described by A NFO in rotation
whete line VD is revolved with DO remaining fixed. Let this cone be 5.
For the following rule is firmly established: The difference [in volume]
etween two unequal [right circular] cones [of the same altitude] is equal
0 2 fthird right circular] cone of the same altitude whose base is equal
o the difference [in area] between the bases of those cones. Proof: Let
thete be cone DBO, whose base circle is AB, altitude OD, and slant

£d
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w00 cuius basis circulus GE, ypothenusa DE [Fig. 71]. Differentia A48
citculi ad GE circulum vocetur K. Sitque ciiculus A/ equalis K, et
piramis MS fundata super M circulum, cuius altitudo cqualis OD. .

Ratio. Age. Que est proportio D BO piramidis ad DOE piramidern
eadem est AB circuli basis ad GE citculum basim, per XI duodecimi.

- Ergo que est proportio DBO ad augmentum DBO super DOE eadem
est AB circuli ad K superficiem per eversam proportioneni. Ergo a
pati que est DBO ad augmentum suum supet DOF eadem est A8
circuli ad M circnlum. Sed que est AB circuli basis ad A/ circulum
basim eadem cst DBO piramidis ad MS7 piramidem, cum sint eius-

o dem altitudinis per X1 duodecimi. Ergo proportio DBO ad augmen- '

rum sunm supra DOE que DBO ad MST piramidem. Ergo augmen-
tum DBO piramidis super DOE est equale MST piramidi, quod pro-
posuimus. Principali ergo proposito insistamus. '
Amplivs, in AOE, TOE tam O quam T angulus est rectus, et £
os  est communis, quod ut in anteproxima propostitione probari potest..
Ergo OAE, OTE trianguli sunt similes. Ergo ptopotto OF ad OF;
est que FA ad OA. Et que est AE ad A0 eadem est cutrve superficie]
AOE ad circulum quem describit .40, Ergo que est propottio OF

3 ad OT eadem est curve supetficiei piramidis A0, quam superficie )

3 v describit AF, ad circulum quem describit 40. Ergo solidum quog

£t ex ductu OF in circulum quem desctibit 4O est equale solidg

100 DE: OD C  l14-15 if...communis 4 AOC an

10z M: AN A | equalis: est equalis .4 est rectus BC

103 DBO: ABO 4 . 115 potest A potest et E est comm
104, 106, 107, 108 AB: 1B 4. BC

104 basem A | XI A IX BC 117 BA: AE A4 | OA: AO A | &
107 DBO: proportio DBO .4 om. AC _
109 basem AC [ est om. C 118-20 Ergo...AO om. A

111 supra: super C [ DBO: DBC A 118 estom. B.
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1 height DB [see Fig. 71]. And [let there be] a smaller cone. ODE of the
; same altitude, whose base is citcle GE, and whose slant height is DE.
The difference [in area] between circles .43 and GZ we let be designated

as K. Then let there be a circle A/ equal to K, and erected upon circle A7
' a cone M, whose altitude is equal to 0D,

=
\A

~Fig. 71

A . cone DBO  base circle .48
Now proceed with the proof: cone DOE — Tase circle CF by XII.11

- ‘ ' ~cone DBO __ circle AB
: [of the Llements). Therefore, cone DBO — cone DOE = “serfacs 7 by

¢ conversion of ratios. Therefore, by equality,
cone DBO circle 48

cone DBO — cone DOE ~  cirde A7

of the same altitude; this is by XIL11 [of the Llements]. Therefore,
- cone B0 __cone DBO

cone DBO — cone DOE~ cone MST .

Berefore, cone DBO — cone DOF — cone MS7, which we proposed.

tefore, let us press on to the principal proposition [see Fig. 70, above].

urther, in [triangles] 40K and 7T OF, O as well as T is a right angle,
is common, which can be proved as in the proposition before
teceding one [ie., as in Proposition V]. Therefore, triangles O.4F

TE ate similar, Therefore, OEJOT = BEAJO.A. And

AE  lat surf cone AOE »
A0 "~ circle described by A0

ut base circle ABfbase circle M/ = cone DBO/ cone MST, since they
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quod fit ex ductu O in curvam supetficiem piramidis AOF, quam
superficiem describit AF. Sed quod fit ex OF in circulum quem de-
scribit 4O est columpna, tripla ad piramidem AOFE. Et id quod fit
ex ductu O7 in curvam supetficiem piramidis 4O, quam supetficiem
describit linea AF, est equale columpne triple ad piramidem, cuius
altitudo O7, basis vero circulus equalis cutve supetficiet piramidis
AOE, quam superficiem describit linea AE. Brgo piramis ACL est
equalis piramidi cuius aititudo OT, basis vero circulus equalis curve
superficiei pitamidis AOK; subtriplum subtriplo sicut trplum triplo.
Deinde simili ratione sicut superius tespiciantur OTE, NI/ E ttian-
guli similes, cam tam 7 quam 7 sit rectus et £Z communis. Ergo pro-
portio OF ad OT que EN ad NV Sed que ZN ad N7 eadem est
curve supetficiei piramidis NTE, quam supetficiem describit linea
NE, ad circulum cuius semidiameter est NV, per corollarium prime
huius. Brgo que est proportio OF ad OT eadem est cutve supeficiei
pitamidis NVE, quam superficiem describit NE, ad circulum quem .
describit N1/, Etrgo quod fit ex OF in circulum quem desctibit NT7 |
est equale illi quod fit ex ductu OT in curvam supetficiem quam de-
scribit NZ. Sed ex OF in circulum quem describit V1 fit columpn
tripla duplicis piramidis NIVE, NTO, per precedentem descriptione
et pet IX duodecimi. Bt quod fit ex O7 in curvam superficiem quar
describit NE est columpna tripla piramidis, cuius altitudo O7, basi
vero circulus equalis curve superficiei quam desctibit N, per canden
descriptionem et per IX duodecimi. Ergo duplex piramis N0, NV
est equalis piramidi cuius altitudo OT,, basis vero circulus equalis curv
superficiei quam describit NE. Sed piramis 4O preostensa est es
equalis piramidi cuius altitudo O, basis vero circulus equalis cu
superficiel quam describit .45, Brgo piramis cuius altitudo OT, basi
veto circulus equalis cutve superficiei quam describit AN ditc
voluta, O stanti, est equalis corpori quod est differentia pirat
AOF ad duplicem piramidem NT/E, N0, scilicet cotpus quod d

latium B 147-50 NE....describit om. A

=
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Therefore. OF _ lat susf cone AOF described by AF

or circle described by A0 * Therefore,

(OF - circle described by A40) = (OT - lat surf cone AOFE described by
<1E). But the product of OF and the circle described by AO is a cylinder
which is three times cone AOE; and the product of O7 and the lateral
sutface of cone A0F described by line A% is equal to a cylinder which is
three times the cone whose altitude is O7 and whose base circle is equal
to the lateral sutface of cone AOL described by line AF. Therefore,
cone AOE is equal to a cone whose altitude is O7 and whose base circle
is equal to the lateral surface of cone AOE, since 1f3 is to 1/3 as 3 is to 3.

Then by an argument similar to that above, triangles OTE and NT'E are
regarded as similar since 1 as well as 7' is 2 right angle and / FE is
common. Therefore, QLJOT = ENJNV. But

EN _lat surf cone NI'E described by line NE
NV circle of radius N~ ’

by the corollary of the first [proposition] of this [work]. Therefore,
OF  lat sutf cone NIVE described by line NE ] 'Thefefore
or — circle described by NT7 ’

(OF - circle described by N17) = (OT - lat sutf described by NE).
But the product of OF and the circle described by N1 is a cylinder
which is three times the double cone AV VE, NVO, by the preceding
description and by [Proposition] XTL. 9 [of the Zlements]. And the product
of O7 and the lateral surface described by NE is a cylinder which is three
- times a cone whose altitude is O7 and whose base circle is equal to the
- lateral surface described by NE, by that same description and by XILg
- [of the Llements]. Therefore, the double cone N IO, NVE is equal to a
- cone whose altitude is 07" and whose base circle is equal to the lateral
utface desctibed by VE. But cone .40 was easlier shown to be equal
o the cone whose altitude is 07 and whose base circle is equal to the
ateral surface described by AE. Therefore, the cone whose altitude is
07" and whose base circle is equal to the lateral surface described by
AN in rotation, with O~ remaining fixed, is equal to the body con-
titated by the diffefence [in volume] between cone AOF and the double
ne NVE, N0, ie., the body which triangle NO.4 desctibes when
is revolved around OF as an axis, by the rule set out eatlier. Let
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l - - - 3 - . -
l i stanti, per premissam regulam. Iila piramis que est equalis huic diffe-
f . - - . . . . .
1 ( nse  rentie [sit G. Ergo si memineris priorum G, §, M piramides sunt
8 1 ; 56 equales medietati corporis poligonii, et earum tres bases sunt equales
I

curve superficiel medietatis poligonii, et earum altitudo, O7 sive OF
sive 07, que sunt equales medietati diametri spere que inscribitur
poligonio.

160 Simili demonstrationis progressu probetur alia medictas corporis
poligonii, scilicet AQB, esse equalis tribus piramidibus quarum alti-
tudo sit equalis semidiametro spere inscripte solido, bases vero equales
curve supetficiel conice medietatis poligonii. Sit deinde piramis R
fundata super basim circulum LK equalem sex basibus sex pitamidum

65 que probate sunt esse equales corpori poligonio, Sit etiam R equalis
altitudinis illis sex piramidibus. Exit ergo piramis R illis sex piramidi-
bus equalis, quia que est proportio piramidis ad piramidem eadem
est basis ad basim, cum sint eiusdem altitudinis, per XI duodecimi, -
Erit ergo piramis R mediantibus sex piramidibus equalis corpoti

o solido poligonio, eiusque basis circulus LK equalis conicis superfi-;
ciebus cotpotis, et altitudo R equalis O7 linee que est equalis semdia-
metro spere inscripte solido. Relinquitur ergo ratum quod-longe diu-
que venati sumus. ‘
~ Si tamen poligonium equilaterum et equiangulorum circulo inscti:

175 batur, cuius medietas sit laterum numero imparium, et stanti diametro
circumvoluatur et faciat solidum poligonium, dubium esse potes
utrum illud solidum sit equale piramidi cuius altitudo sit equalis se

diametro spere insctipte solido et basis sit circulus equalis coni

superficiei solidi. Quod quia auctor non proposuit, et nos illud inve
tigare omittimus et diligenti relinquimus posteritati*.

154 stante ¢ 166—67 Erit...equalis om. A
155 S, M #r. A , 167 eadem: ea A4

156—57 et..,poligonii am. A 168 basem AC

158 que 4 quod BC 171 corpotis om. A

j 160 demonstrationis. .. probetur: rationis  172~73 longe dinque: diu longeque A
F progressu et demonstratione consimili 175 sit laterum #. A [ stante €

probatur .4 ) 179-80 auctor...posteritati: non prop
161 esse om. A tum ab auctote nos investigare Of
164 basem .4 : timus et posteritatis diligentie &
165 poligonii .4 quemus 4

i * See Section 5 below for the proof by  for the case where the half-polygon
ia the scribe of Manuscript & of the theorem  odd number of sides. -
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the cone equal to this difference be G. Therefore, if you recall the earlier
statements, cones G, M, and § are equal [in sum] to one half of the
polygonal body, and their three bases are equal [in sum] to the lateral
surface of half that polygonal [body], while their altitude, OT or OF or
OZ, is equal to the radius of the sphere inscribed in the polygonal [body].

By a similar line of demonstration, let it be proved that the other half
of the polygonal body, i.e., AQB, is equal to three cones each of whose
altitudes is equal to the radius of the sphere inscribed in the solid and
whose bases are equal [in sum] to the conical curved surface of the half
polygonal [body]. Then let there be a conc B* erected on base circle X
equal to the six bases of the six cones which have been proved to be equal
[in sum] to the polygonal body. Also let R be of altitude equal to that
of [each of] the six cones. Therefore, cone R will be equal to these six
cones, for the ratio of cone to cone is the same as that of base to base
when the cones are of the same altitude, by XIL1x [of the Elements].
Therefore, cone R by the mediacy of the six cones will be equal to the
solid polygonal body, and its (R’s) base citcle LK is equal to the conical
surfaces of the body, and R’s altitude is equal to line O7, which is [itself]
equal to the radius of the sphere inscribed in the solid. Therefore, what
we sought a long time ago remains as established.

If, however, half of the regular polygon inscribed in the circle has an
odd number of sides, it can be doubted whether the solid formed by the
polygon’s rotation about a fixed diameter is equal to a cone whose altitude
is equal to the radius of the sphere inscribed in the solid and whose base
is a circle equal to the conical sutface of the solid. But since the author
has not proposed it, we shall refrain from investigating it, leaving it to
a diligent postetity.

*R is not actually constructed on the figure.
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VIIL. -OMNIS COLUMPNA CUIUS ALITIUDO DIAMETRO
SPERE ET BASIS MAXIMO CIRCULO IN SPERA FUERINT
EQUALES SEXQUIALTERA EST SPERE, SICUT ET TOTA
SUPERFICIES COLUMPNE SUPERFICIEI SPERE SEXQUIAL-

s TERA EST. '

Ne quis veritati demonstratoris oblatret et demonstrationis tenorem
interrumpat, priusquam propositum aggrediamur, quoddam elemen-
tum ad propositum perutile proponatur, et probetur quod tale est.
Si fuerit propottio primi ad secundum que tertii ad quartum, fueritque

w id quod fit ex ductu quinti in primum maius eo quod fit ex ductu
sexti in secundum, erit quoque id quod fit ex ductu quinti in tet-
tinm maius eo quod fit ex ductu sexti in quartum.

Exemplum. Sit A4 ad B ut C ad D et fiat ex ductu £ in .4 quantitas

. Getex Fin B quantitas /; sitque G maior quam H [Fig. 72]. Et item -
15 €x I in C fiat quantitas A et ex F in D quantitas S. Dico quod A/ ..

est maior 5.

Dispositio. Ducatur £ in B et fiat R, et F in D et fiat /V. Ratio, .

Age. Ex Ein A fit G; ex E in B fit R; ergo cum productorum et -
producentium eadem sit proportio, erit G ad Rut A ad B. Itemex B

2 in Bfit R; ex Fin B fit H, ergo que est proportio £ ad F eadem est’ !

R ad . Rursum, ex E in C fit M; ex E in D fit IV, ergo proportio C
ad D est que M ad N. Ttem ex Ein D fit V; ex Fin D fit §, ergo que
est propottio £ ad J7 eadem est NV ad S. Sic ergo collectis premissi :
etit propottio G ad R que M ad NV et R ad A que N ad S. Exgo p
=5 €quam propotrtionem que est proportio G ad / cadem est M ad
Sed G est maior H. Ergo M est maior S. Sic quod cum iam const
principali attingamus proposito. '
Esto exemplum @A/ columpna cuius altitudo linea QA est equali

1 VIII: 82 D om. ACTL B 2> J secunda 15 fiat AC o B [et om. A
conclusio mg. B mans recenviori [mg. B 17 B2: C A
mant recentiors: glossum ex magnacausa 19 producentium et productorum A
quod {quia #) includitur notabilis con- o, A
clusio... 22 est om. A
2 in spera A om. BC 23 eadem: ea A4

6—7 tenorem interrumpat A #. BC 24R:HC [N2: M A
7 quoddam om. A ‘ 26 8 om.. C [ Sic om. . AC
8 perutile: utile A4 27 atdngamur {2} C

13 flat B fit AC 28 est o, A

14 item: tunc A4 . :
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VHI. EVERY CYLINDER WHOSE ALTITUDE IS EQUAL TO
THE DIAMETER OF A SPHERE AND WHOSE BASE 1S EQUAL
TO THE -GREATEST CIRCLE IN THE SPHERE IS THREE
HALVES THE SPHERE, JUST AS THE TOTAL SURFACE OF
THE CYLINDER IS THREE HATVES THE SURFACE OF THE
SPHERE.

Lest anyone carp at the soundness of the demonstrator and interrupt
the course of the demonstration, let us—before we undertake that which we
have proposed—posit and prove a certain principle useful for [proving]
the proposition. [The principle is this 1] If the ratio of the first [term]
to the second is as that of the third to the fourth, and if the product of
the fifth and the first is greater than the product of the sixth and the second,
so also will the product of the fifth and the thitd be greater than the pro-
duct of the sixth and the fourth.

Exemplification: Let A/B = C/D. Let £+ 4 — G,and F+- B = H,
and let G > H [see Fig. 72]. And also let B - C — M, and F-D = §.
I say that A/ > S, :

A c E-

B : D , F

—

Fig. 72

Disposition: Let Z+ B = R, and B+ 1D — V. Now
. proof: With B+ 4 —

proceed with the

With £+ D = N, and F- D — §, therefore E[F = NJS. Therefore, with
all of these statements set forth together, G/R = M|N, and R|H = NJS.

erefore, by the equality of ratios, G/H = M|S. But G > H, therefore
> §. Since this is now evident, let us take up the principal proposition.
For example, let there be a cylinder QA1 whose altitude, line QM is
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. AE diametro spere F et basis ejus circulus RS maximo circulo £
s spete, scilicet circulo . ADEC, sit equalis [Fig. 73]. Dico quod colump-
na QM est sexquialtera spere F. Sin autem, sit QM sexquialtera maioris
‘i vel minoris, et primo K spere minoris.
S Dispositio. Insciibatur ACED circulo poligonium equalium late-
rum et numero parium, circulum /7 minime contingentium. Deinde
s a G in E ducatur linea recta EG, et ab O centro utriusque circuli
ducatur OJ perpendicularis ad 4G, Stanti ergo AF, citcumvolvatur |
poligonium et fiat corpus conicarum superficierum. Fit circumvelvatur |
semicirculus A DE fiatque spera F, et H YT semicirculus fiatque spera
b K. Medietas autem corpotis conicarum superficicrum dicator 2.
- .0 Ratio. Age. Quod fit ex ductu 4O in citcumferentiam ADEC est
‘ S duplum circuli ADEC, per [ primam- Archimenidis. Et quod fit ex
EG in eandem circumferentiam est duplum P per quintam huius,
Ergo que est propottio 40 ad EG eadem est circuli ADEC ad supet-
ficiem P. Sed .40 est maior OF, cum 7 sit rectus, et AE maior £G,
s cum G cadens in semicitculum sit rectus. Ergo maius est id quod.
fit ex ductu AF in 40 quam ex OI in BG. Sit ergo O.A primum, EG.-
secundum, circulus ADEC tettium, P quartum, AE quintum, O
sextum. Ergo per id quod paulo ante principale propositum probav
$ mus maius est id quod fit ex AE quinto in ADEC circulum tertium
g so  scilicet columpna OM, que dicta est esse sexquialtera spefe K, eo quo d
E fit ex ductu OF sexti in P supetficiem quartum. Sed quod fit ex duc
OI in supetficiem P est triplum semisolidi, per proximam. Ibi eni
probatum est quod tres piramides quarum altitudo est O, bases vet
sunt equales conice supetficiei semipoligonii, sunt equales semipo;
55 gomo et ad illas tres triplum est quod fit ex ductu OJ in P supetficie
conicam semipoligonii. Ergo quod fit ex Of in supetficiem P se3
| quialterum est totius solidi. Ergo collectis ptioribus columpna Q4
i que est sexquialtera ad speram K, est maiot quam sexquiaitera to!
_ solidi conicarum superficierum. Hrgo K subsexquialterum est m
6o quam solidum, pars suo toto, quod est impossibile. Relinquitur eff

3o ADEC: ADOE A ) quod quomam A 4849 principale...probavimus AC"

32 ptimo #. A4 post minoris? missimus B
33 ACED: ACDE A4 49 id om. A [ circulum oz, A
i 39 corporis #r. A pos? supcrﬁcmrum 54 sunt? om. A
i 42 ante huius del. BIIIN; C haber IIII™ 55 tres A tres est BC | tnplum est #r.;
43 AO:AD A quod cumquodB/OI M.A

44 AE:; AE est 4 : 8 maior: maius A | sexquialterum
. . q
45 id om. A .
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equal to diameter A% of sphere F and whose base circle &S is equal to the

greatest circle of sphere F, i.e., to circle ADEC [see Fig. 73]. I say that

cylinder @M is 3/2 sphete F. For if not, let U4/ be 3/2 [asphere] greater
of less [than /. In'the first place [let it be 3 /2] a lesser sphere XK.
Disposition: Let there be insctibed in circle LACED a regular polygon
of an even number of sides, which sides do not touch circle A7 at all.
Then let straight line ZG be drawn from G to E, and let line 07 be drawn
from center O of each circle perpendicular to .4G. With 45 as an axis,
let the polygon be rotated, forming a body with conical surfaces. And let
the semicircle ADE be rotated, forming sphere F; and let semicircle
- HYT be rotated, forming sphere K. Moreover, let half of the body with
conical surfaces be designated as P. _ o
Proceed with the proof: (A0 - citcum ADEC) = 2 circle ADEC, by
the first [proposition of the Measurement of the Cirele] of Archimedes, And

(EG - circum ADEC) = (2 - sutface of P), by the fifth [proposition] of .

this [work]. Therefore, 40/EG = circle . ADEC]sutface of P. But .40
> 01, since £ Tis a right angle; and AE > EG, since / G, falling in a
semicircle, is a right angle. Therefore, (A5 - 40) > (OI - EG). Therefore,
let OA be the first term, LG the second, circde ADEC the third, [the
sutface of] P the fourth, A the fifth, and O7 the sixth. Hence, by that
principle which we proved just before [undertaking] the principal propo-
sition, the product of the fifth tetm 45 and the third term citcle A DEC X
which product is equal to cylinder Q7 itself said to be equal to 3/z sphere
K, is greater than the product of the sixth term OF and the fourth term
sutface of 2, But the product of OF and the sutface of 2 is three titmes the
semisolid, by the previous [proposition]. For there it was proved that
three cones ‘each of whose altitudes is O7 and whose bases are [in sum]
equal to the conical sutfaces of half the polygonal body arc equal to the
[volume of the] half of the polygonal body; and (O - sutface of P) =

solid). Therefore, with all the prior statements brought together, [it is
evident that] cylinder O, which is 3/2 sphere K, is greater than 3/2 the
whole solid with conical surfaces. Thetefore, [sphere] K, which is z/3
Icylinder ©A1), is greater than the solid, [that is,] the part is greater than

(3 - the three cones). Therefore, (07 - sutface of Py = (3/2 the whole
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quod columpna QM non est sexquialtera spere minoris quam 7.
Dico etiam quod neque tmaioris. Sed ne tempus nugis teramus priot
maneat figura. Bt esto linea Q1 equalis lince /7, diametro spere K,
et circulus RS equalis /Y7 maximo circulo spere K. Dico itaque
quod columpna QA4 est sexquialtera spere K, falsigraphus immo spere
F maioris. Inconcussis omnibus maneat dispostitio que et prius, addito
co quod A0 secetur in Z, ita quod proportio A0 ad HO sit tanquam
HO ad ZO. |
Ratio. Age. Que est proportdo ZZG ad .40 eadem cst supetficiel £ |
ad circalum 4 DEC, sicat prius probavimus. Et que est A0 ad ZO,
id est, AO semidiametri ad HO semidiametrum, duplicata, eadem est
- ADEC circuli ad HYT circulum, per primam duodecimi. Ergo per.
equam propottionem, que est proportio linee EG ad lineam ZO eadem
est supetficiei P ad HYT circulum. Sed quod fit ex O/ in EG suum
duplum maius est eo quod fit ex 7 in OZ. Ergo per regulam in
initio huius propositionis probatam, quod fit ex ductu Of in super- . -

Sed quod fit ex ductu OF in superficiem P est sexquialterum totiu
solidi conicarum superficierum, per proximam. Et quod fit ex /.
in circulum HYT est columpna O, quam dixit sexquialteram spets
F esse falsigraphus. Ergo maius est sexquialterum solidi conicarun
superficietum quam columpna QA sexquialtera spere F. Ergo sub;
sexquialterum subsexquialtero maius, solidum spera F, pars suo toto
quod est impossibile. Relinquitur ergo columpnam non esse sexqui
alteram maiori spere vel minoti quam illi cuius diameter axi colump
et maximus circulus basi columpne equatur, Sic ergo proposito n
sumus defraudati.

8o citculum HYT #r. .4

80-81 sexquialteram...falisgraphus:
graphus esse sexquialteram spere F

sexquialtera #r. 4 84 columpnam: columpnam QM €'

86-87 Sic...defraudate: Et sic constat
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the whole, which is impossible. It remains, therefore, that cylinder QA7
is not 3/2 of a sphere less than F. '

I say also that neither is it [three halves] of one greater [than 7). But
in otder not to waste time in idle speech, let us keep the prior figure
[Fig. 73]. Let line QAL be equal to line 7, the diameter of sphere X
and citcle RS to HY7, the greatest circle of sphere K. And so I say that
cylinder O is 3/2 sphere K, while the pseudographer [says] rather that
cylinder (A7 is 3/2 the larger sphere F, With all things unchanged, the
disposition [of quantites and magnitudes] femains as before, it having
been added that .40 is cut at Z so that AOJHO = IH0[Z0.

A R
e
iy
F

f

< Q M Q
T

5

Fig. 73

Note: The figure of the cylinder M0 is rotaded so that altitude M stands as a vertical.

- Proceed with the proof: EG/.AO = sutface of Plcitcle ADEC, as we
-proved eatlier. And 40/Z0 = (AQJOH Y = circle ADEC [circle HYT,
by [Proposition}] XIT.1 [of the Elements]. Hence by the equality of ratios
EG[Z0 = sutface of Pfcircle HYT. But with 5G — 2 OL (O - EG) >
(TH - OZ). Thetefore, by the rule proved in the beginning of this propo-
sition, (O7 - sutface of P) > (diameter 7 - circle HYT ). However,
(OI - sutface of P) = (3/2 the whole solid with conical surfaces), by the
 preceding [proposition]; and (H7 - circle HYT' ) = cylinder O, which
the pseudographer has said to be 3/2 sphere F. Thetefore, 3/2 the solid
.~ With conical surfaces is greater than cylinder QA4 ie., greater than 3/2
phere I, Therefote, 2/3 (3/2 the solid) > 2/3 (3/2 sphete F), and so the
olid is greater than sphere £, ie., the part is greater than the whole,
Which is impossible. It remains, therefore, that a cylinder is not 3/2 a
phere larger or smaller than the sphere whose diameter is equal to the
s-of the cylinder and whose greatest circle is equal to the base of the
det. And so, therefore, we have not been deceived in out proposition.

it o e




502 Archimedes’ De sphaera et cylindro

TX. OMNIS SPERA EST EQUALIS ROTUNDE PIRAMIDI
CUTUS BASIS EQUATUR SUPERFICIEI SPERE ET ALTITUDO
SEMIDIAMETRO SPERE. '

Esto exemplum 4 piramis rotunda, cuius basis citculus NAZ sit
equalis superficiei spete C et AB altitudo A sit equalis DC semidia-
metro C spere [Fig. 74]. Dico quod spera C est equalis piramidi A.

Dispositio. Sumatur enim piramis F, cuius altitudo E7 sit equalis -
AB et eius basis equalis maximo circulo spere C. Sumatur etiam
columpna cuius basis sit equalis maximo citculo spere C et GH elus
w  axis sit duplus ad DC. ,

Ratio. Age. GH columpna est duplo altior piramide F et sita est
in equali basi cum E. Esgo columpna G77 est sextupla ad £ pirami-
dem. Si enim essent eiusdem altitudinis columpna esset tripla ad E
per IX duodecimi. Sed columpna G sita est in basi FG circulo

s equali magimo circulo spere C et axis GH cst equalis diametro spete.,
 C ex dispositione. Ergo columpna GH est sexquialtera ad speram C,

. per proximam. Sed columpna G/ erat sextupla ad E. Ergo spera €
est quadrupla ad £. Ttem ex ductu diametri C spere in circumferentiatn
maximi circuli C spere, i.e., basis E piframidis, sit curva superficie
spete C, pet sextam huius, scilicet MN citculus. Bt quod fit ex ducty
diametri spere C in circumferentiam maximi circuli spere C est quads
ruplum ad circulom maximum spete C, pet primam Archimenidis dg
mensura citculi. Brgo a duplici pari citculus MV est quadruplus ba
piramidis Z. Sed E et A piramides sunt eiusdem altitudinis. Ergo.

116r

20

1IX om. ACr DI B 3 J | est equalis 18, 19 C spere #7. A
rotunde A rotunde est equalis BC 21 Ct o A
s DCom. A 22 circulum maximuna 7. A

7 enim oz A 22-23 pet...circuli A4 om. BC

14 TX: X1 A [FG: FH A
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IX. EVERY SPHERE IS EQUAL TO A CONE WHOSE BASE
IS EQUAL TO THE SURFACE OF THE SPHERE AND WHOSE
ALTITUDE IS EQUAL TO THE RADIUS OF THE SPHERE.

For example, let thete be a cone A, whose base circle NA/ is equal to
the surface of sphere € and whose altitude 423 is equal to radius DC of
sphere C'[see Fig. 74]. I say that sphere C is equal to cone 4.

Disposition: Let there be posited cone F, whose altitude 57 is equal
to .48 and whose base is equal to the greatest circle of sphere C. Also let

a cylinder be posited whose base is equal to the greatest circle of sphere C
and whose axis GH is z DC.

Pig. 74 .

Proceed with the proof: Cylinder G is twice the height of cone E and
is situated on a base equal to that of £. Hence cylinder GH = 6 cone £,
for if the altitudes were the same, the cylinder would be three times Z,
by X119 [of the Flements]. But cylinder GH is sitnated on base circdle FG
equal to the greatest circle of sphere C), and axis GH is equal to the
diameter of sphere C by construction. Hence cylinder G/ == 3/2 sphere C,
by the preceding [proposition]. But cylinder GZ7 was [equal to] 6 E.
Hence sphere € = 4 F. Also, the product of the diameter of sphere C
and the citcumference of the greatest circle of sphere C or of the base
cone £ is equal to the surface of sphere C, by the sixth [proposition]
this [work], i.e., [this product is equal] to citcle MN. And the product
¢ diameter of sphere C and the circumference of the greatest circle
here C is four times the greatest citcle of sphere C, by the first

twice, citcle MV = 4 base of cone 5. But cones = and A are of the

position] of Archimedes’ Measurement of the Circle. Therefore, by equal-

E
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piramis est quadrupla £ piramidi per XIL. Sed C spera fuerat quad-
rupla ad E. Brgo A piramis est equalis C spere. Ad quod astruendum
aspiravimus.

X. CUIUSLIBET SPERE PROPORTIO AD CUBUM SUI DIA-
METRI EST TANQUAM PROPORTIO UNDECIM AD VIGINTI
UNUM. :

Hoc respondet secunde propostitioni Archimenidis de quadratura
curculi, et ex ea fidem sumit. Sed cum illa processerit per fere, et hec
similiter, unde nec hec nec illa est vera; sed vulgariter per integra
procedit.

Esto exemplum D spera ct cubus fundatus super Ef, quadratum
linee OM equalis AB diametto D spere [Fig. 75]. Dico quod que
proportio cubi EH ad speram D eadem est XX1 ad XI. Fiat enim
columpna OM, cuius tam axis quam diameter basis equatur 4 5.

Ratio, Age. Propottio GF quadrati ad O circulum est sicut XTIIT-
ad X1, per secundam Archimenidis de quadratura circuli. Sed ex duc
OM altitudinis in GF quadratum fit cubus, et ex OM in°O circulu
sit columpna. Ergo cum productorum et producentium eadem s
propottio, erit proportio cubi ad columpnam tanquam GF basis a
O citculum. Frgo a pari proportio cubi ad columpnam sicut XII
ad XL Sed proportio columpne ad speram est scint XXT ad X
cum columpna sit sexquialtera ad speram, per anteproximam. Sit ef,
cubus primum, columpna secundum, XTHI tertium, XI quar
spera quintum, XXI sextum. Ergo per XXIII quinti Flementot
in proportione cqualitatis erunt quantus cubus ad speram tantus:
merus XXI ad numerum XL '
Sicque tiphis noster portum tenet in quem jam dudum vela

12—13 XTI ad X1: 11 ad 14 A4

20 secundom: quasi secundum C

: 21 XXITTT quinti B 23%m 12 4 X
' primi &

2428 Sicque... Archimenidis om. £

24-25 succinzerat AEFD D suc
B succingserat C succingeerat J
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same altitude. Therefore, cone A4 = 4 cone E, by [the eleventh proposi-
tion of Book] XII [of the Elsments). But sphere C was 4 E. Therefore,
- cone 4 = sphere C. And this is the potism to which we aspired. .

X. THE RATIO OF ANY SPHERE TO THE CUBE OF ITS DIA-
METER IS AS THE RATIO OF XI TO XXI.

This corresponds to the second proposition of Archimedes’ On #he
Qwnadrature of the circle, and it assumes its credence from that [proposition].
But since that [proposition] proceeded only by approximation, as also
does this one, neither this nor that one is true, but proceeds only in a
common way by means of integers.

For example, let there be a sphere D and a cube based on EZ which is
l the square of line O/, O/ being equal to diameter 4B of sphere D [see
Fig. 75]. Isay that cube EHsphere D = 21/11. For let there be constructed

A

G H
Fig. 75
Note: The figure of the cylinder OM is rotated so that altitude OM rotates as a vertical.

a cylinder OM, whose axis as well as its base diameter is equal to .AA.
Proceed with the proof: Square GFlcircle O = 14/11, by the second
[proposition] of Archimedes’ Quadratare of the Circle. But
(altitude ON/ - square GF)=cube EH, and (OM - circle O) = cylinder OA.
etefore, since the ratios of the products and the quantities producing
¢ products are the same, cube [ ZH] [eylinder [OM] = squate G Fcircle O.
erefore, by equality, cube [EH]/cylinder [OM] = 14/1x. However,
inder [OM]/sphere [ D] == 21 {14, since cylinder [OM] = 3/2 sphere [D],
_the next to the last proposition [i.e., Proposition VIIT]. Hence let
ube be the first term, the cylinder the second, 14 the third, 11 the

» the sphere the fifth, and 21 the sixth. Therefore, by [Proposition]
of the Elements, cubefsphere = 21/11.
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cingerat, Tamque cum bibulis hereat hatenis anchora Archimenidis
remigii, Johannes navigationis grates ageret summo creatorl.

Explicit commentum Johannis de Tinemue in demonstrationes

Archimenidis,

25 bibulis om. Dy cum lacuna | hereat: ha-
beat D, | post anchota add.' BJ simul |
Archimenidis AFJF Archimenides
BCID ' L

25-28 anchora. ... Archimenidis BCID
anchora remigii Archimenidis. Explicit
commentum Gervasii de Essexta (As-
sassia B) AF

26 Johannes: et Johannes J [ grates age-
ret: grate agit 7 grates agit DL, [ sum-
mo . J ante grates

27-28 Bxplicit... Archimenidis
27 Tinemue expandi ex Tin’ B'T
D Thin® D, Tln 7 ((Note: M
sion js based on the form giv
lower right margin of the fit
111z, of B)) :
28 post Archimenidis add. mg.
centiori super duos libros. hi
my. superiys B habet mann e
chimenides. Secundus libet. :
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And so our Tiphys reaches the pott toward which he set sail but a short
time ago. And now when the anchor of Archimedes the rower sits fast
in the thirsty sands, let Johannes extend the thanks of navigation to the
Supreme Creator.

Here ends the commentary of Johannes de Tinemue on the demon-
* strations of Archimedes.

COMMENTARY

Proposition 1

1-5 “Cuduslibet...basis.” The form of this enunciation was obviously
suggested by the first proposition of the De mensura circali. This
proposition must be distinguished from, but compared to, those given
by Archimedes in the De sphaera et cylindro (Proposition 14 of Book T)
and the Bant Musa in the Verba filioram (Proposition IX). For the
citation of these and the comparable propositions of Pappus and
Leonardo Pisano, see Commentaty, Verba filiorum, Proposition IX,
page 63. The proof is for a right circular cone.

15-17 “Rationis...admitti.” This supposition is comparable to the first
postulate of the Cambridge Version of the De mensura circuli (see
Chapter Three, Section 1, above). These lines, together with lines
18-22, form a rather intrusive comment, which perhaps suggests that
Johannes was commenting on a ptimitive form of this work rather
than on the De sphaera et cylindro. '

23-102 “Triangulus....proposui,” We can represent the spitit of the proof

in an abbreviated form (see Fig. 64), using modern symbols as follows, *

Proof:

(1) To prove: § = F, where § is the lateral surface of a right
circular cone of slant height / and base circumference ¢, and
F is the area of right triangle such that ¥ = L (/- ¢).

(2) Eithet F = SorF#SIfF#JthenF>SorF<S

* The following table relates the symbols used in this commentary to the quantities
n in the figure and text:

= 82 = slant height £B L

= ST == circum of circle ACNP

= circum of circle K :

¢ = side of polygon ACNP
4 = altitude of face triangle £.4B
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(3) Suppose first that F < S, and by the basic postulate F'= S,
where S, is the lateral sutface of some cone whose altitude is
the same as that of the cone of surface S, but whose base is
less than that of cone 5. Let ¢; be the citcumference of the
base of 5. Hence, ¢, < 2.

(4) Now insctibe in ¢ a regulat polygon, one of whose sides 5
and whose perimeter is p, such that ¢ > p > & and p does not |
touch ¢; at any place, (Cf. Proposition 111 of the Verba filiorum.}
Then construct a pyramid with 2 polygon of perimeter p as the
base and with an identical altitude as that of cone of sutface . j
Let the surface of this pyramid be §,. Let the altitude of one
of its triangular faces be . :

(s) Then S, = % (b p), since the arca of any one triangle is
1 (% #) and the sum of all s is p. ‘ '

(6) Hence S, < I, since F = 1(-&)and/>hande > p.

(7) Thetefore S, << 5, from (3) and (6).

(8) But §, was constructed as including Sy; hence, in actuality -
5, >5. g

(9) Since (7) is the contradiction of the fact of (8), the suppositio
from which (7) was derived, namely, that £ < S, is false.

(10) Then suppose, if it is possible, that F > § and thus thag

F = §, where 5, is the surface of a cone of the same altitu
as cone § but whose circumference ¢; of its base is great
than ¢

(11) Now circumscribe about ¢ 2 regular polygon of side # 2

" perimeter p such that ¢, > p > ¢ and p does not touch i
Erect on p a pyramid of sutface S, with the same altitud
the cone of surface S, and, as befote, let 5 be the altitud
one of its triangular faces.

(12) Then S, == } (b p). (C£. step 5.)

(13) Hence 55 > F, since h = /and p > <. :

(14) Therefore S, > 5y, since /=5, by hypothesis.

(x5) But 5, was constructed, in fact, within Sy, and so S, <

(16) Since (14) is contradictory to the fact of (15), the supposi

from which (14) was detived, namely, F > S, is false.

(17) Hence, since £ * § and I « S, then F= 5,0t 5 = }{

Q.E.D. - . o : |
49 “per [43] theorema primi.” See Commentaty, Cambridge Ve
the D¢ mensara cirenli, Chapter Three, Section 1, line 33.
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52 “primam secundi.” See Commentary, Cotpus Christi Version, Chapter E
Five, Section 5, lines 66-67. N
105-117 “Ex....basis.” This corollary is identical to Proposition 15 of | i
i

}

|

Book I of Archimedes” De sphacra et sylindro (ed. of Heiberg, p. 69).
Incidentally, the actual wording of Johannes’ quotation of Proposi-
: tion I differs from that of the Gerard of Cremona translation, I would
suspect that, if this were an original Latin composition rather than a
translation, Gerard’s translation would have been quoted rather :
i exactly, as is usually the case with later Latin geometrical treatises. ;J
In short, the somewhat different form of the quotation from Prop- e
osition I of the Dz mensura cirenli may be another indication that we ] '
are faced here with a translation rather than an original composition. ”’

Proposition IT

1-22 “Cuiuslibet....propositum.” Cf. the comparable but different theo-
rem of Archimedes’ De sphaera et cylindro, Book 1, Proposition 13
(ed. of Heiberg, pp. 53-62). The proof is similar to that for the first
proposition and so is merely sketched by the author.. Again I use
modetn symbols to present the tenor of the proof.. :
The given rectangle of adjacent sides equal to the axis of the cylinder
and the circumference of its base must be either equal to the lateral
surface S of the cylinder or not equal to it. If it is not equal to S, . '
then it must be equal to the surface S, of some other cylinder with l
the same axis but with a smaller or larger base. Suppose first that the
quadrangle is equal to the lateral sutface S, of a cylinder of s aller
base. 'Then insctibe within the base of the cylinder of surfack §a »
regular polygon whose petimeter is greater than the circumference of | h
the base of the cylinder of .f; and whose sides in no place touch that
circumference. Then consttuct a prismatic figure within S the base
of which figure is the regular polygon previously inscribed. The
lateral surface of this prism can be shown to be at the same time
smaller and larget than the surface §,, an obvious contradiction
negating the assumption that the surface S; of a cylinder with a
base smaller than that of the cylinder of sutface S is the desired
surface to which the rectangle must be equated. In the second half
. of the proof the sutface of a similar prism circumscribed around S is
shown to be simultaneously larger and smaller than the surface § I
-of a cylinder with the same axis as that of the cylinder of sutface §
ut whose base is larger. From this contradiction it is apparent that




23—40 “Ex....theoremati.” Both corollaries are proved by the applica-
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the desired surface S, cannot be of a cylinder of larger base. Since
then §, cannot be the surface of a cylinder of either larger or smaller
base, it must be the surface of a cylinder of the same base as that of
which § is the surface. In short, S, must be identical with §, and so
the given rectangle is equal to 5. Q.E.D.

tion of simple proportions.

Proposition J7s4

1-35 “Quorumlibet....sufficienter.” For a discussion of the comparable

dy=CA . ¢, = circum of circle S
d, =GE - i (2nd balf of proof)

¢; = circum of circle CB.A ¢, == circum of circle A

¢, = circum of circle FEG '+ py = perim of polygon BA
¢; = circum of circle IX 5, = perim of polygon FE

* The following table relates the symbols used in this commentary to i
given in the figure and text:

theorems given by Pappus and the authors of the Verba filiornm, see
the Commentary to Proposition V of the Verba filiorum in Chapter

Four above. This proposition is patently an auxiliary theorem to be -
used later; it does not concern itself with a “curved surface,” as do-
the other theorems of this treatise. Johannes’ proof (see Fig. 65) of

this theorem follows:*
(1) Let 4y, d, be the chameters of circles whose circumferences
are ¢y, £,
(2) Then either d,/d, = ¢;]c, ot dy]d, # ¢;]e;. And i d[d, 7 ¢1fey,
then d,/d, = ¢./e; Where ¢; s either greater or less than ¢,.
(3) Suppose first that 4y {d, = ¢,j¢, whete ¢, is less than ¢,
(4 Now describe a regular polygon within ¢, such that its pet
eter p, is less than ¢, but greater than ¢, (Cf. Propositi
step 4). Also desctibe a similar polygon within ¢, whose p
eter is py.

(5) Then ¢y/py = v;/p, because (a) dyjd, = ¢fes by hyp
and (b) 4,/d, = p:/p, by Euclid, XIL.1. (See Comm
line 14, below.)

(6) But ¢; > p, and thus 25 > p,. (CF. De S ‘bhaera, Book
postulate 5.)

(7) However p, > ¢; by construction.

{(1st half of proof)
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(8) Since (7) is in fact true and contradicts (6), the inference of (6)
~must be false and ‘thus the supposition from which it was

i drawn, namely, that ¢, < ,, must be false.
: (9) Now suppose that d, /d, = ¢1/e; whete ¢; > ¢,
(10) Then let 4,/d, = ¢, /¢, where €4 F 61 o
(11) Then ¢;fe, = ¢,/c, because £3/¢1 == &y/e,, this being true by
climinating 4; and 4, from the equations of (9) and (10).
(12) Hence ¢, >> ¢, since from (9) ¢5 > ¢,
; (13) Therefore 4,/d; = ¢,/c, where £y < 0p
! (14) But (13) can be shown to be false by steps similar to those of
(3) to (8). Hence if (13) is false, the supposition from which it
was derived is false, namely, that ¢, > ¢,. :
(15) Since ¢, % ¢, and ¢3 4 ¢,, then ¢, = ¢, and dyfd, = ¢ife,.
Q.E.D.
The author concludes the proof with the statement that the proposi-
tion can be proved in another way by the application of the third
proposition of the' De mensura cireuli of Archimedes,

14 “primam duodecimi,” Although the author of the Ziber de cnrvis no
doubt precedes the Adelard II translation in point of time, in order
to keep uniformity of citation (and since the proposition as given in
Adelard 1T is basically the same as in the Greek text) I shall quote
‘the Adelard IT Version (Brit. Museum, Add. 34018, 63r): “Omnium
duarum superficierum multiangularum inter duos circulos descripta-
fum est proportio altetius ad alteram tanquam proportio quadratorum
que ex diametris circulorum eas circumscribentium proveniunt.” Now
if polygon, /polygon, = d,2/d,2 [by Proposition XIL.1] and if polygon,/
polygon, = p.2/p.2 then it is obvious that dyld, = pi/p,, as stated
in step (5) of the argument given in the previous comment.

- Proposition IV

~37 “Quarumlibet.... proposuimus.” Again (see Fig, 66) let us restate
~ Johannes® argument.* In the fourth proposition Johannes will prove

that 5, — 5, = 34, — £,) - (62 -+ ¢;) where 5, and S, are the latéral
_surfaces. of similar cones and /, and /; are their slant heights and

The following table relat

es the symbols used in this commentary to the quantities
in the figure and text: o S '

o =2Z Y - circum of circle MN.A
£, = TP = circom of circle EOB
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¢, and ¢; are the circumferences of their bases. Cf. Archimedes, De

sphaera et cylindro, Book I, Proposition 16, and Verba filiorum, Proposi-

tion X1; both are cited in the commentary to Proposition XTI of the

Verba filioram in Chapter IV above. The proof follows: ‘

(1) Let there be aright traingle FF, = 3(/, - ), and thus, by Prop-
osition I of the De carvis, we can say that S, = F,.
(2) From /, subtract the length /; and erect 2 line x parallel to ¢,
There will be formed then a triangle /'y = I, + x similer to
a1 triangle /. :

i | 'H o (3) Then Ll = &pfx since F, is similar to F,.

Tl - (4) Hence x = ¢, since (8) Lo/l = dyfd; by definition of similar
cones, and (b) d,/d; = ¢,/¢; by Proposition I of the De curvis,
and hence () ,f/; = ¢1f¢5. '

(5) Hence F; = §; by Proposition 1 of the De curvis.

(6) Thus 5, — §; = F, — Fr. '

(7) But F, — F;isa quadrangular area whose base is /, — /;and
whose erect sides ate ¢,, ¢;. This area can be divided into two
triangles with bases respectively ¢, and ¢, and with the same
altitnde /7, — /. '

(8).F. — Fy =14l — Ly-(e, +e)=52—5u by the addition o
the triangles formed in (7). Q.E.D. '

j12

Proposition V' _
1-117 “Si....propositum.” Cf. De sphaera et ¢ylindro, Book I, Propo ti¢
24 (ed. of Heibesg, 95-97). The fifth proposition is crucial for Jol
nes’ ultimate detcrmination of the surface area of the sphere
proposition finds the surface area of a solid composed of :¢
segments generated by the revolution of a regular polygon ins
in a circle around one of the diameters of the circle. Althot gl
author does not stipulate in the statement of the proposifi
aumber of sides of the original polygon whose revolution d
i the solid in question, like Archimedes he assumes in his pf
i the number of sides of this polygon is divisible by fout..
To understand what Johannes is proving and the natt
proof,* let us take an equilateral polygon of 4 # sides, eal
magnitude # (see Fig. 67). Let this polygon be inscribed

* The following table relates the sym- ¢ = ADIH by =Y.

bols used in fhis commentary to the quan- 4 =.47 . b, =1Y
tities given in the figure and text: f =EH by = ST
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of citcumference ¢ and diameter 4. Then let the circle with the in-
scribed polygon be rotated about a diameter of the circle. By this
rotation the circle describes a sphere and the polygon describes a
figure with conical surfaces (cf. De sphaera, Book I, Proposition 24).

The first part of Johannes’ proposition states that the sutface of this
solid S will be given as follows: § = #(¢; +¢, + ... +¢ 1) Where
€15 €25-+05651 ar€ the circumferences of the circles described by the
vertices of the angles of the polygon in the course of its rotation;
¢ is the side of the polygon.

The sccond part of the proposition affirms further that the same
surface will also be given by this relationship: § = ¢ f, where f is
one of the sides of the right triangles whose hypotenuse is the diam-
cter of the circle, 4, and whose other side is a side # of the polygon;
¢ is the circumference of the circle.

The first part of the proposition is easily proved by adding up the
conical sutfaces s;, $,,...,4, described by # sides of the polygon as it
rotates. These surfaces are, of course, equivalent to the total surface 5.
The proof follows:

(1) $: = % ¢+ ¢; by De carvis, Proposition 1.

(2) 52 = % #(¢1 + ¢5) by De carvis, Proposition IV,

§3 == § £(¢; - ¢5) by De carvis, Proposition 1V.
Sa-1 = 3 2 (6ny + Cay) by De curvis, Proposition IV,
S0 = § 2+ 64y by De carvis, Proposition 1. }

(3) Hence § = #(¢; + ¢, + ... + ¢,4) by addition. Q.E.D.

The second part of the proposition, namely, S = ¢ f, is proved as
follows (referring to Fig. 67):
(1) bifry = byfry = byfrs = oo bpugffoy = hpusyftoy = t[f by the
propottional sides of similar triangles.
(2) Now by + b, + b, + by oo A bans + hpuy = d and
ritri e F g b e =4d A+ o
(3) Thus d/(d; + d, + ... + d.;) = #/f from (1) and (2) together.
(4)But d{d, + d, + ... + di)=10/(cx + ¢ + ... F2ay) by
De eurvis, Proposition I1I.
(5) Hence #[f = ¢f(e; + 65 + .o F620). ,
(6) But § = #(¢; +¢;, + ... + ¢a.y) from the first part of this
 proposition. ' '
(7)) Hence § = ¢ f. Q.E.D. ,
‘An additionial proof for a solid generated by the revolution of a

[P
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semipolygon of odd-numbeted sides follows the same form of the
principal proof. It needs no further analysis.

78—79 “penultimam quintl.” Although, as I have said, it is improbable
that this work is an original Latin composition and hence the author
had no access to the Adelard TI version of the Elements, we can cite |
the Adelard wording of Proposition V.24 (Ms. cit., f. 211) for the t
sake of uniformity of citation throughout this volume and since the
Adelard reading of this proposition is equivalent to the reading of
the Greek text: “Si fuetit proportio primi ad secundam tanquam
tertil ad quartum, proportio vero quinti ad secundum tanquam sexti |
ad quartum, erit proportio ptimi et quinti pariter acceptorum ad
secundum tanquam sexti et tertil patiter acceptorum ad quartum.”

Proposition VI
1-41 “cuislibet. ...propositum.” The.compatative propositions of Archi-
medes and the Banii Misi are noted below in the Commentaty to
lines 42~56. Johannes is now prepared to treat the sutface area of a. '
sphere which he finds in this proposition to be equal to a rectangle;’:
one of whose two adjacent sides is equal to the diameter of th
sphere and the other to the circumference of the sphere. Restatin
Johannes® proposition symbolically, it reads § = d - ¢ where S is th
surface of the sphere, 4 and ¢ the diameter and circumference of
great circle of the sphere. Proof* (see Fig. 69):
(1) Either d-¢ =S, 0t d ¢ # §. |
(2) If d-¢ =S, then d-¢ =5, where S, <SorS; >5(byt
basic postulate). - ' f
(3) Let us assume first that 4+ ¢ = S whete §; < . Let us furthe
suppose that , is the surface of a sphere concentric with
We designate the citcumferences of great circles of these sphe
"¢, and 2. Of course ¢ > ¢y .
(4) Now inscribe within ¢ an equilateral polygon of side # and
petimeter p such that ¢ > p > ¢; and p does not touch ¢;. T.
let ¢ revolve about 4 to produce § and similatly ¢; to prod

* The following table relates the symbols used in this commentary to the quasy
given in the figure and text: '

p =AF+ FD +... +ZA ¢ =.ADBC
.t =AF : 6 = SNH

d=AB : q = FB
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31 and p to produce the surface S, composed of a series of
conical surfaces, ' -
(s) Thend-¢ > g ¢since d > g, 4 being opposite a right angle.
(6) Hence §; > 5, since (a) 4+ ¢ = §, from (3) and (b) gre=2J5,
by De curvis, Proposition V.
(7) But, in fact, §, > 5, by construction.
(8) Since (6) is contrary to the fact of (7), then (6) is false, and the
assumption from which it follows is false, namely, that .S, < §.
(9) By a similar series of steps Johannes derives a contradiction
_ from §; > §. ‘
(10) Hence, if §; % Sand S, « 5, §; = S, and thusd- ¢ = . Q.E.D.
42-56 “Ex....probandum.” Three corollaties to this proposition are given
and proved from it easily. The first states that the surface of the
sphere is equal to four times the area of a great circle of the sphere,

© . (Fort the statement of this by Archimedes and the Banti Miis3, sec the -

Commentary to Proposition XIV of the Verba filioram in Chapter TV
above.) From the first proposition of the De mensura cireufs, Johannes
asserts that the area of a circle is equal to one quarter the product of
the diameter and the circumference. From his own Proposition VI he
gives the surface of a sphere as the product of the diameter and
circumnference; hence the surface of the sphere is four times the area
of a great circle. '

The second corollary states that the surface of a sphere is equal to
the lateral surface of a cylinder whose axis and base diameter are
cqual to the diameter of the sphete. This corollary is immediately
evident from Proposition I1 of the De emvis taken together with
Proposition VI. Similatly, if we add the area of the two end circles of

as the last corollary asserts.

Description and Proposition V1]

2-4 “Omne. ..contineri.” Although this so-called “description’ is phrased

in a very general way, it is used in Proposition VII only to justify

.the conclusion that the volume of a right cylinder is equal to the
‘product of the base and altitude. A

73 “Omne....sumus.” Having in the first six propositions determined

he areas of certain “curved” surfaces including finally that of a sphere,

ohannes is now ready to go on to the problem of the volumes of

the solids bounded by the curved surface ateas already discussed, with

such a cylinder to find its total surface, we shall have § = 3d-ec, .
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ik the primary objective of determining the volume of a sphere. Before
{3 going to the question of the volume of a sphere, Johannes introduces
i " this crucial Proposition VII, which secks the volume of the solid whose
i : area has been found in Proposition V, i.c., the solid generated by the
the rotation of a regular polygon inscribed in a circle around the
diameter of the circle. This is virtually the same theorem as that g
given by Archimedes, De sphaera ¢! eylindro, Book 1, Proposition 26
(ed. of Heibetg, pp. 101-105). Archimedes’ proof, however, is differ- :
B ent from the one presented here by Johannes. Johannes again implies
. in this proposition, although he does not state it, that the number of
the sides of the polygon is divisible by four. :
Proposition VII states, and Johannes ventufes to PIove, that
IV — P = 1S -7, where 177 is the volume of the solid formed by
the rotation of a regular polygon of 4 # sides around the diamcter of -
the circle in which it is inscribed, P is the volume of an equivalent '
cone, § is the surface of the solid of volume 1, and 7, is the radius -
of a sphere insctibed in the solid of volume V. Proof* (see Fig. 70
(1) Construction: Take a quarter of the circle circumscribing th
polygon of 4 # sides. Tnscribed in that quarter there will be
; sides (Johannes takes a figure which has 3 sides; I have generalff“
1 ' ' ized the proof for 2 figure with # sides), which we designate
' t1y Eyees 1 If we connect the midpoints of these sides wi ,
1 : the center of the citrcle, we shall have equal lines 71, 732, -+ 7,
| each of them equal to the radius of a circle inscribed withi
the polygon. Then if we connect the center with the extremiti
of the sides of the polygon, we shall have equal lines 7y, 7;
..y #.,, cach equal to the radius of the circle in which ¢
polygon is-inscribed. Now ¢, intetsects 7,3 but extend 7,
the line ¢, and extend r,; by f;. Similatly, extend #, until
| joins the extension of 7. Call these extensions ¢, and f,
spectively. Make similar extensions for the remaining side
we rotate this quarter of a circle with its appended lines,
quartet itself forms a hemisphete, and the quarter of the reg
: polygon forms a solid of volume 1//2. Bach side of the poly;
! * Theffollowing table relates the symbols used in this commentary to the quan_ﬁ
given'in the figure and text:

i
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describes conical surfaces s, £, ..., 5,. The circles forming the
‘bases of these conical sutfaces are of areas a,; a1, 2,3 ... @, _y, 4,3
the radivs of « is 7, that of , is r,, etc. Furthermore, V/z is
omposed of a series of special volumes, »; + v, - ... + 2.
v, is the volume of the double cone formed by the IOtatIOn
around 7,; of the triangle of sides #,, 7,;, and r,,; », is the
volume generated by the revoiution of the triangle of sides
Py 7oz 7oy And similatly for o, ... 2.
The following auxiliary volumes should be noted:
(a) #,, formed by the rotation of triangle with sides ¢,
for -+ f1, and 7.
(b) #,1,» formed by the rotation of the triangle with sides
ey + £y, 7 + fr, and r ;.
(¢} v,, formed by the rotation of the triangle of sides ¢,,
for +J1 + for and 7,5
(d) »,2,; formed by the rotation of the triangle of sides 7, + ¢,,
7o+ fi +Jos Tese
(2) Now v, = 47y; + 5, because (a) #,/r; = r,,/r;; by similar triangles;
and (b) #/r; = si/a; by De curvis, Corollary to Proposition I;
and thus (c) 7,; * a; == 7;; * 5153 but (d) 7, - 4; = 3 », by Euclid,
Proposition XIL.g (Gr. XII.10).
(3) And v, = }r,, - 1, because (a) v, = v,1,, — 2,y and (b) ,;,, =
¥ 0 (5, + 52) by steps like (2) (note: s, is the surface generated
by ¢, in its revolution); and (c) #,, = ¥y, * 5.
(4) Similatly »; = 7,5+ 55

................................................................

(5) Hence ¥ = lri -5 _because @ ry=rp=rg=..=r,=r;
M) Viz=0v 42, ... Foa0d () Sz =15 + 5, + ...+,
Q.E.D.

22, 37, 44—45, 03, 83, 142,.145 “IX duodecimi.,” This is Proposition
"~ XllL1oin the Greek text. Notice that it is X1I.g in both the Adelard
and Arabic texts, For the possible bearing of this fact upon the question
of whether the Liber de curvis superficiebus is an original Latin composi-

ion of translation, see note 8 of the Introduction to this section. The
“text of the proposition runs in the Adelard II Version as follows (??2.5‘.
¢it., 65v): “Omnis columna rotunda pyramidi sue tripla esse probatur.”
ptimam secundi.” See the Commentary, the Cotpus Christi Version,
“hapter Three, Section 5, lines 66-67. :

T
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174-80 “Si.... posteritati.” The sigaificance of this passage for the ques- |
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g95-113 “Regula....insistamus.” Here Johannes digtesses to prove by
reference to Fuclid that the difference between two unequal cones of
the same altitude is equal to a cone of the same altitude whose base is
equal to the difference between the bases of the original cones.

104, 110, 168 “XI duodecimi.” Proposition XIL.11 in the Adelard II Ver-
sion of the Llements runs (ms. ¢it., 661): “Omnes duas rotundas pyra-
mides sive columnas eque altas suis basibus proportionales esse ne-

cesse est.”’ )

tion of whether this tract is an original composition ot transaction is
discussed in note 8 of the Introduction to this section.

Proposition VIII
1—5 “Omnis....est.” The eighth proposition of the De curvis is the familiar
corollary of Archimedes’ De sphaera ef ¢ylindro, Book I, Proposition 34 .
(ed. of Heiberg, pp. 131-33), asserting that a cylinder with an altitude -
equal to the diameter of a sphere has a volume 3/2 that of the sphere. |
Tt was also known to the Latin readets of the anonymous De ysoperi-
metris. (See Appendix III, paragraph 8.) It should be noted that with
Johannes this is the fundamental theorerm regarding the volume of
sphere, while with Archimedes this proposition is derived from
earlicr more fundamental proposition. Hence there is no direct co
respondence between the proofs of Johannes and Archimedes.
6—27 “Ne....proposito.” Johannes initiates the proof with an elementy
on proportions to the effect that if there ate six terms, 2 through.
such that a/b = ¢/dand ¢+ 2 > f - b; then e - ¢ > f~ 4.
28-87 “Hsto....defrandati.” The proof (see Fig. 73) can be summarize
as follows*: C = 3 V/, where 1/ is the volume of a sphere who!
diameter is 4and C is the volume of a cylinder whose altitude and b
diameter both are equal to 4. : :
(1) Bither C =% Vor C# 3} 1.
(2) If C # § 1, then there is some sphete 1/} such that ¢ = 2
And either I/, < Vot V' > V.
(3) Assume first that 77y < V/, with I/ and 1] being concen
(4) Construction: Inscribe within ¢, the circumference of 2 g
* The following table relates the symbols used in this commentary to the qu
given in the figure and text: . '
¢ = ADEC b =0I r = A0
6= HYT - ¢=GE d=AE
p = AG + ... +[L1A4 ,




§ 2 De cnrvis superficiebus of Johannes de Tinemue, IX 519

citcle of 17, a regular polygon of perimeter  such that ¢ > p >¢,
where ¢, is the circumference of a great circle of sphere ’; and
where p does not touch ¢,. Construct 4 and g as in Proposition
VL Let 7, be the volume of the solid formed by the rotation
of the polygon around the diameter 4. Let S be the surface of
that solid. P is the surface of half that solid. The radius of
sphete 17 is 7. The area of great circle of radius 7 we designate
as .

(5) Thenr/g = A/P becavse (a) r- ¢ = 2 A by De mensura circali,
Propositionl; and (b) ¢ - ¢ = 2 P by Decurvis, Proposition IV,

(6) Andr-d >h-gsincer >hand d > 4.

(7) Hence d- A > /- P since in (5) and (6) we have six terms
fulfilling the conditions of the e/ementum advanced at the be-
ginning of the proposition.

(8) Thus €' > § 17, because (a) d+ A = Cand (b) b+ P == 3 T/,

(9) But C' > § 1/, since I, > I, by construction. .

(10) Thus the fact of (9) contradicts the assumption of C = § /]
where 17} <C I7; and hence that assumption must be false.
(11) Assuming the other possibility, that C = £ I/, where I/, > I,
Johannes shows by similar steps that a contradiction follows.
(1z) Hence, if V1« Vand V%V, V= VVand C=% 1. Q.ED.
The proof for the surfaces was given in Proposition VI,
72 “‘primam duodecimi.” See the Commentaty to Proposition 1, line 14.

Proposition IX

~27 “omnis. ...aspiravimus,” The ninth proposition equates the volume
of a sphere to a cone whose base is equal to the surface of the sphere
and whose altitude is equal to the radius of the sphere, that is,
17 =} d-¢-r. This formulation is equivalent to the more familiar
‘modern form using x, ndmely, " = &z #5. Johannes’ proofis simple,
The relationship between a cylinder and cone is known and also that
between a cylinder and a sphere. Hence the relationship between a
cone and a sphere immediately follows. Cf. the statements of this
Pproposition by Archimedes, the Banii Miisi, Leonardo Pisano, and
~the author of the De ysoperimetris in thé Commentary to Proposition
XV of the Verba filiorum (Chapter Four above).
FIX duodecimi.” See the Commentary to Proposition VII, line 22.-
XIL” See the Commentary to Proposition VII, line 1o4.
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Proposition X
1-23 “Cuislibet....X1.”" The tenth and the last proposition of the Dz carvis
has no parallel propositionin the De sphaera ef cylindro. Butit represents,
as Johannes says, a proposition similar to that of the second proposi- -
tion of the De mensura cireali. Proposition II of the De mensnra circali
showed that, if we assume 2 value of = as 33, the ratio of the area of 2
circle to the square on its diameter is as 11 to 14. Making a similar
approximation for z, this last proposition of the De carvis asserts that
the ratio of the volume of a sphere to cube of its diameter is as 11 |
to 21. Johanncs carcfully points out at the beginning of the proof that |
both he and Archimedes are proceeding by approximation, and ac-
tually neither Archimedes’ nor his own proposition is true (vera). In-
vetting his ratios, we can represent his proof as follows:
To prove: V[d3 = 1121 _
(1) C/d3 = 11/14, C being the volume of a cylinder of axis 4 and
base diameter d, because (a) C/d3 = A4/d?, A being the area of
a circle of diameter 4; (b) A/d? = 11/14, by De mensura circuls,
Proposition I.
(2) CJV = 3/2, by the De curvis, Proposition VIII.
(3) Hence 7/d% = 11/21. Q.E.D,
21 “XXIIII quinti.” Proposition V.z4 runs in the Adelard II Versio
(#s. ¢it., 211): “Si fuerit proportio primi ad secundum tanquam terti
ad quartum, proportio vero quinti ad secundum tanquam sexti a
quartum, erit proportio primi et quinti patiter acceptorum ad secus
dum tanquam sexti et tertii patiter acceptorum ad quartum.”

3. Two Pfopositions Interpuosed in the Text of t

Liber de curvis superficiebus

In the fourteenth-century manuscript D (Flotence, Bibl. Naz., Cof
Soppr. J.V.30) of the Liber de curvis superficiebas there occur on the marg
of folio 1r and 1v two additional (or interposed) propositions concet
tespectively, with the difference between the lateral surfaces of two ¢
and with the difference between the lateral surfaces of two cylinders. I:
not found these additional propositions in any other medieval manusc




§ 3 Propositions Intetposed in De carvis super fieichus 521

but they are present in manuscript [, (Paris, Bibl. Nat., Fonds latin 11 247),
which is a cateless copy made from D in the sixteenth century. In D, the
first additional proposition is placed in the body of the text after Proposi-
tion I, with a marginal note stating that “it was in the margin® (erat in
‘ margine), which means, of course, that the additional proposition was in the
margin of manuscript 2 from which D was copied. Similarly, the second
additional proposition was Placed by the sctibe of D, in the text of the
Liber de curvis superficichus after Proposition TII. Again, the scribe of D,
noted that boc erat in margine.

It seems evident that these two additional propositions had some cur-
rency from the early fourteenth century in spite of our not being able to
find further manuscripts including them. For, as I indicated in Section 2
of this chapter (see notes 21, 22, and 24), from at least the year 1328,
geometers-tended to cite Proposition ITT of the Liber 4 CHTVIS superficiebus
as the fifth proposition. The most plausible way to account for this is to
assume that there existed a commonly known text (the source of Dy in
which the two additional propositions had been added to the body of the
text before the regular Proposition I11. '

The first additional proposition depends directly on Proposition I of the
Liber de curvis superficiebus. It holds that the difference between the lateral
sutfaces of two unequal cones having equal slant heights s equal to the
lateral surface of a third cone with the same slant height but with a base
circumference (or diameter) equal to the difference between the base cir-
cumnferences (or diameters) of the first two cones, By Proposition I of the
Liber de curvis superficiebus, each of the surfaces of the two unequal cones is
equated to a right triangle in which the right angle is contained by a line
equal to the slant height and a line equal to the citcumference of the base.
The triangular difference between the two right triangles is then shown
t0 be equal to a third tight triangle which is equal to the lateral surface
. of the third cone. This proposition should be compared with Proposition

V of the Liber de curvis superficiebus:

The second additional proposition depends on Proposition II of the
iber de curvis superficiebns. It states that the difference between the lateral
irtaces of two unequal cylinders having the same altitude is equal to the
tteral surface of a third cylinder with the same altitude but having a base
Itcumference (or diameter) equal to the difference between the base cir-
Imferences (or 'diameters)-of the first two cylinders. By Propositions II
- the Liber de curwss superficiebus, each of the surfaces of the two cylinders
quated to g rectangle with sides equal résp'éctively to the altitude of
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the cylinder and the circumference of its base. The rectangular difference
between these two rectangles then can be shown to be equal to the lateral
: surface of the third cylinder. Tt is at the end of this proposition that we |
; find the term “interposed” (interposite) applied to the first proposition (and |
by implication to the second proposition as well).

1 have already commented upon the characteristics of the two manu- ,

scripts D and D; in the Sigla of Section 2 of this chapter. I have foliowed

D exclusively in my text, noting, however, the variant readings of D, |

‘The marginal references are to 1. The figures are as in I except that I

have rotated the quadrilateral DEAMN in Fig. 75 through 9o degrees.
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[Propositiones interposite]

/[I] OMNIUM DUARUM ROTUNDARUM PYRAMIDUM
INEQUALIUM, QUARUM YPOTHENUSE FUERINT EQUA-
LES, SUARUM CURVARUM SUPERFICIERUM DIFFERENTIA |
LST LQUALIS CURVE SUPERFICIEI ROTUNDE PYRAMIDIS, ‘
CUIUS YPOTHENUSA EST EQUALIS YPOTHENUSE RELI-
QUARUM PYRAMIDUM, CIRCUMFERENTIA VERO BASIS
EQUALIS DIFFERENTIE CIRCUMFERENTIARUM BASIUM
RELIQUARUM, VEL DIAMETER BASIS EQUALIS DIFFE-
RENTIE DIAMETRORUM BASIUM RELIQUARUM.

Sint due pyramides inequales rotunde, quarum ypothenuse sint
equales, Maior quidem DHE, eius basis circulus GZ, ypothenusa vero.
DE [Fig. 76]. Minor vero DCK, cuius basis circulus FK, ypothenusa
DEK. Et sit circomferentia circuli 4L equalis differentie circumferen-; -
tiarum duotum circulotum GE et FK. Et super circulum AL erigatus
pyramis DBL, cuius ypothenusa D7 ponatur equalis ypothenuse DF;
fiatque, per hanc primam huius, triangulus orthogonius DEN equ
curve superficiel pyramidis DHE, ita quod DE latus teianguli
equalis DE ypothenuse, et DN equale circumferentie circuli GE;
angulus D rectus. Et ex lateri DIV resecetur DL, equalis circunfy
rentie circuli FX. Bt quia DE, DK sunt equales et angulus D rec :

19 resetur L)
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Interposed Propositions]|

{L] IN THE CASE OF TWO UNEQUAL CONES WHOSE SLANT
HEIGHTS ARE EQUAL, THE DIFFERENCE BETWEEN THEIR

OF A [THIRD] CONE WHOSE SLANT HEIGHT IS EQUAL TO
THE SLANT HEIGHT OF THE OTHER CONES AND WHOSE
BASE CIRCUMFERENCE IS EQUAL TO THE DIFFERENCE
BETWEEN THE BASE CIRCUMFERENCES OF THE OTHER
CONES, OR WHOSE BASE DIAMETER IS EQUAL TO THE
DIFFERENCE BETWEEN THE BASE DIAMETERS OF THE
OTHER CONES.

Let there be two unequal cones whose slant heights ate equal. The
greater one we let be DHE, its base circle GE, and its slant height DF
[see Fig. 76]. The smaller cone we let be DCK, its base circle FX, and

M

LATERAL SURFACES IS EQUAL TO THE LATERAL SURFACE

its slant height DXK. And let the circumference of citcle .47, be equal to
the difference between the circumferences of the two citcles GE and FK.,
And on circle AL let cone DBL be erected; its slant height D7, is posited
as equal to slant height DZ. Then by the first [proposition] of this [work],
let right A DZEN be constructed as equal to the lateral surface of cone
DHE, so that side DEof the triangle is equal to slant height D and
side]. DIV is equal to the circumference of circle GE, D being a right
angle. And from side DN let DL, equal to the circumference of circle .
X, be cut. And because [side] DE and [slant height] DX are equal and
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ergo, per primam huijus, triangulus DEL equalis cutve superficiel

pyramidis DCK. Ergo differentia curve superficiei pyramidis DHE

et pyramidis DCK erit triangulus ELN. Et differentia circumferen-

tiarum circulorum GE et FX erit linea 7N, Dico tunc carvam super-
»s ficiem pyramidis DBL esse equalem triangulo LEN.

Quod sic probatur: A puncto L educatur LM perpendicularis super
lineam DAV et equalis ypothenuse DL, et trahatur linea A//V. Eritque
triangulus AMLN, per hanc primam, equalis curve superficiel pyra-
midis DBL. Sic triangulus MLN, pet 37 et 33 prirmi, et per 28 primi

o FBuclidis, est equalis triangulo ELN, Quare et curva supetficies DB
etit etiam equalis triangulo ZLN, quod est propositum.

Patet etiam, per 3 huius, quod sicut se habet circumferentia GE ad .
citcumferentiam AL, ita se habet diameter GE ad diametrum AL, .

Et iterum, per eandem, sicut se habet circumferentia FX ad circam-

s ferentiam AL, ita se habet diameter FK ad diametrum 47. Frgo,

per penultimam quinti, sicut se habent citrcumferentie GE, FK simul

ad circumferentiam AL, ita se habent diametri GE, FK simul ad

diametrum AL. Ergo, per conversam propottionalitatem, sicut se
habet circumferentia AL ad circumferentias GE, FK simul, ita sé

- o habet diameter 47, ad diametros GE, FK simul. Sed circumferentia’y:

AL est equalis differentie citcumferentiarum GE, FK. Ergo diametet

AL est equalis differentie diametrorum GE, FK, quod fuit ultimg
propositum.

/ [11.] OMNIUM DUARUM ROTUNDARUM COLUMNARU

INEQUALIUM, EQUE ALTARUM, SUARUM SUPERFICIERU

CURVARUM DIFFERENTIA EST EQUALIS CURVE SUPE

FICIEI ROTUNDE COLUMNE, EQUE ALTE, CUIUS BAS

s CIRCUMFERENTIA DIFFERENTIE CIRCUMFERENTIARU

RELIQUARUM BASIUM EST EQUALIS, VEL CUIUS BAS

DIAMETER DIFFERENTIE DIAMETRORUM RELIQUARU

BASIUM EST EQUALIS. _ '

Sint predicte columne AB, CD; et fac tetragonum GL [Fig. 7], P

w2 huius, equalem curve superficiel columne A5, et tetragonum &

21 superficiem (?) D, 36 quinti om. D, et babet lacunam | GE*
24 circuli D) LN: in D; [ tunc D,
curvam: curva tanc 2 39, 4o simul: similiter J;

28 MLN: MRA D, 40 diameter: diametri D,
2g Sic: dt D;  MLN: MIN D, / primi 42 est equalis: et circulis Dy
et: et primam D, 4 eque oz D, ¢

33, 35 dizmeter: diametrum [, 7 diametri D,
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D is a right angle, thetefore by the first [proposition] of this [work]
A DEL is equal to the lateral surface of cone DCK. Therefore, A ELN
will be [equal to] the difference between the lateral surfaces of cone DHE
and cone DCK, and line LN will be [equal to] the difference between the
citcumferences of citcle GE and circle 7K. Then I say that the lateral
surface of cone DBL is equal to A LEN.

This is proved as follows: From point Z let line LA/ be erected as a per-
pendicular to line DV and equal to slant height DL; and let line NV
be drawn. And A MLN, by this first [proposition], will be equal to the
latera] surface of cone DBL. So A MNL = A ELN, by [Propositions]
L3y, 1.33, and 1.28 of Euclid. Therefore, the lateral surface of DBZ will
also be equal to A EL.N, which has been proposed.

It is also evident, by the third [proposition] of this [wotk], that

citcum GE  diam GE
circum AL diam AL’
circum FK  diam FK

and further that citcum AL~ diam AL
[proposition] of [Book] V [of the Elements], :

circum GE -+ circom FK _ diam GE - diam FK.

R

. Therefore, by the penultimate

citcum AL B diam AL
Therefore, by inverse proportionality,
circam AL diam AL

- circum GF + circum.FK ~ diam GE -+ diam FK’

But circum AL = circum GE — circam FK. Therefore, diam AL =
diam GE — diam FK,* which was the last thing proposed. :
{Il.] IN THE CASE OF TWO UNEQUAL CYLINDERS WHOSE

ALTTITUDES ARE EQUAL, THE DIFFERENCE BETWEEN THEIR
LATERAL SURFACES IS EQUAL TO THE LATERAI, SURFACE
OF A [THIRD] CYLINDER OF THE SAME ALTITUDE WHOSE
BASE CIRCUMFERENCE IS EQUAL TO THE DIFFERENCE
BETWEEN THE BASE CIRCUMFERENCES OF THE OTHER
[CYLINDERS], OR WHOSE BASE DIAMETER IS EQUAL TO
HE DIFFERENCE BETWEEN THE BASE DIAMETERS OF THE
THER [CYLINDERS]. :

Let the aforesaid cylinders be 4B and CD [see Fig. 77], and by the
eeond [proposition] of this [work] make the rectangle GL equal to the
teral surface of cylinder A48 and the rectangle GK equal to the lateral

* See the Commentaty, lines 35-43.
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equalem curve supetficiei columne C. D. Et proba tetragonum FIL
esse equalem curve superficiei columne EF, que pogitur eque alta
columne AB, et circumferentia FF equalis differentie circumferen-
tiaram .AB et CD, qui quidem modus demonstrandi similis demon-

strationi alterius interposite [propositionis].

11 HL: HI I, 12 eque: equi Dy
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Fig. 77

sutface of cylinder C'D. And prove that rectangle /7. is equal to the
lateral surface of cylinder £F, which is posited as being equally high as
cylinder 4B, and circomference EF is cqual to the difference between
circumferences .48 and CD, which method of demonstration is similar
to the demonstration of the other interposed [proposition).

L s s s B AL

COMMENTARY

Proposition T

29 “per 37...28.” Proposition 1.37 in the Adelard IT version of the F/-
ments tuns (Brit. Mus. Addit. 34018, 6t): “Equales sunt sibi cuncti
trianguli qui super eandem basim atque inter duas lineas equidistantes
fuerint constituti,” Proposition I.33 (#bid., §v): “Si summitatibus dua-
rum linearum equidistantium et equalis quantitatis alie due linee appli-
centur, ispe™ etiam equales et equidistantes erunt.” Proposition I.28
(#bid., 51): “Si linea una duabus [lineis rectis] supervenerit, fuertitque
angulus eius intrinsecus** angulo intrinseco sibi opposito equalis, aut
duo anguli intrinseci ex une parte duobus [angulis] rectis equales, ille
due linee erunt equidistantes.” Words in brackets in the Campanus
edition of Basel, 1546. :

35—43 “Ergo....propositum.” Actually, what the author tacitly assumes

at this point in the proof is that if Proposition V.z4 of the Elements,

using componends, is accepted, then an equivalent proposition using
separando is true, that is, if (¢ + b)fc = (d + o)/f, then (¢ — B)jr =

(d — ¢)/f. Our authot’s argument, in effect, is that if r = « — &, then

JS=d—e,a, b, and ¢ being the circumferences GE, FK,and AL, and 4,

e, and f being the diameters GE, FX, and .AL. The transformation of

ipse etiam corr. m. rec. ex utrobique *¥ rorr. ex extrinsecus
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V:24 assumed here is Simson’s first corollary to Proposition V.24
(see T. L. Heath, Ewclid, The Elements (vol. 2, p. 184). ' :

36 “penultimam quinti,” See above, this chapter, Commentary to Section 2,
the Liber de curvis superficiebus, Proposition V, lines 78~79.

4. Three Propositions Added to the

Liber de curvis superficiebus

In speaking of the populatity of the Liber de curvis superficiebus in Section 2
of this chapter, I noted that a reworking of the text appears in manuscript
M (Flotence, Bibl. Naz., Conv. Soppr. J.V.18, 921—96v, 14c). After giving
Proposition 1 of the Cambridge Version of the De mensura circuls (see
Chapter Three, Section 1), the Latin author of this text then abridges the
ten propositions of the Liber de curvis superficiepns and finally gives three. -
farther propositions on curved sutfaces. Unfortunately, A/ is a very poot
copy and needs much editorial emendation, both as to figutes and text,
in order to make mathematical sense. I can only hope that a better man
script of this version will be found, but until such time I shall limi
myself to editing and reconstructing the three additional propositions. Th
extensive revision needed for these three propositions will, I am su
show the wisdom of my temporarily setting aside the preparation of
text of the abridgment of the ten propositions from the Liber de.
superficiehus. 'The three additional propositions on curved surfaces I
numbered 11T (XI), IV (XII), and V (XIII). The numbers III, IV,
indicate that these are three further propositions beyond the two pr
tions given in Section 3 of this chapter, while the numbers XI, XI
XTI show that these propositions follow ditectly npon the ten >
tions of the Liber de curvis superficiebus as given in manuscript 47, 1
reason to doubt that these three additional propositions were,
abridgement of the Liber de curvis superficiehus here given, done b
author. For our author specifically distinguishes these additional
tions from those of the Liber de curvis superficiebus by referring thi
Archimedes (“Arch.”). Furthermore, if we assume that the autho
additional propositions was also responsible for the inclusion Q
tion I of the De mensura cirenli in the Cambridge Version, then




§4 Propbsitions Added to De curvis superficiehus 521

origin is ‘assured, since that version was shown in Chapter Three above
to be of Latin origin. Incidentally, the addition of Proposition T from the
De mensura cirendi as an introductory proposition makes considerable
mathematical sense, since this proposition is frequently employed in the
Liber de curvis superficiebns and the additional propositions.

Proposition T (XI), it should be noted, applies the so-called exhaustion
‘method to 2 problem involving the surface of a segment of a sphere, It is
evident that the author did not have access to Propositions 42 and 43 of
Book T of the De sphacra of cylindro of Archimedes, for if he had had such
access, he would not have had to apply the exhaustion procedure but only
to apply simple proportions, as Archimedes did in proving Proposition 3
of Book II. It will be noted that Archimedes’ Proposition I1.3 is our
authot’s corollary, except that Archimedes presented it as a problem:! “To
cut 2 given sphere by a plane so that the surfaces of the segments may
have to one another a given ratio.” The whole proof of Proposition IIT
(XI} was no doubt somewhat confused in its original form and the scribe
has increased that confusion. But I am reasonably sure that my restored
text represents the tenor of the original proof. Proposition TV (XII) is
auxiliary to the last of the three propositions, while the last proposition
itself tells us how to determine the volume of a truncated cone,

My text of the three propositions is freely corrected from M (although
all of the original readings ate, of course, included in the variant treadings).
There are certain peculiarities of the text that should be noted. The author
often in a shorthand way refers to the “segment of the sphere,” when he
means “the surface of the segment of the sphere.” T have added “‘surface”
in my translation. Similatly, the author uses “poligonium’” when he
means the solid formed by the rotation of the polygon. The scribe of M/
uses both # and ¢/ before a vowel. T have always used #, for example,
circumferentia. The diagrams (Figs. 78 and 79) for Proposition III (XI)
I have drawn from the text since they were missing in A7, The only
changes I have made in Hig. 80 are to put the circles in perspective, to
draw a citcle about DEF, and to relocate X slightly to indicate that it falls

on the inner circle. The marginal references are to manuscript A7, which
- has been described in Section 2 above,

' In the Moerbeke translation (MS Vat.  speram plano secare ita ut pottionum su-

- _0]3;‘ lat, 1850, 321), Proposition II. 3,  perficies ad invicern habeant proportionem
t “Tertium problema erat hoc: datam  eandem date.”
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[Propositiones addite Libro

de curvis supetficiebus|

 [TI1(X1)]¢SIy CIRCULUS SPERAMPER INEQUALIA SECET, |
DIAMETRO SPERE PLR CENTRUM EIUS TRANSEUNTE, |
ERIT PROPORTIO EADEM, SET ALTERNATIM SUMPTA,
INTER PORTIONES DIAMETRI ET DIAMETRUM ET INTER
SUPERFICIES PORTIONUM SPERE ET DIVIDENTEM CIR-
CULUM. '

Fiat ergo speta ABGD, diameter AG, circulus A4, cuius diameter
est BD [Fig. 78]. Dico ergo quod que est proportio totalis diametti.
ad illam partem que est EG ea est curve superficiel ABD ad circalum

secantem.
Si non, ergo ea est proportio minotis spere portionis vel maiofi

metrum corr. ex diameterum
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[Propositions Added to the Book

on Curved Surfaces]

(I (XD)] 1¥ A CIRCLE CUTS A SPHERE INTO UNEQUAL
[SEGMENTS] AND THE DIAMETER OF THE SPHERE PASSES
- THROUGH THE CENTER OF THE CIRCLE, THE INVERSE
! RATIO [OF EACH] OF THE SEGMENTS OF THE DIAMETER -
TO THE DIAMETER IS THE SAME AS THE RATIO [OF THAT
ONE] OF THE SURFACES OF THE SEGMENTS OF THE SPHERE
[WHOSE AXIS IS THE OTHER SEGMENT OF THE DIAMETER]
TO THE [AREA OF THE] CUTTING CIRCLE.,

G
Fig. 78
Note: I have added the prime sign to X".

- Therefore, let sphere 4B be constructed [see Fig. 78] with diameter
AG, and let the [cutting] circle be A7 with diameter BD [and center #].
I say, therefore, that the ratio of the whole diameter to its segment EG
is the same as that of the curved sutface [of sphere segment] ABD to the
' [area of the] cutting circle.

- If not, the ratio is as that of [the surface of a] segment of a smaller
or farger sphere to that circle. If it is of 2 [segment of a] smaller [sphere],
et,it be inscribed in it [i.e., in the given sphere]. Let the smaller sphere
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ad illum circulum. Si minotis, inscribatur ei et sit Y2XO. Deinde per
e:  XII Euaclidis inscribere poligonium maiori, scilicet quod non [ tangat
interiorem. Deinde duobus lateribus poligonii subtrade (1) basim FH
s et a Bad 77 duc lineam rectam et aliam ab 7 ad G. Age ergo ita V*
- Arch[imenidis] probatur, et id quod fit ex ductu .4F in circumferen-
tiam FH et citcumferentiam BE est equale curve superfictel quam
describunt AF et BF. |

Item AFG et AFP sunt similes. Exrgo que est proportio lateris FG

v ad Fd caest FPad AP, A simili que est J°G ad FA ea est PI] ad

PX' et ea est a simili BE ad X'E. Ergo per coniunctum que est

unius antecedentis ad unum consequens ea est omnium antecedentium

ad omnia consequentia. Ergo que est FG ad F.A ea est FPH et BE ad’

totalem lineam _AE. Set que est linee ad lineam ea est circumferentie

.5 ad circumferentiam, ut probabitur inferius. Ergo que est proportio
FG ad F A ea est circumferentie FH et circumferentie BE ad circum- - -

ferentiam AFE. Ergo quod fit ex FG in circamferentiam AFE est

1% equale cusve quam describunt AF et BF. :
il Ttem AG et BD secant se ad rectos in circulo. Ergo que est pro-
: o pottio EG ad BE ea est BE ad AE et ea est AE ad aliam; sit illa
ZE. Bt sit TE equalis BE. Age ergo quod fit ex ductu BE in ZE e
equum quadrato AF, Ergo que est proportlo GFE ad BE eaest BE a
EAeteaest HAad EZ. Brgo eversim que est A5 ad BE ea est ZE}
ad EA. Sint exgo GE cum E.A primum, BEZ secundum, BE tertiumg
ss . BA quartum, Ergo id quod fit ex GA in EA est equum el quo
fit ex BZ in BE. Set EB est equale 7E. Ergo quod fit ex ZT in B
est equum ei quod fit ex GA in EA. Et quod fit ex G.A in circum
ferentiam 475 est equum ei quod fit Z7 in circumferentiam BE. Se

J————————

31 ZE! corr; exx AZB | ZEz sorr. ex XE

12 YXO cory. ex YZO 32 post AR iter. M lineas 29-32 (Ergo

14 ante basim add. M poligonii gusd delevi

1§ ad? corr. ex a

17 BE corr. ex BL (7)

18 describunt eorr. ex desctibitur,
20 €a? gory. ex €am

21 BE ad X'E wrr. ex BL. ad XL
22 unius corr. ex minus (7)

23 BE corr. ex BL

AR) per errorem ergo que est proportl
EG ad BE, ea est BE ad AE, et etias
AFE ad aliam; sit ille XE (/) est equul
quadrato AE. Ergo que est et sit
equalis BE. Age “ergo que (/) fit
ductu BE in XE (/) est equum ¢
drato AB. Sed delevi toturs.

24 AE corr, ex AL : 33 post BE add. M ad; delevi
26 post FA ser. M in citcumferentiam ea 34 BEZ corr. e BET
est PH ad PZ FA sed de/. M in circum- 36 quod corr. ex que
ferentiam ¢ defevi ea est PHad PZ FA [ 37 Bt corr. ex est equum el | GA corr

BE corr. ex BL,

BX in BE guod est sublincamn in M.




§ 4 Propositions Added to De curvis superficiebus 535

segment be Y XO. Then by the [14th proposition of the] twelfth [book]
of Euclid*: [the problem is] to insctibe a polygonal body [i.e., 2 solid]
in the greater [sphere] so that it does not touch the interior [sphere].
Then from two sides of the polygon draw base F77, then draw a straight
line from B to # and another one from F to G. Proceed, therefore,
as in the proof of the fifth proposition [of the Baok on Curved Surfaces)
of Archimedes. And so, AF- (circam FH** 4 circum BE**¥y = lat surf
described by 4AF and BF. o

Also, triangles AFG and AFP are similar. Therefore FGIFA =
FP]AP. Similarly, FGJFA = PHIPX' = BE|X'FE. Therefore, by the
composition of ratios, the ratio of one antecedent to one consequent

Is as the ratio of all the antecedents [together] to all the consequents

(FP + PH+ BE)  FH 4 BE

FG
[together]. Therefore, A= AP+ PX ¥ XB) ~  AE

[since] line is to line as circumference to circumference, as will be proved

below, therefore FG = (citcum F7{ 4 citcum BE)

FA circum AE ’
Thetefore, (FG - citcum AFE) = lat surf described by .4F and BF.
Also, AG and BD intersect each other at right angles in the circle.
Therefore, EG|BE = BE|AE = AE|ZFE [ZE being so constructed to
complete the proportion]. Andlet 7F = BE. Thetefote, BE - ZE — AF-.
Therefore, [since] GE[BE = BEJEA = EAJEZ, by the inversion
‘of ratios, AE/BE — ZE[EA. Thetefore, [by composition of ratios,]

GE +EA  BE Y '
BE T EZ =~ EA ‘Therefore, GA+- EA = BZ BE But £E8 = TE.

But

Hence Z7+ BE = GA- EA. And(GA - citcum AE) =(ZT - circam BE).
But circum BE = 1/2 circum BD, because diameter is to diameter as circum-

e ¥ PrOPQsition XTI 14, Adelard text, is Koo That is, 1/2 circum BD, where BD
IL 17 in the Greek text. ~ isa diameter equal to twice BE considered
** Whete FI is considered as 2 di- asa diameter.
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circumferentia BE est subdupla ad circumferentiam BD, quia que
so diametri ad diametrum et circumferentie ad circumferentiam. Ergo
quod fit ex AC in circumferentiam AF equum est ei quod fit ex 77 |
in medietatem circumferentie B0, Etgo maius est quod fit ex AG
in circumferentiam AZ quam quod fit ex FG {in circumferentiam
AEy. Ergo quod fit ex AG in circumferentiam A5 est matus quam
i curva AF et FB. Ergo quod fit ex Z7 in medietatem circumferentie
BD est maius illa eadem curva. Set id quod fit ex Z7 in medietatem |
: circumferentie A7) se habet ad circulum BD ut se habet Z7 ad BE |
. lineam, per primam sexti Euclidis; et per primam de mensura circuli
i \ sic circulus diametri 5D fit ex linea 8% in dimidiam circamferentiam
so ipsius circuli, ut patet, At sicut GE ad £.A ita est BE ad IZZ, Ergo
eversim sicut A4FE est ad BEG ita ZF ad EB. Ergo coniunctim sicut
est AEG ad EG ita est ZET ad EB. Etgo sic se habet id quod fit
o ex 77 [in dimidiam circumferentiam ipsius circuli BD ad circulum
diametri B0 ita se habet AEG ad EG. Set supetficies portionis spere -
i 55 YXO ita sc habet ad circulum BD sicud habet (AG ad EG per)
1k ipothesim. Ergo eodem modo se habent ad illum circulum pottio
spere XYO et id quod fit ex 77 in dimidiam circumferentiam BD,
Ergo id quod fit ex 7.7 in dimidiam circumferentiam B.D est equal
; illi portioni spere. Set positum est quod illud est maius curva poligonii
so Ergo illa curva spere est maior curva poligonii; set includit illum
Ergo inclusum est maius includente. Relinquit ergo quod non si
i _ propottic portionis minoris spere ad citculum sicut diametti ad illat
partem. ' |
i Ergo maioris; et sit idem centrum; et sit propottio portionis spet
F s maijoris ad circulum BED sicut AG ad EG; et sit illa portio YO

[Fig. 79]. Dividatur iterum arcus 45D in arcus quos in medio con
gentes linee convenient infra YO X, ut sit una superficies inclusa line;

H

39 circumferentia sorr. ex circumferentiam . 55 YXO corr. e XEX
| BE corr. ex B ' 57 XYO corr., ex XYE (?)

i 41 ZT corr. ex FG ergo quod fit ex AGet 57, 58 TZ corr. e TX

i 4z post BD babet M lacinaw et posita AG 59 positum corr. ex posterius

maior (?) FG guod delevi 6o maior corr. gx maiori
42 medietatem mrcumfcrentle ¢orr. ex cir- 6z post portionis wdd. M diametri gnod
cumferentiam Jewi
47 habet? corr. ex habent | BE corr. ex BD G4 ante Brgo add. ef. del. "M Set arcus B.
49 post fit add. M linea qﬂad delevi - in arcus quos in medio continge!
§ 50 BZ corr. exx BEX ’ linee convenient infra YOX ut si
53 ad circulum bis M 65 pottio corr. ex propottio

54 ABEG ad BG corr. ex AET ad G
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ferenceisto circumference. Hence (AG-citcum AL)= (2T / zcircum BD),
Hence(AG - cireum AF) >(FG-circum «4E).Hence(AG citcum AE) >
sutf described by .47 and FB. Therefore, (Z7' - 1/2 circum BDYy >

. - ZT - 1/2 citcum BD 2T
surf des‘crll:_»ed”by AF and FB. But e BD = BE
[Proposition] VL1 of Fuclid. And by the first [proposition] On the Meas-
urement of the Circle [of Archimedes], the circle of diameter B0 thus
ariscs from the product of the line BZ and one half the circumference of
that circle, as is evident. But GE[EA = BIJEZ, Hence, by inversion,
AEJEG = ZE|EB. Hence, by composition of ratios,

AE+ EG  ZE -+ ET
_ EG — EB
[, £B being equal to ET]. Hence, (IZ - 1/2 citcum BD)/citcle BD —

(AE + EG)/EG. But the surface of sphere segment Y.XO is related to
ciccle BD as AG is to EG, by hypothesis. Therefore, in the same way,

Sutf segment of sphere Y.XO _ TZ-1/2 citcum BD
circle BD - circle BD

by

Therefore, (72 + 1/2 circum BD) = (surf segment of sphere XYO),
But it Was posited that it was-greater than the curved sutface of the
[rotated] polygon. Therefore, that curved sutface of the sphere is greater
than the curved surface of the [rotated] polygon. But the latter includes it
and so the “included” is greater than the “including,” [which is im-
possible]. Therefore, it remains that the ratio of the [sutface of the] seg-
ment of a lesser sphere to the citcle is not as the diameter to its segment.

Therefore, [let us try the segment of a] greater [sphere]. Let it have
the same centet [as the given sphere]. And let the ratio [of the sutface]
of a segment of greater sphete to circle BED be as 4G to EG. And let the
segment be Y'0OX [see Fig. 79]. Again let arc 4ABD be divided into arcs at
whose middle points tangent lines within Y’OX meet so that a single
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71 erunt trianguli eorr. ex ert anguli 84 FE corr. ex FD [ duabus corr. ex duo
74 CY corr. ex CX 86 post equum add. ef del. M ei quod £
79 FE corr. ex BE ductu HEK

81 CY corr. ex EX 95 portione corr. ex proportione
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FH, (HK,Y KL, LM, MF. Eductis hinc modo (?) eius superficiei
medietas circumducti describit solidum circa portionem spete; et con-
tingit /K in puncto Y, et protrahantur linee YC, F7., AL. Quoniam
etgo illud poligonium circumscribitur, erunt trianguli YCK et KPH
similes, quia angulus Y est rectus propter angulum contingentie et
angulus P rectus et angulus KX communis. Ergo tertius tertio. Frgo
que est proportio linee CY ad lineam YK cadem est proportio /7P ad
KP. A simili que est proportio CY ad YK eadem PL ad PV, propter
triangulos similes; et eadem sunt ad ea. Ergo que est CY ad YK eadem
est HIL et FE (ad KE). Etgo quod fit ex ductu YC in circumferentiam
KE est equum ei quod fit ex ductu YK in circamferentiam AL et
circumferentiam FF. Ergo quod fit ex ductu dupli CY in eandem
citcumferentiam est equum ei quod fit ex ductu dupli YX in easdem
circumferentias. Set duplum CY est AG diameter, scilicet duplum
YK est HK. Ergo illud quod fit ex ductu G.A in citcumferentiam -
KE est equum €i quod fit ex ductu KA in circomferentiam HL et
FE. Set ultimum est equale illis duabus superficiebus solidi, ut in
quinta Arch[imenidis] probatur. Ergo quod fit ex ductu AG in cir-
camferentiam KB est equum illis duabus supetficiebus. Set id quod:”
fit ex ductu AG in circumferentiam K est maius eo quod fit ex. G.A
in citcumferentiam AF. Set illnd est equum ei quod fit ex ductu 7.2
in citcumfetentiam BE, ut ostensum est in priori parte huius proposiy
tionis, eadem facta disposmone de 7 et Z. Exgo quod fit ex ductu AG
in circomferentiam KZ est maius eo quod fit ex ductu 722 in circu
ferentiam BE, Setid quod fit ex 77 in circumferentiam BE est equui
portioni superficiei sperice Y'OX. Set probatur illud omne equ
predictis duabus supertficiebus, Ergo ille due superficies sunt maiofi
illa portione. Ergo inclufsum est maius includente. Et sic patet pr
positum. '
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surface is included by lines FH, HK, KL, LM, and MF. Now with
these lines so drawn the half of this surface when rotated describes a
solid about the segment of the sphere; and it [the sphere] touches HK
in point Y. And let lines YC, FL; and HL be drawn., Therefore, since
that polygon is circumscribed, triangles YCK and KPH will be similar
because / Yis a right angle, being an angle of tangency, and / Pis a
right angle, and / X is common, Therefore, the third [angle is equal]

Fig, 79
Note: T have added the prime sign to ¥.

0 the third [angle]. Hence CY[YK = HP/KP. Similatly, CYJVK —

PLIPN, because of similar triangles. Therefore, by equality [and com-
position], CY/YK = (FL - FE)/KE [and hence

CcY _ circum HL - citcum FE
YK — circum KF ]

Thetefote, (YC - circum KE) = YK+ (citcum HI + circum FE),
Therefore, (2 CY - circum KE) =2 YK - (circum HL + circum FE).
But 2 CY = diameter AG, and 2 YK = HE. Therefore, (G.A4 - circum
KE) = KH - (circum HI, + citcum FE), But KH - (citcum AL + circum
F'E) is equal to the two surfaces of the solid, as is proved in the fifth
[proposition] of [the Book on Curped Surfaces of] Archimedes. Therefore,
- (AG - circum KE) is equal to those two surfaces. But (AG - circum KE) >
GA - circum AE), [since citcum K& > circum AE]. But when 7 and
are placed as before, (GA - circum AFL) = (IZ - citcum BE), as was
hown in the earlier part of this proposition, Therefore, (AG - circum
) > (17 - citcum BE). But (TZ - circum BE) = sutf spherical seg-

ent Y'0.X ; but it is proved that (AG - circum EK) = surf described by
and HF,
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Similiter propottio alterius portionis ad cundem circulum non erit
major vel minor quam est proportio AG ad AZ. Relinquitur ergo
quod eadem proportio superficiei portionis sperice 54D ad super-

o ficiem alterius sicut proportio AE ad EG. Quoniam que est proportio
BAD ad circulum BED eadem est AG ad EG, at similiter que est
propottio circuli BED ad supetficiem sperice portionis BG.L) ea est
AF ad AG; ergo per eversam propostionalitatem que est portionis
sperice ad portionem spericam, ea est A& ad EG. '

[IV (X1I).] SI ROTUNDE PIRAMIDIS AXIS IN TERTIAM
PARTEM BASIS DUCATUR, PRODUCETUR SOLIDUM EQU-
ALE PIRAMIDL

Quia quod fit ex ductu axis in totalem basim pitamidis est triplum
piramidis, ut probatur in XII Euclidis, ergo quod fit ex ductu ciusdem
(in) tertiam partem illius est equale piramidi. . -

[V (XIIT).] IN OMNI CURTA PIRAMIDE SI A CENTRO BASIS
AD YPOTHENUSAM DUCATUR PERPENDICULARIS, QUOD -
FIT EX EADEM PERPENDICULARI IN TERTIAM SUPERFI-

. CIEI PIRAMIDIS CUM QUOD EX AXE IN TERTIAM CIRCULL
SUPERIORIS EQUATUR IPSI PIRAMIDL .

Sit ergo circulus BYC, cuius centrum £, diameter BC, et sit basi
pitamidis BAC, et sit DLF equidistans BC [Fig. 8o]. Bt circulus illin
sit MK circa centrum E, axi tam sit eadem. Sumatur [CEY] secto
circuli basis, tertia pars scilicet. Et deinde ad ypothenusam AC ducat

o acentro perpendicularis EP. Est igitur EK equalis LF et sector KEJ

‘tertia pats cirenli KA. Inde sic, id quod fit ex ductu AE in illum seg
torem CEY est equale hec totali piramidi. Set quod fit ex AL i
KME est equale hec pitamidi parti DLF. Ergo quod fit ex du
relique pattis eius linee in cundem sectorem cum eo quod fit ex du

97, 99, 102, To3 POrtionis corr. ex propor- 34 superficiei corr. ex supetficie
tionis 6 BC corr. ex BI -
Prop. IV (XII) - 11 post ductu add. ef del. M relique
4 triplum corr. ex duplum 13 DLF corr. exx DEF

Prop V (XIIT)

1 curta corr. ex curva
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Hence those two, surfaces [described by K77 and HF] are together greater
than [the surface of] that segment [Y’OX] Therefore, the “included” is
greater than the “including”, [which is impossible]. And so that which
was proposed is evident,

Similarly, the ratio of the [surface of the] remaining segment to the
[area of the] same circle will be neither greater nor less than the ratio of
AG to AE. It remains, therefore, that

surf spherical segment 54D AL

sutf spherical segment BGD  EG”

surf segment BAD . AG a similasl circle BED _AE
cirle BED  — EBG M S — o cament BGD — AC

Hence, by inverse proportionality [and the elimination of the product of
AG and circle BED), the [sutface of the one} spherical segment is to the
[surface of the other] spherical segmment as AF is to EG,

[IV (XII).] IF THE AXIS OF A CONE IS MULTIPLIED BY ONE
THIRD OF ITS BASE, A SOLID EQUAL TO THE CONE WILL
BE PRODUCED. : '

Since the product of the axis and the whole base is three times the cone,
as is proved in [Proposition 9* of Book] XII of Euclid’s [Elements], there-
fore the product of the same [axis] and one third of its base is equal to the
cone. -

[V (XIIT).] IN EVERY TRUNCATED CONE THE VOLUME IS
EQUAL TO THE SUM OF (z.) THE PRODUCT OF (1) A PERPEN-
DICULAR DRAWN FROM THE CENTER OF ITS [LOWER] BASE
TO A SLANT HEIGHT [OF THE TRUNCATED CONE] AND (2)
ONE THIRD OF THE [LATERAL] SURFACE OF THE [TRUN-
CATED] CONE AND (¢) THE PRODUCT OF THE AXIS AND
ONE-THIRD PART OF THE UPPER [BASE] CIRCLE.

Let there be a circle BYC, whose center is & and whose diameter is BC
[sce Fig. 80]. And let it be the [lower] base of cone BAC, and let DLF
be parallel to BC. And let there be a circle MK of center F within that
[base circle which is equal to the circle of diameter DLF], and whose
axis is the same. Let there be taken a sector [CEY] which is one thitrd of
the base circle. And then let | EP be drawn from the center to the slant

cight AC. Hence BK = LF, and sector KEM == 1 /3 citcle KM, Then,
HE - sector CEY) = whole cone [BACT. But (AL - sector KME) =
artial cone DLF [1]. Hence the product of the difference in altitudes

* XH 9 in'the Adelard II text; XII. 10 in the Greek text.

for
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! 15 totalis linee in reliquam partem, in KCMY, est equale relique parti
: eius totalis piramidis, scilicet curte piramidi. Ergo quod fit ex ductu
i LE in EKM cum eo quod fit ex AE in KCMY est equale curte pira-
I

midi,

Ttem anguli L et Z sunt recti et . est communis; ergo trianguli
2 ALF et AEC sunt similes. Ergo que proportio LLF ad 4 ea est
EC ad C A. Set que ypothenuse ad semidiametrum basis ea est curve
piramidis ad citculum basis, per primam Arch[imenidis]. Item £ an-
gulus est rectus et A communis. Ergo APE et CEA sunt similes,
Etgo que est proportio CE ad CA ea est £P ad AE. Set que est £C |
s ad AC eadem est curve totalis piramidis ad circulum basis. Set que
totius ad totum ea est tertie ad tertiam. Ergo tertia pars superficiei
piramidis A4DF ad sectorem EMK sicut AC ad EC. Ergo..., ie,
supetficiei pramidis CF ad superficiem residuam, i.e., YCKM, sicut
! AC ad EC et etiam sicut AFE ad EP, propter similitudinem triangu-
: 5o lorum. Ergo quod fit (ex EP) in tertiam superficiei CF est equum
ei quod ex .AF in supetficiem KCMY. Set illud est equale curte pira-
midi cum eo quod EL in sectorem MEK, hoc est, per tertiam partem
o supetioris circuli. Set quia {(EP) est perpendiculatis [ ad APC, relin-

quitur ergo propositum.

<. &

£ NS M ERE I

1§ post equale add. ef del, M curte pitamidi 27 v hit babet M lacunam

16 totalis corr. ex c'te : 2930 ante triangulorum del. M c'te
: 17 KCMY corr. exx KC et MY 30 superficiei corr. M ex supetficiem
20 FA vorr. ex LA 53 perpendicularis corr. ex perpendicula- )
py 21 ypothenuse corr, ex altitudinis ' res | APC corr. ex IPO .
23 APE corr. ex APA 34 post propositum habet M est guod delevi

25 AC corr. ex AP




§ 4 Propositions Added to D¢ curvis ;z;perﬁc_;'ebw 543

[i.e., LE] and the same sector [l.e., KEM] plus the product of the whole
altitude [i.e., -4Z] and the difference between the sectors, i.c., KCMY,
s equal to the difference between the cones, i.e., to the truncated cone.

Hence (L - sector ZRM) + (AE - sector KCMY) = the truncated cone.

Also, angles 7. and F are right angles and / 4 is cornmon. Therefore,
triangles ALF and AEC are similar. Therefore, LF|FA — ECICA.

But the slant height is to the radius of the base as the lateral sutface of 2
cone is to the [area of the] base circle, by the first [proposition of the
Book on Curved Surfaces] of Archimedes. Also, / P is a right angle and

£ A is common. Therefore, [triangles] APE and CEA are similar.

Fig, 8o

Hence CEJ/CA = EP|AE. But EC is to AC as the lateral surface
of the whole cone is to the base citcle. But the ratio of whole to whole is

| - o 1/3 lat sutf cone ADF  AC
as the ratio of their third pats. Therefore, sector ZIIX = 2=

Therefore, (ZP - 1/3 sutf of trunc cone Cr) = (AE - sutf KCMY). But
he product of AE and sutface XCMY is equal to the truncated cone
ogether with* the product of AL and sector MEK, i.e., the third part of

the upper circle. But since ZP is a perpendicular to .APC, therefore the
teposition remains. ' ‘

Shoﬁld be “minus” réther

than “together with”; see the Commentary, Propo-
0V, step (7). : '
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COMMENTARY

" Proposition III (XI)
1-104 “(Si}..

confusing argument so that it might be more easily followed:

Suppose that Sps is the surface of a segment of a sphere generated
by the rotation of circular segment BAD around its axis AHG.
Suppose that Cd is the atea of the circle which cuts the sphete into
unequal patts. BD is the diameter of that citcle. It is perpendicular to
the diameter of the sphere, namely, 4ZG. Then Proposition III holds

that Sps/Cd = AG[EG.
Proof (see Fig. 78):

(x) [Bither Sps/Cd = AG|EG ot Sps|Cd # AGEG. I Sps|Cd +
AG|EG, then there is some suzface Sx of 2 segment of a sphere
concentric with a given sphere such that Sx/Cd = AG /EG

and] Sx << Sps, or Sx > Sps.
(2) Suppose that Sx = Syox << Sps.

(3) AF - (citcum FFH - circum BE) = Spoly ABD, where Spoly.
ABD is the surface formed by the rotation of the two sides of

a regular polygon inscribed within segment B.4D. This fol
from the procedures used in Proposition V of the De
. superficiebus (Q.v.).
(4) A AFG is similar to A AFP, since both have a righ
and a common angle. Hence, FG|F.A = FP[AP. By
ptocedutes, FG|F.A = FP|AP = PH|PX' = BE|
(s) FG]FA = (FPH + BE)|AE = (citcam FPH +
BE)/circum AE, by addition and [from Proposmon
CHrvis mpefj‘iczebm]
(6) Hence, FG - citcum AE = Spoly ABD, from (3)

together.
(7) EG|BE = BE|ALEL, since BE is perpendlcular to 4
a semicircle. -

(8) Then BE/AE — AE|EZ whete EZ is constructed
~ the proportion|hold true. Thus BE - EZ = AF.B
AE|BE = EZ|EA, and (GE +- AE)|BEZ = . BE

LEG” It will perhaps be helpful to recapitulate the
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composition. Or GA - EA == BZ - BE. But BE — ET (e, B :

and 7 appear to be identical). Hence, Z7- BE= GA-EA. |
(9) Therefore, Z7T'-circum BE = G.A - cireum AL, since
BE|EA = circam BE/citcum F.A (by De curvis superficiehus,
Proposition IIT]., But circum BE — # circum BD. Hence,

GA - circum AE == ZT'+ } circum BD. :

(10) GA - circum AE > Spoly ABD, since Spoly ABD =
FG - citcum AE from step (6), and GA > FG, G4 being
opposite a right angle. '

(11) Therefore, Z7'- % circum BD > Spoly ABD.

(12) But (Z7 - § circum BD)/(BE - } circum BD) = ZT|BE.

(13) But ZT/BE = AG|HG, since from (8) GE/EA = BE|ZE,
and conversely AE|EG — ZE/EB, and by addition AEG/EG
= ZET|EB.

(14) Therefore, Syox = 27T - % citcum BD, since by hypothesis
Syox/Cd = AG|EG, and Cd = BE - % circum B.D, by Prop- -
osition I of the De¢ mensura cirenl; and by substituting known (
and equivalent quantities in the equation of (12)

(15) Therefore, Syox > Spoly ABD, from (11) and (14) simul-
taneously.

(16) But in actuality Spoly 48D includes Syox and hence must be
greater. This contradicts the deduction of (15) and hence the
assumption on which it is based, namely, that Syox < Sps.

Part II of Proof (see Fig. 79).

(17) Since Syox « Sps, let us suppose that Syox > Sps.

(18) As before, Syox has the same center as Sps, but is now circum-
sctibed. Polygon FHKIAM is circumscribed about BAD, so
that its sides are tangent to 84D but do not touch the outer
citcle (by Flements X114 — Greck XILx17). The rotation of

FHELM forms Spoly FKM. Note: side JK is tangent to |
BAD at ¥ and the perpendicular YC is constructed. 77, and |
FNL are drawn as indicated. Z and 7 are marked, as in the ‘ ”
|
|

ATy

e ¥ i .

) EXMERETI. (081 18 il

mqw,t;.ﬁm:\ma.m_.-:m i

R
T T

fitst part of the proof.
(19) A CYK is similar to A HPK, since / P — £ Y, both being
tight angles, and / K is common. CYX is also similar to
KPL, PLN, and FNE, |
(20) CY[YK = HP[KP = PL|PN = FE [IVE, because of similar
triangles. _— -
(21) CY|YK = (HL + FE)/KE, by addition of proportions,
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(22) CY « circum KE = YK - circum (HL + FE), by De carvis
superficiebus, Proposition II. Thus 2z CY:citcum KE =
2 YK - citcum (HL + FE).
(23) Therefore, AG - circum KE = KH - circum (HL + FE),
since 2 CY = AG, and 2 YK = HK.
(24) Hence, AG - citcam KE = Spoly FKM, since by De carvis,
Proposition V, Spoly FKAM = KH - circum (FHL - FE).
(25) AG - citcum KE > AG - circum AF [since KE > AFE], and |
AG - citcum AFE — ZT - citcum BE, as shown in the first part, |
(26) Hence, AG - citcum KE > ZT - citcum BE. !
(27) But Z7 - citcum B = Syox, as in first part [by the assump-
tion that Syox/citcle CD = AG/EG]. '
(28) Therefore, AG - circum KE > Syox, or Spoly FKAM > Syox.
But this is impossible since Syox includes Spoly FKAM. Hence
Syox 3+ Sps. Since Syox < Sps and Syox 3 Sps, then Syox =
Sps, and the proposition follows.
In the same way it can be shown that when Sps is the surface of the -
segment BGD, then SpsjCd = AG|AE. Thus, by eliminating Cd,. |
sutface seg BAD/sutface seg BGD = AE[EG, as the corollary tells
us. Cf. Archimedes, De sphaera et ¢ylindro, Book 11, Proposition 3. '
13 “XII Euclidis.” Proposition XIL.14 (== Gr. XII.17) runs in the Adelar
Campanus version (ed. Basel, 1546): “Duabus sphaeris unum centr
habentibus propositis intra maiorem earum solidum multarum basiu
superﬁaem minoris sphaerae minime tangentlum figuraliter cons
tuere..
25 “ut probabn:ur inferius.” It is not “proved below,” but rather foll
from Proposition 11T of the Liber de curvis superficiebus.
48 “primam sexti.” See the Commentary, Chapter Three, Section
Cambridge Version, line 7o.

Proposition IV (XIT) A
5 “X11 Euclidis.” See above, the Commentary to Section 2, Propt
VI, line 22.

Proposition V (XIIT)
1-34 “In....propositum.” This proof is recapitulated as follows:

To prove that the voluime of a truncated [right circul
equal to the sum of (a) the product of the perpendicular from
- of the base to the slant height multiplied by one third of t
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of the truncated cone and (b) the product of the altitude multiplied by

one third of the area of the superior circle, or, referring to Fig. 8o,

A trunc cone BDFC = [EP - (1 surf BDICYy + LE-(} circle D).
(1) CEY - AE = cone ABC, and KME- AL = cone ADF,
assuming EX = LF, KEM = } circle KM — % circle DF
[and CEY = £ circle BYC, and applying Proposition IV above].

(2) Trunccone = (LE- BKAM) + (AL KMYC), since trunc cone —

cone ABC — cone ADF, or [(AL + LE)-(KEM + MYRC)]
— (AL - EKAM) = trunc cone.

(3) A ALF is similar to A AFEC, since L and  are right angles,
and A is common. Hence LF[AF = EC|AC. ,

(4) A APEis similar to A CEA, since Pis a right angle and 4 is
common. Hence AL/EP = AC|EC = AF [LF.

(5) Sutf ADFjcircle KM = AF [L£ and sutf 4BC/citcle BYC =
- AC(EC, by Corollary of Proposition I of the De CUrvis . super-
Jiciebus. Hence, [} sutf ADF] [EKM = [} sutf ABC|)CEY,
EKM and CEY each being one third of their circles.

(6) Hence, by the subtraction of propottions, [4 surf trunc cone
BDFC|YMKC = AE|EP. '

(7) But AE-YMKC = trunc cone BDFC — (LE - EKM), from (2).

(8) Hence, [EP - L surf BDFC| + (LE - BKM) = vol trunc cone
BDFC. QED.

5+ AnAnonymous Comment on Proposition Seven
‘of the Liber de curvis saperficiebus

It will be recalled that after proving the seventh proposition of the Z.iber
de curvis superficiebus for the case of a solid produced by the rotation of an
inscribed regular polygon whose half has an even number of sides (that is,
a polygon of 47 sides), Johannes de Tinemue remarks that there is some
doubt a5 to whether the proposition holds for a2 solid produced by the
tion of a half Ppolygon with an odd number of sides, but that since

> author (ie., Archimedes) had not taken the matter up, he, Johannes,
leave its treatment to 2 diligent posterity. At the end of the text of

er de curvis superficiehus in manuscript £ (British Museum, Harleian
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625, 139V, 14C), a Latin author has taken up Johannes’ challenge and a
proof is there presented for the case where the half polygon has an odd
number of sides. Of course, the middle side in such a case does not
describe a conical surface as to the other sides. It describes rather a
cylindrical surface. One could say, accordingly, that such a case does not
fall under the proposition as stated, for that proposition is stated in
terms of a body with “conical sutfaces,” and such a body with exclusively
conical surfaces would be formed only by a half polygon having an even
number of sides. ITence both Johannes’ remarks and the further remarks
of the T atin commentatot of manuscript ZZ ate to some extent inapproptiate
unless we extend the definition of the body under investigation.

In his additional comment the Latin author accepts from Proposition
VII that the volumes of each of the solids formed by the rotation of
triangles OFC, OFN, O.AP, and OAQ around diameter CQ is equal to’

a cone whose altitude is the line drawn from the center of the circle to the’
middle point of each side of the polygon and whose base is the surface
described by that side of the polygon. There remains for proof, then,
only the case of the volume of the solid formed by the rotation of the -
middle triangle ON.4 about diameter CQ. The author easily shows that it
too is equal to a cone whose altitude is equal to O7 and whose base is
the cylindrical sutface described by side N.A. Since the altitude is th
same in each of the various cones to which the vatious parts of the total
solid are equal, it is evident that the whole solid will be equal to a con
whose altitude is the same as that of each of the individual cones (that is
which is equal to the radius of a sphere inscribed in the solid) and whost
base is the sum of all the bases of the individual cones (and that sum
compnscd of all the surfaces described by the sides of the half polygo
in revolution, or, in short, to the whole exterior surface of the so
Hence the proposition applies equally well to a solid formed by a h
polygon with an odd aumber of sides as it does to a solid formed by
half polygon with an even nutnber of sides.

The Latin commentator concludes with a short proof that the propositi
applies to the solid formed by the rotation of a polygon where a pait
opposite sides ate bisected by the diameter about which the rotation
performcd The only thing that is necessary to prove in connection Wi
this case is obvious, namely, that the solids formed by the rotation o
sides which the diameter bisects are equal to cones each of which h
its altitude a line drawn from the center of the circle to the middle p
of the rotated side and has as its base a circle equal to that describ
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the side in rotation, All of the other partial solids are covered by the
proof in Proposition VII. Hence Proposition VII applies to such a solid.
The commentator then errs in stating that if we rotate a regular polygon
of this last type about a diameter which connects two opposite angles of
the polygon, the solid formed in this rotation will be equal to the solid
formed when we rotate the same polygon about the diameter which bisects
two opposite sides. For in fact, the surfaces of these solids will not be equal,
and so even though the same formula of Proposition VIT applies to both
cases, their volumes cannot be equal. MS % has been described in Section
2 above.
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|Commentum in septimam propositionem

Libri de curvis sﬁperﬁciebus]

[ Quia iste commentator Archimenidis non probat conclusionem
septimam indistincte sed in illo casu solummodo quo corpus coni-
carum superficierum inscriptibile spere et citcumscriptibile habeat
supetficies numero pares, cum tamen indistincte loquatur conclusio,
ideo ne illius conclusionis probatio claudicet uno pede probabo con-
clusionem in illo casu quo superficies prenominati corporis. sunt im- |
pares numero, ut sic posteritatis diligencia cui ipse commentator in
fine conclusionis septime hoc probandum rehnqult nubem obfuscantis
dubietatis extenuet et lucem certitudinis imprimat illustrantis. N

Sit igitur corpus conicarum supetficierum CNAQB numero im-..
parium [Fig. 81] inscriptibile et circumnscriptibile spere. Tunc ex mod 3
arguendi in septima conclusione patet quod piramis cuius altitudo es
O et basis equalis curve supetficiei quam describit linea FC circu
voluta cum linea FO, stanti linea CO, est equalis corpori incluso infy
CFO lineas circumvolutas, stanti eidem CO. Et per idem piramis cuin
altitudo est ZO et basis equalis supetficiei quam describit linea Z.

-
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Comment on Proposition VII

of the Book on Curved Surfaces

Because this commentator on Archimedes docs not ptove the seventh
conclusion generally but only in the case where the body with conical
surfaces which is inscribable and circumsctibable ina sphere has an even
number of surfaces—and yet the conclusion is stated in 2 general fashion—
therefore in order that the proof of the conclusion does not limp along on
one foot I shall prove the conclusion for the case where the sutfaces of
the above designated solid are odd in number. Thus the “diligence of

C

Q.,
Fig. 81

posterity” to which the commentator in the end of the seventh conclusion
 leaves the proof may thin out the cloud of obscuring doubt and impress.

[on it] the light of illaminating certitude.

Therefore, let the body which has an odd number of conical surfaces
and which is inscribable and circumscribable in a sphere be CN.AQB
“[see Fig. 81]. Then by the manner of arguing followed in the seventh

onclusion it is evident that the cone whose altitude is O and whose base
5 equal to the lateral surface described by the revolution of FC when
tis_revolved along with £0, and CO is the axis, is equal to the body
included within lines CFand FO when they ate revolved about CO as an
s. And by the same :ixg_ument the cone whose altitude is 2 O, and whose
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in circumvolucione poligonii est equalis corpori incluso infra FNO
lineas circamvolutas per circumvolucionem poligonii. Et eadem rati-
one arguitur de pitamide cuius altitudo est OF et basis equalis super-
ficici descripte ab AP et etiam de piramide cuius altitudo est OX et
basis equalis supetficiei descripte a 2@ circumvoluta. Igitur non restat
alind probare nisi quod piramis cuius altitudo est O7 et basis E
equalis curve superficiei quam describit linea AN in circumvolucione ;
poligonii sit equalis corpoti incluso infra ANO lineas citcumvolutas
in citcumvolucionem poligonii. t

Hoc autem sic probatur: Linea AN est equedistans linee COQ,
eo quod CNV atcus est equalis arcai AQ. Igitur ex circumvolucione
linee AN in circumvolucione poligonii fit columpna A4S cuaius axis
est cqualis linee .42V et basis est circulus cuius diameter est linea A1,
seu linea NS sui equalis vel linea 7'B utrique equalis. Cum igitur linea “
TORB dividat tam AN quam ST in duo equalia, patet quod columpna
TS sit medietas columpne AS, posito quod 7B sit diameter basis
columpne 7.

Arguatur tunc sic: Sicut N7 linea, que est altitudo columpne 75,
se habet ad quartam partem diametri basis, que sit DO, illa curva
supetficies columpne 7.5 quam describit 72V circumvoluta se habet:
ad supetficiem basis cuius diameter est linea 7°5, per secundam partem
correlarii secunde huivs. Sed ex ductu 7V primi in basem columpn
quartum resultat illa columpna 7S. Igitur ex ductu DO secundi in
curvam supetficiem columpne tertii resultat eadem columpna, pel
15 sexti vel 1gam septimi Buclidis. Tunc sic: ex ductu O.D linee if
curvam superficiem columpne 7§ fit columpna 7. Igitur per 1!
quinti ex ductu O7 semidiametri in eandem curvam supetficiem co
lumpne 7.5 fit colampna dupla ad 7'S. Igitur piramis cuius altitudo €8
linea 70 et basis equalis curve supetficiei quam describit linea T}
est tertia pars duplicis columpne ad 7. Illa igitur pitamis est s¢
quitertia ad columpnam 7, sed cotpus quod includit triangulus 7.
in circumvolucione poligonii est sexquitertia ad columpnam 7,
quod ille triangulus circumvolutus includit totam columpnam excef
piramide NOS eiusdem basis et eiusdem altitudinis que est subtrif
ad columpnam per g' duodecimi Euclidis. Igitur piramis cuius al
tudo est linea 7O et basis eqalis curve superficiei columpne-7'S, qu2
desctibit linea 7NV circumvoluta, est equalis cotpori incluso 2 tri
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base is equal to the surface described by line NV when the polygon is
rotated, is equal to the body included within A FNO as it is rotated with
the rotation of the polygon. And by the samc reasoning it is argued
concerning the cone whose altitude is OR and whose base is equal to
the surface described by 42 and also concerning the cone whose altitude
is OX and whose base is equal to the surface described by £Q in tevolu-
tion. Therefore, nothing remains to be proved except that the cone whose
altitude is 07" and whose base is equal to the lateral surface described
by AN in the rotation of the polygon is cqual o the body included
within A ANO as it revolves with the rotation of the polygon.
‘This is proved as follows: Line 4N is patallel to line COQ because
-arc CINV is equal to arc AQ. Therefore, by the revolution of line .4V as
the polygon rotates a cylinder .45 is produced whose axis is equal to line
AN and whose base is the circle whose diameter is line AV or line NS
equal to it or line 7B equal to each of them. Therefore, since line 708
bisects both AN and SV} it is evident that cylinder 7§ is equal to one

half of cylinder A4S, it having been posited that 7B is the diameter of the

base of cylinder 77,

Then let it be argued as follows: Line N7 » which is the altitude of
cylinder 735, is related to one fourth of the diameter of the base, which
is DO, as the lateral surface of cylinder 75, described by 7N in revolution,
is related to the base circle whose diameter is line 7' B, by the second part
of the corollaty of the second [proposition] of this [work]. But the product
of the first tetm, 7'V, and the fourth term, the base of the cylindet, is equal
to cylinder 73§, Therefore, the product of the second term, DO, and the
third term, the lateral surface of the cylinder, is equal to the same cylinder,
by VL1s (VL16, Greek text) ot VILxg of [the Elements of] Euclid, Then
as follows: The product of line 0.0 and the lateral surface of cylinder 7.5
is equal to cylinder 7. Therefore, by V.15 [of the Elements], the product
of radius O7 and the same lateral surface of cylinder 7§ is equal to a
cylinder double 7. Therefore, the cone whose altitude is line 70 and
whose base is equal to the lateral surface described by line 7V is one third
the cylinder which is double 75. Therefore, that cone is four thirds

~cylinder 7°5; but the body which A 7NO includes in its revolution is
- four thirds cylinder 775 , because that triangle when it has revolved includes
all of the cylinder except the cone NOS having the same base and altitude-—
and cone. NOS is one third the cylinder by X119 (XI1.10, Greek fext) of
Buclid. Thus the cone whose altitude is line 70 and base is equal to the
ateral surface of cylinder 73§ > described by line 7V in revolution, is equal
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gulo 7NO circumvoluto et eadem ratione piramis cuius altitudo est
linea 70O et basis equalis curve superficiei quam describit linea 7.4
citcumvoluta est equalis corpori incluso a triangulo 740 circum-
voluto, Igitur piramis cuius altitudo est linea 70 et basis equalis toti
superficiel curve quam describit totalis linea N4 circomvoluta est
equalis corpori incluso 4 toto triangulo .4NO circumvoluto. Sic igitur
liquet protracta (?) probatio quam commentator in conclustone sep-
tima aggredi recusavit.

Item licet medietas poligonii que circumvoluta facit corpus conicarum
superficierum circumsecriptibile et inscriptibile spere non tangat extre-
mitates diametri—immo diameter secet duo eius latera ut unum in
duo equalia—adhuc nichilominus in illo casu verificabitur conclusio,
Nam statim ad oculum liquet quod in illo casu linea DF circumvoluta
describit superficiem planam circularem [Fig. 82} et per consequens
ODE triangulus circumvolutus describit piramidem cuius altitndo est
linea OF et basis circulus cuius diameter est linea DF. Cum igitur in
alifs partibus poligonii stat probatio facta in commento septime con-
clusionis, igitur piramis cuius altitudo est linea EO et basis equalis -
omnibus superficiebus exterioribus corporis descripti per semipoli-+
gonium GHE est equalis illi corpori sic descripto. Et ex hoc liquet: -
quod si poligonium equilaterum et equiangulum circulo inscribatur,
quod sit CHK gratia exempli, sive medietas cius tangens extrema’
diametri, scilicet HEK, citcumvolvatur, stanti diametro HX, sive alia’

p
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to the body included by A 7NO when it has been revolved. And by the
same asgument the cone-whose altitude is line 70 and whose base is equal
to the lateral sutface described by line 7.4 in revolution is equal to the
body included by A 7240 when it has revolved. Therefore, the cone
whose altitude is line 70 and whose base is equal to the whole lateral
surface described by the whole line V.4 in revolution is equal to the body
included by the whole A .4NO when it has revolved. Therefore, the
protracted proof, which the commentator refused to take up in the seventh
conclusion, is clear,

Also, even though the half polygon which when rotated produces a body
with conical sutfaces which is circumscribable and inscribable in a sphere

___——F
B

Fig. 82 '
Note: I have added the dotted lines.

does not touch the extremities of the diameter [about which the polygon
rotates}—and in fact the diameter bisects two of its sides—still the con-
clusion will be verified in this instance. For it is immediately clear to the
eye that in this case line D5 when rotated desctibes a plane circular sutface
[see Fig. 82]. Consequently, A ODE when rotated [about .4 B] describes
a cone whose altitude is line OF and whose base circle has as its diameter
line DF, Since the proof produced in the comment to the seventh con-
sion is valid for the other parts of the polygon, therefore the conie whose
altitude is line 0 and whose base is equal to all of the exterior surfaces of
the body described by the half polygon GHE is ¢qual to the body so
described. And from this it ig evident that, in the case of the regulat poly-
gon CHK inscribed in the dircle, if the half polygon which touches the
xtremes of the diameter, i.c., [half polygon] HEK, is rotated about HEK
S a1l axis, the body described by that half will be equal to the body which
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cius medietas, scilicet GHE, cuius media puncta oppositorum laterum
tangunt diametrum 4B, circumvolvatur, stanti -diametro <5, cor-
pus ab una medietate descnptum erit equale corpori quod ab alia
medietate describitur. Hoc enim patet, eo quod utrumque corpus uni
et eidem piramidi est equale; patet etiam quod eorum superficies sunt
equales.
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is described by another half in which the middle points of opposite sides
touch the diameter, namely, [half polygon] GHE, when it rotates about
diameter .48. This is evident because each body is equal to one and the
same cone; it is also evident that their surfaces are équal. '

COMMENTARY

7 “posteritatis diligencia.” The reader will recall that manuscript Z is of
the second tradition of the manuscripts of the Liber de curvis superfs- E l
ciebns and hence it is this reading which is quoted rather than the
reading “diligenti...postetitati” given in the first tradition (see Sec-
tion 2, above, Proposition VII, line 180, and the variant reading for
lines 179-80). ._ Wq

41 “15 sexti vel 19*™ septimi.” Proposition VLxs [Greek VI.16] in the
Adelard II Version of the Flements runs (Brit. Mus. ‘Addit. 34018,
23v): “Sifuerint quatuort linee proportionales, quod sub prima et ultima
rectangulum continetur equum erit ei quod sub duabus reliquis....”

‘Proposition VILz1g (#id., 29r): “Si fuerint quatuor numeri propot-
tionales, quod ex ductu primi in ultimim producetur equum erit ei
quod ex ductu secundi in tertium....” Actually VIL.19 does not prop-
erly apply, since in this comment the Latin commentator is concerned
with geometric magritudes rather than with numbers. _

42—43 “15 quinti.” See Commentary, Chapter Three, Section 5, the Corpus
Christi Version, line 278. '

51 “g98m duodecimi.” See above, Commentary to Section 2, Proposition VII,
line 22. ‘

73—82 “Bt...equales.” Here the commentator makes a mistake—since the
two solids do not equal the same cone and their surfaces are not equal.
He was thrown off by the fact that Proposition VII can be used to
determine the volume of each of the solids. '




	4725_001.pdf
	4725_022
	4725_044
	4725_066
	4725_088
	4725_111

