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Bryson’s squaring of the circle: a discussion of Becker’s Eudoxus-Studien II

I. Bryson’s theory (Alexander’s interpretation)

a. Themistius (4™ century) on Aristotle’s Posterior Analytics, p. 19.7-11, 13 (Wallies)

xpfitat yap d&idpatt GANnOel utv kov@ 8¢ torobtov yap OV T& avtd pei{w kai EAdTTw,
¢xeiva eivatl Toa GAAAAO1G. ... 6 kKUKAOG, PNoi, TOV Eyypa@ouévwy TOAVYDVWY dTdvTwy
peilwv €oti, TOV TEPLYPAPOUEVWY §EAATTWV OOiwWG KAl TO TOAUYwVOV TO HeTal ypagiuevov
TV TE EYYPAPOUEVWYV KL TV TEEPLYPAPOUEVWYV TG KUKAW' TOV abT®V dpa petlwv te Kal
ENGTTWV £0TiV § Te KOKAOG Kol TouTL TO TOAUYywVoV, (ote Kal GAAA0LS Toa d1a o G&lwpa TO
glpnuévov.

“For [Bryson] makes use of an axiom that is true but common. This is: things than which the
same things are larger and smaller are equal to one another. ... The circle, he says, is
greater than all inscribed polygons and smaller than all circumscribed polygons. Similarly with
the polygon drawn between the polygons inscribed and circumscribed about the circle. The
circle and this polygon are greater and smaller than the same, so that they are equal to one
another due to the stated axiom.” (tr. Mendell, slightly emended)

b. Alexander of Aphrodisias (early 3™ century), cited by John Philoponus (6™ century), on
Aristotle’s Posterior Analytics, p. 111.21ff, (Wallies)

TAVTOG £YYPAPOUEVOL €V TG KUKAW €0OVYpAuHOL oxAUaToq HeilwV €oTl O KUKAOG, ToD d¢
TEPLYPAPOUEVOL EAGTTWV- ... GAAG Kol TO UETAED TOD TE EYYPAPOUEVOL KAl TEPLYPAPOUEVOU
€00LYPAUUOL YpaPOUEVOV EVBVYpapUOV oXfipa TOD HeV TEpLypa@ouévou €oti EAattov tod O
gyypagouévou ueiCov- ta 8¢ tod avtod peilova kai éAdttova foa dAARAoLg éotiv: O
KUKAOG Gpa 100G €0Ti TQ) UeTalD Ypagouévy e00LYpAUw TOT TE EYYPAPOUEVOL Kal
TEpLypagopévou. Exopev O€ Tavti 00€vTt DBVYPAUUW To0V TETPAYWVOV cuoTHoacOal TG KOKAW
dpa icov tetpdywvov €T Totfjoat.

“The circle, [Bryson says,] is larger than every inscribed rectilinear figure, but is less than every
circumscribed one. ... But also the rectilinear figure drawn between the circumscribed and
inscribed figure is smaller than the circumscribed and larger than the inscribed figure. Things
larger and smaller than the same are equal to one another. Therefore, the circle is
equal to the rectilinear figure drawn between the inscribed figure and the circumscribed
figure. But we can construct a square equal to every given rectilinear figure. Therefore it is
possible to produce a square equal to the circle.” (tr. Mendell, slightly emended)
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c. Euclid, Elements 1.1
& T® a0T® oo Kat GAANAoig €otiv Toa.
“Things equal to the same are equal to one another.” (tr. Mendell)

Bryson’s axiom and the Dedekind cut

a. Dedekind’s continuity axiom

Suppose that the set of points of a line [ is a disjoint union of two nonempty subsets S and T, such
that no points of either subset is between two points of the other. Then there is a unique

point O on [ such that one of the subsets is equal to a ray of | with vertex 0, and the other subset is

equal to the complement.

b. Becker 1933, p. 371

Es besagt dann im wesentlichen, daf alles, was dieselbe Einteilung (denselben Dedekindschen “Schnitt”) in
einer linear geordneten Menge von GrofSen hervorbringt, einander gleich ist. Mit andern Worten: es wird die
Eindeutigkeit, aber nicht die Existenz der einen Schnitt hervorbringenden Grifse gefordert.

[Bryson’s theory] says in effect, then, that everything that produces the same division (the same
Dedekind cut) in a linearly ordered set of values is equal to one another. In other words: it
demands the uniqueness, but not the existence, of a value that produces a cut.

Proclus’ interpretation

a. Proclus (5" century), cited by John Philoponus, p. 112.21-24

TavTdg, PNot, Tod EyypagouéVou eVOVYPAUUOL UeilwV €0TL O KUKAOG, TOD d€ meptypagouévou
' 7 4 pN. 4 ~ v 7 A b4 A4 14 \ ~ \
eNattwv- oV 3¢ €0t peifov kai EAattov, Tovtov €ott kai Toov: ot 8¢ peiov kai
€\attov, ToUTov €ott Kal {oov- €0t 8¢ Ueilov Kal Edattov eVOVYpapuov To0 KOkAov €0ty dpa

avtol kal 16ov.

"The circle, he says, is larger than every inscribed rectilinear figure and smaller than every
circumscribed figure. To that for which there is a larger and a smaller, there is also
an equal. There is a rectilinear figure larger and one smaller than the circle. Therefore there is
also an equal to it." (tr. Mendell, slightly emended)

b. John Philoponus, p. 112.26-29
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00d¢ kateokeLalev SAwG GAAX TO £€ dpxTig NTeito. 00dE Y&p ol TOV KUKAOV TeTpaywvifovteg To0TO
gfntouy, €l otov € £0T1 TQ KUKAW 100V TETPAYWVOV €ivat, GAN WG oiduevor STt évdéxetar ivat
OUTWG EMELPGOVTO TETPAYWVOV 160V TG KOKAW YEVVAV.

“... [if Bryson had constructed the squaring of the circle in this way,] he would not at all have
constructed it, but one would have begged the question. For those who square the circle did not
seek whether it is possible for a square to be equal to the circle, but as though they believed
it is possible, they attempted in this way to generate a square equal to the circle.” (tr. Mendell,
slightly emended)

IV. Ammonius’ counterargument (horn angles)

G

E E

(http://www.calstatela.edu/faculty/hmendel/Ancient%20Mathematics/
Philosophical%20Texts/Bryson/Bryson.html)

a. Ammonius according to John Philoponus, p. 113, 1-4, 6-13; p. 114, 13-17.

.. 8T &Ml UV TV OUoYEVRY GANBTiG éoTtv 6 Adyog (811 00 £t peilov kai ENattov, Todtov £oTt kal
ioov), €mi pévTol TV GVOUOL0YEVADV OUKETL AANDEC TOUTO. ... TOV d€ dVO YWVIDV TV YLVOUEVWV
Umo TAg Meprpepeiag Kal TAG SIAUETPOU ... 1] MEV EKTOG TTdoNG 0Eelag ywviag eDOLYpdupov EAdTTWV
€0TLV, 1 O€ €vT0G ... pellwv €oti. Kal idoD évtadba tig avtiig 6&eiag eVOLYpdupoL Ywviag ueilova
kai EAdtTova dedetydteg Tonv e0peiv obk &v Suvnodueba 14 T &vouotoyevi etvat Td peyéon ...
KAaK®G dpa 0 BpUowv EAdpPavev ... Gvopora yap kavtadba ta peyédn, Aéyw O to 0BVYpapupov
& KUKAW, Oote 00V Toa €otal.

“... since the argument is true in the case of things in the same genus, that for which there is a
larger and a smaller, there is also an equal, but this is no longer true of things in dissimilar
genera. ... Of those two angles formed by the circumference and the diameter ... the outer is
smaller than every rectilinear acute angle, the inner ... is greater. And note, when when we have
proved that they are larger and smaller than the same acute rectilinear angle, we will not be able

to find an equal angle, since the magnitudes are of dissimilar genera...
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Therefore, Bryson poorly assumed [his axiom]. For the magnitudes in these cases are
dissimilar, I mean the rectilinear with the circle, so that they will not be equal.” (tr. Mendell,

modified)

b. Euclid, Elements Book 3 Proposition 16

‘H tfj drapétpw tod KUKAOL P0G 0pBag am' dkpag dyouévr €KTog meceitar Tod KUKAOU, Kal €1 TOV
petal témov t|g Te e0Oelag Kal Tfig mepLpepelag ETépa VO OV TAPEUTIESETTAL, KAl 1] HEV TOD
NuikvkAiov ywvia andong ywviag 6&eiag evbuypdppov peilwv €otiv, 1) 8¢ Ao EAdTTwv.

“The straight line drawn at right angles to the diameter of a circle from its extremity will fall
outside the circle, and into the space between the straight line and the circumference another
straight line cannot be interposed; further the angle of the semicircle is greater, and the
remaining angle less, than any acute rectilineal angle.” (tr. Heath)

V. Archimedes’ continuity axiom and homogeneity

a. Euclid, Elements Book 5 Definition 3 and 4
ASyog €oTi SV0 peyeOHY OUOYEVDV 1) KATA TNAIKOTNTA oL GXEDIG.
Abyov Exelv mpog AAANAQ pey€dn Aéyetat, a duvartat mtoAamAacialdpeva GAARAWY Orepéxerv.

“A ratio is some relation between two magnitudes of the same genus according to size.
Magnitudes that are able to exceed one another when multiplied are said to have a ratio to one

another.”

b. Becker (1933), p. 382

Wihrend so Proklos und Simplikios die beiden Bedeutungen von Homogenitdt, die weitere und die engere
(«archimedische») streng trennen ... verwischen sich die Unterschiede fiir Ammonios und Philoponos.
Simplikios weist mit Recht den tibereilten Schluf$ des Ammonius (den Philoponos unbedenklich mitmacht)
von der Unvergleichbarkeit der gemischtlinigen und geradlinigen Winkel auf die Unvergleichbarkeit von
Kreis und geradliniger Figur zuriick. Denn im ersten Fall handelt es sich ... um ein nicht-archimedisches, im
zweiten um ein archimedisches Gréfsensystem...

“While Proclus and Simplicius thus strictly separate the two meanings of homogeneity, the
broader and the narrower (“Archimedean”) ... the distinctions blur for Ammonius and
Philoponus. Simplicius rightly refutes Ammonius’ hasty movement (with which Philoponus
unhesitatingly joins in) from the incommensurability of the mixed and rectilinear angle to the
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incommensurability of circle and rectilinear figure. In the first instance it refers to a non-
Archimedean, in the second to an Archimedean system of values...

c. Becker (1933), 386-387

Warum also, so fragen wir zum Schluf3, haben die Griechen an die Existenz eines dem Kreise flichengleichen
Quadrates geglaubt? Und wir erhalten die Antwort: weil die dem Kreis eingeschriebenen und
umgeschriebenen Polygone ein «in doppelter Richtung» archimedisches System bilden.

Die Griechen waren der Meinung, daf3 solche archimedischen Systeme auch im Dedekindschen Sinn stetig

seien...

Why then, we ask in conclusion, did the Greeks believe in the existence of a square equal in area
to the circle? And we have the answer: because the inscribed and circumscribed polygons form
an Archimedean system “in two directions.”

The Greeks were of the opinion that such an Archimedean system was also continuous in
Dedekind’s sense...

Becker, O. “Eudoxos-Studien II: Warum haben die Griechen die Existenz der vierten Proportionale
angenommen?,” Quellen und Studien zur Geschichte der Mathematik, Astronomie und Physik 2
(1933), pp. 369-387

Mendell, H. “Bryson’s Squaring of the Circle.”
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on/Bryson.html

' An Archimedean system is one in which any two elements are comparable and neither is
infinitesimal with respect to the other; i.e. there are no infinitely small or infinitely large elements
(see Archimedes, On the Sphere and Cylinder Axiom V).



