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CHAPTER IX.

ON THE EQUILIBRIUM OF PLANES
OR
CENTRES OF GRAVITY- OF PLANES

Book 1.

1. The treatise on the equilibrium of planes occupies a place)
apart in the work of Archimedes. In fact, whereas in all his mathes]
matical treatises he builds on foundations long ago established?]
in this work he concerns himself with an investigation into the very
foundations; moreover he leaves the domain of pure mathematics}
for that of natural science considered from the mathematical point
of view: he sets forth certain postulates on which he bases a chap-
ter from the theory of equilibrium, and he is thus the first to]
establish the close interrelation between mathematics and me-
chanics, which was to become of such far-reaching significance for
physics as well as mathematics. '

Through this extension of the field of his activity Archimedes §
comes into contact directly with the fundamental difficulties in- |
herent in the foundation of mechanics on postulates. The way in |
which he solves these difficulties, in so far as they are manifested
in his subject, even to our own day gives rise to differences of i
opinion between his commentators and critics: the same argument:
(in. Prop. 6) which is fundamental for the further development, not.
only of the work itself, but also of two of the purely mathematical
treatises still to be discussed, is rejected by some as a paralogism |
and accepted as correct by others. In the following pages we shall !
have to define our standpoint with regard to this matter; since,
however, the discussion concerns not only the course of the disputed’
argument itself, but also the structure of the underlying system of {
postulates, we shall first submit to the reader’s attention without
any interruption all the postulates and those propositions which §
precede the theorem in question.

Postulates.

I. We postulate that equal weights at equal distances are in equi—‘ ‘
librium, and that equal weights at unequal distances are not in. |
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equilibrium, but incline towards the weight which is at the greater
distance.

II. that if, when weights at certain distances are in equilibrium,
something be added to one of the weights, they are not in equi-
Librium, but incline towards that weight to which something has
been added.

II1. similarly that, if anything be taken away from one of the weighits,
they are not in equilibrium, but incline towards that weight from
which nothing has been faken away.

IV. when equal and similar figures are made to coincide, their centres
of gravity') likewise coincide.

V. in figures which are unequal; but similar, the centres of gravity
will be stmilarly sttuated?).

VL. if magnitudes at cerfain distances be in equilibrium, other
[magnitudes] equal to them will also be in equilibrium at the
same distances.

| VIL. in any figure whose perimeter is concave in the same direction

the centre of gravity must be within the figure.
This having been postulated:

Proposition 1.

Weights which are in equilibrium at equal distances are equal.

For, if they were unequal, by taking away from the greater the
weight by which it exceeds the lesser, we should disturb the equi-
librium on account of postulate III, whereas because of postulate

| I there would precisely have to be equilibrium in the new position.

Proposition 2.
Unequal weights af equal distances are not in equilibrium, but will

b incline towards the greater weight.

If from the greater weight is taken away the weight by which

} it exceeds the lesser, there will be equilibrium (postulate I). If then
¥ the original position is restored, the truth of the proposition be-
| comes apparent with the aid of postulate II.

1) We shall revert presently to the question as to the meaning of this

term.

%) To this it is added: we say that points are similarly situated in relation
to similar figures if straight lines drawn from these points to the equal angles

t make equal angles with the homologous sides.
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Proposition 3.
Unequal weights can [only] be in equilibrium at unequal distances,
the greater [weight] being at the lesser [distance]).
In Fig. 116 let the weights 4 ]

E" El and B (4 > B) be in equilibrium |

T at the distances AI" and I'B. |

It has to be proved that

Fig. 116. A< TB.

Proof: If the weight 4 — B is taken away from A, the weights .
have to incline towards B (postulate IIT). This, however, is impos-
sible, if AI'=I'B (postulate I) and also when 41> I'B (postulate I).
Consequently Al has to be less than I'B. ;

It is obvious that also weights which are in equilibrium at unequal |
distances are unequal, the greater [weight) being at the lesser [distance]. ‘1

This is not elucidated any further. Apparently this enunciation §
contains nothing but a contraposition of the second part of postu- §
late 12). ‘

Proposition 4. 3
If two equal magnitudes have not the same centre of gravity, the }
centre of gravity of the magnitude composed of the two magnitudes §
will be the middle point of the strasght line joining the centres of
gravity of the magnitudes. ]

P B In Fig. 117 let 4 and B be suc- |
74 cessively the centres of gravity of |

| the magnitudes A4 and B, I’ the]

Fig. 117. middle point of the line segment

AB. If now I' is not the centre of §

gravity of the magnitude composed of 4 and B, let it be some 3
other point 4 of AB. 4 and B therefore are in equilibrium when,
A is held. This, however, is impossible because of postulate L. ‘
Consequently I' is the centre of gravity. . ;
1) This proposition is formulated very elliptically: 7a dvice Sdpca dmo -::aw‘
dviowy paxéwy looggomnoodvre, xai T ueilov dnd Tol éldooovog. 1
%) Postulate I, 2nd part says: if weight 4,=weight 4, and distance
1, sdistance [, there is no equilibrium. Contraposition: if there is equili-}
brium and also I, ==1,, then 4;=4,. It then follows from the first part off
Prop. 3 that the weight at the lesser distance must be the greater of the two
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Proposition 5.

If of three magnitudes the cenires of gravity are on a straight line
and the magnitudes have equal weight, and if also the straight lines
between the centres are equal, the cenire of gravity of the magnitude
composed of all the magnitudes will be the point which is also the

L centre of gravity of the middle magnitude.

This is recognized by noting that according to Prop. 4 the centre
of gravity of the system of the extreme magnitudes coincides with

. that of the middle magnitude.

In Porism I the theorem is extended to any odd number of

| magnitudes the centres of gravity of which are on a straight line
| at equal distances, while any two imagnitudes which are equidistant
. from the middle point of the line segment joining the two extreme
. centres are of equal weight.

In Porism IT it is stated that if from the system described above

L the middle magnitude be omitted, the centre of gravity of the
| system will be the same point as before.

This is followed by the famous and much disputed proposition

' in which the so-called lever principle is enunciated.

Proposition 6.
Commensurable. magnitudes are in equilibrium at distances reci-

procally proportional to the weights.

Let the commensurable magnitudes be 4 and B, of which 4 and

} "B are the centres, and let 4 be a given distance, and let the dis-

t tance AT be to the distance I'E as A to B. It has to be proved that

- the centre of gravity of the magnitude composed of 4 and B is
I (Fig. 118).
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Proof: Since 4 and B are commensurable, so are A" and ETI.

| Let V be a common measure of these two distances. Make AH =

Archimedes. 19 289



AK=FEI and EA=ATI. Apparently EH is also equal to 4I". Since
HA=2.AT and HK=2.EI, we also have

A:B = AH:HK .

Now let the magnitude Z be contained as many times in 4 as °

the distance IV in AH, whence also as many times in B as N in

HK. Divide AH and HK each into equal parts NV, 4 and B each |
into equal parts Z. Place on each of the line segments N a

magnitude Z, so that in each case the centre of gravity of Z is the
middle point of N, then the centre of gravity of all the magnitudes |
Z placed on the parts of AH will be the point Z (Prop. 5, Porism

II), while in the same way the centre of gravity of all the magni-

tudes Z placed on the parts of HK will be the point 4. Now therefore |

A will be at E and B at A. There will now be equal magnitudes on a

straight line, the centres of gravity of which are equidistant from one |

another and the number of which is even. It is now obvious that of the

magnitude composed of all the magnitudes the middle point of the |
stratght line bounded by the centres of the middle magnitudes will be |
the centre of gravity. So that the centre of grawvity of the magnitude °

composed of all the magnitudes is the point I'. If therefore A is at E
and B at 4, they will be in equiltbrium about I

It has thus been proved that the inverse proportionality of force !
and arm is a sufficient condition for the equilibrium of a lever
supported in its centre of gravity under the influence of two weights
on either side of the fulerum. It is not proved by Archimedes that
this condition is also necessary; the proof of this might have been

given as follows:

Let weights 4 and B be in equilibrium at distances I'4 and I'B. |

If it were not true that
A:B=TIB:T'4,

there would have to exist a weight 4, different from B, such that

A:Ad=TIB:TA.

This weight 4 would be in equilibrium with 4 by the proved :

Proposition 6. If then the original situation is restored, the equi-
librium will be disturbed (on account of the postulates IT and III),

which is contrary to the supposition that 4 and B are in equi-

librium.
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It is to be considered a flaw in the treatise on equilibrium that
Archimedes omits to give this proof; indeed, later on (see Chapter
X1I) he repeatedly applies the condition of inverse proportionality

| as a necessary condition of equilibrium.

2. Let us now study the proof of Proposition 6 somewhat more
closely. Its real nucleus appears to consist in the manner in which
the magnitudes 4 and B are placed at the points £ and A ; this is
done by dividing each of them into equal parts Z, which are sus-
pended on the segments of the straight line AKX in such a way that
the centres of gravity of the two systems come to lie successively
at £ and 4. On the lever are thus suspended, not the originally

 given magnitudes 4 and B, but two systems of magnitudes which

are successively of the same weight as 4 and B and whose centres

- of gravity are at the points £ and A, which are looked upon suc-

cessively as positions of 4 and B. This implies that the influence
exerted on the equilibrium by a body suspended on a lever is judged
exclusively by the gravity of the body and the place of its centre
of gravity, and that the shape is immaterial.

We now have to ask ourselves: was Archimedes aware of the fact
that the conclusion he draws is based on this premiss ¢ If so, has
he expressly formulated this premiss as such? And if so again, does
he account for it any further?

This threefold question (which is often wrongly not split up into
three members) has been answered in various ways, which testify

 to great differences in appreciation of the argument of Archimedes.

Let us listen in the first place to the opinion of a well-known

- writer on the history of Mechanics, Ernst Mach?), whose views

enjoy great authority. We are giving his words in extenso:

~ “So iiberraschend uns nun auf den ersten Blick die Leistung von
Archimedes ... erscheint, so steigen uns bei genauer Betrachtung
doch Zweifel an der Richtigkeit derselben auf. Aus der bloszen
Annabme des Gleichgewichts gleicher Gewichte in gleichen Ab-

| stinden wird die verkehrte Proportion zwischen Gewicht und He-

belarm abgeleitet! Wie ist das moglich ?
Wenn wir schon die blosze Abhangigkeit des Gleichgewichts vom

- Gewicht und Abstand iiberhaupt nicht aus uns herausphiloso-

phieren konnten, sondern aus der Erfahrung holen muszten, um

1) Ermst Mach, Die Mechanik in ihrer Entwicklung historisch-kritisch dar-
gestelit. Te Auflage (Leipzig 1912). p. 14.
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wieviel weniger werden wir die Form dieser Abhingigkeit, die Pro- |

portionalitdt, auf spekulativem Wege finden kénnen.

Wirklich wird von Archimedes und allen Nachfolgern die Vor- |
aussetzung dasz die (gleichgewichtstérende) Wirkung eines Ge- 'f
wichts P im Abstand L von der Achse durch das Produkt P. L |
(das sogenannte statische Moment) gémessen sei, mehr oder we-§
niger versteckt oder stillschweigend eingefithrt.iZungchst ist klar,.m.
dasz bei vollkommen symmetrischer Anordnung das Gleichge'-i
wicht unter Voraussetzung irgendeiner beliebigen Abhingigkeit‘:‘
des gleichgewichtstorenden Moments von L, also P. f(L), besteht ;:
demnach kann aus diesem Gleichgewicht unméglich die bestimmte.}
Form P.L abgeleitet werden. Der Fehler der Ableitung musz also;
in der vorgenommenen Transformation liegen, und liegt hier auch. |
Archimedes setzt die Wirkung zweier gleicher Gewichte unter allenff
Umstinden gleich der Wirkung des doppelten Gewichts mit dem ]
Angriffspunkte in der Mitte. Da er aber einen Einflusz der Ent- ]
fernung vom Drehpunkt kennt und voraussetzt, so darf dies nicht |
von vornherein angenommen werden, wenn die beiden Gewichte un- :
gleiche Entfernung vom Drehpunkt haben. Wenn nun ein Gewicht, §
das seitwirts vom Drehpunkt liegt, in zwei gleiche Teile geteilt |

wird, welche symmetrisch zu dem urspriinglichen Angriffspunkt

verschoben werden so nihert sich das eine Gewicht dem Dreh- §

punkt so viel, als sich das andere von dem selben entfernt. Nimmt

man nun an, dasz die Wirkung hierbei dieselbe bleibt, so ist :
hiermit schon iiber die Form der Abhingigkeit des Moments von ]
L entschieden, denn dies ist nur mdglich bei der Form P. L, bei ]
Proportionalitdt zu L. Dann ist aber jede weitere Ableitung ]
iiberfliissig. Die ganze Ableitung enthilt den zu beweisenden Satz, }
wenn auch nicht ausdriicklich ausgesprochen und in anderer Form, -

schon als Voraussetzung.”

To Mach’s view, therefore, Archimedes in the first place was not §
aware that his argument is based on the premiss that a lever equi-
librium is not disturbed, if one of the suspended magnitudes is !
made to change its shape while preserving its weight and centre :
of gravity, and in the second place the whole proof becomes super- ]
fluous as soon as this premiss is consciously adopted, because it ]
already implies the theorem to be proved (wiz. that inverse propor- ]
tionality of two weights to the lengths of the arms on which they !
are suspended constitutes a sufficient condition for the equilibrium :
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of a lever). The second part of the objection may also be worded

'~ as follows in present-day formulation: once we have accepted the

fact that the function P. f(L) satisfies the functional equation?)
3P.f(L+h) +3P.f(L—h) = P.f(L),

it is superfluous to prove that P.f(L) has the form P.L, for the
| functional equation in question exists only if f(L) has the form L.

Neither of Mach’s objections here summarized seems to us to be

] wholly valid. In fact, we found Archimedes explicitly declaring

that owing to the position of the parts Z on the line segments N

the common centre of gravity of the parts of A lies at E and that
of the parts of B at 4, and that consequently the magnitude 4 is

placed at E and the magnitude B at 4, whereas actually neither
4 nor B are present in their original form. From this it is already

‘ clearly apparent that he judges the influence of a magnitude solely

by the weight and the position of the centre of gravity. But in
addition to this he has expressed in postulate VI that when magni-

. tudes at given distances are in equilibrium, magnitudes equal to
the former will be in equilibrium at the same distances. Upon first
. consideration this may seem to be a perfectly superfluous tautology.
b As soon as we assume, however, that by “magnitudes at the same
| distances’ he understands ‘‘magnitudes the centres of gravity of
. which lie at the same distances from the fulerum’, we have con-
' ferred a reasonable meaning on this postulate and at the same time
| have found the explicit formulation of the premiss applied in Prop.
" 6, which Mach deems to be lacking. The first of his objections may
| thus be considered to have been refuted?).

And as regards the second: its untenability is evident as soon as
'we pay attention to the mathematical formulation given of it above.

1) In fact, this equation expresses that the influence of the equilibrium
of a weight P at a distance I is equivalent to the combined influences of
weights 3P at points which are symmetrically situated in relation to the
point where P was first suspended. It is naturally also based on the suppo-
sition that the influences in question can be combined additively.

2y The conception of the postulate VI here described is due to O. Toep-
litz, whom I thank for the oral and written explanation of his point of view.
The ideas of Toeplitz have been elaborated in a very careful study by
W. Stein, Der Begriff des Schwerpunktes bei Archimedes. Quellen und Studien
sur Geschichte der Mathematik, Physik und Astronomie. Abt. B: Quellen.

I (1930), 221-244.
293



Indeed, if it is not necessary to solve the functional equation in

this case, when is there any sense in doing s0? And if in general |
the drawing of a conclusion ¢ from a group of premisses P may be i

called superfluous when P applies only if @ is true, one may just |
as well reject as superfluous all mathematical proofs, for if @ is not |

true, it is certain that P will not hold!

Now we also found Mach having recourse to the general argu- |

ment that from the existence of equilibrium with symmetrical loads - §
one can never draw a conclusion about the nature of the function |

JF(L), because this equilibrium would exist with any form of this

function. To this we can only reply that Archimedes does not draw

his conclusion from the mere existence of this equilibrium, but that

this is only one among the premisses on which his argument is v‘
based. This argument can be judged only by considering the whole *

system of postulates, definitions, and propositions already proved

which are used in the course of it. It is the really weak spot in -

Mach’s view of the question that he has neglected this consideration.

The same defect in a somewhat different form is also found in
the author of the German Archimedes translation, A. Czwalinal).
The latter remarks that if the lever principle were to state the in-

verse proportionality of the force and the square of the arm as a |

condition of equilibrium, the propositions 1-5 would stand un-
changed, whereas Prop. 6 would be incorrect, from which he con-
cludes that Prop. 6 does not therefore result from Props 1-5, and
that consequently the derivation of Prop. 6 is not correct.

By this argumentation the proof of Euclid I, 29 (equality of al-
ternating interior angles as a necessary condition of parallelism)

and the proof of I, 32 based on this (the sum of the angles of a
triangle is 180°) would not be correct either; in fact, if the sum of |

the angles of a triangle were to be less than 180°, the propositions
1-27 would stand unchanged, whereas 29 and 32 would not be true.

The analogy between the two cases is perfect. It is true that the |

propositions 29 and 32 do not result from 1-27, but from the latter

supplemented with the fifth postulate; in the same way the sixth Q‘
proposition of the treatise on the equilibrium of planes does not

result from the propositons 1-5, but from the latter, combined with

the postulate VI that has meanwhile been introduced. As soon as {

1) A. Czwalina, Ueber das Gleichgewicht ebener Flichen (see p. 45, Note 6). |
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we accept this postulate in the above interpretation, we can no
longer find any fault with the proof of Prop. 6. '
A slightly different point of view in relation to the question

. under consideration is taken by O. Holder!). The latter agrees with
. Mach in considering the proof of Prop. 6 insufficient, because he,

too, is of opinion that Archimedes neglects to postulate or prove

- the admissibility of combining or splitting up weights while main-

taining the position of the centre of gravity. In his view, however,

« the proof can be corrected (and will then acquire value) if only we

succeed in supplementing the gap presumed to have been left by

Archimedes. It would seem to us, however, that the way in which

he attempts to do this (by superposition of positions of equi-
librium, involving, inter alia, the concept of the reactive force ex-

| erted by a fulecrum) fits in very little with the character of Gree.k
| mechanics, while moreover there is not the slightest evidence for it

in the text. .

We have now got to the point where we can answer the first two
members of the above question with some certainty: Archlm.ec.les
was fully aware of the fact that the proof of the sixth proposition

~ is based on the premiss that the influence of a weight suspended

on a lever on the equilibrium depends on the gravity of the body
and the position of its centre of gravity; and he has explicitly formu-
lated this premiss in the sixth postulate, in which he postu.latias,
apparently tautologically, that the lever equilibrium is noi:, dis-
turbed if the weights suspended on it are replaced by other weights,
which are equal to the first and are suspended in the same

places. _
We are now left with the question whether he accounts for this

¥ statement or not, a question which is related with another, viz.
¢ what he understands by the centre of gravity of a body and how he

conceives this concept to be introduced. In fact, it is striking that
he always refers to the centre of gravity as if it were a perfectly

. familiar thing: the term is used, starting with postulate IV, with-

out any explicit definition, and in the proofs of the propositions
4 and 6 it is identified in the case of a loaded lever, without any

1) Q. Holder, Die Mathematische Methode. Logz'sch-erkennmist‘heoreti.sc‘he
Unitersuchungen im Gebicte der Mathematik, Mechanik und Physik (Berlin,
1924) § 12. Der Hebelbeweis des Archimedes, p. 39 et seq.
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motivation, with the point in which this lever has to be supported |

in order to be in (indifferent*)) equilibrium.

With regard to the questions thus raised we may take either of |

the following two standpoints:

a) it is possible that Archimedes, when writing the treatise on i
the equilibrium of planes, could assume the theory of the centre of

gravity to be familiar to a certain extent, because this theory had |

already been developed either by earlier students of mechanics or

by himself in a treatise now lost?).

b) it is possible that the work on the equilibrium of planes is an ‘

entirely autonomous treatise, and that the definition of the concept |
of centre of gravity is to be conceived of as being implied in the

postulates on which this work is built.

Both these points of view have been defended: the former by |
G. Vailati®) and the latter by Toeplitz and Stein?). We shall first §

discuss the latter view. According to this, all the terms to be found i

in the postulates of the work, in so far as they relate to statics §
(such as Bdgog, weight; igoggoneiv, to be in equilibrium; »é7gor §

To¥ fBdgeos, centre of gravity), are to be considered so many un-

knowns, for the finding of which the postulates serve as equations, ¢

while other similar equations can be found by explicitly formulat- ]

1) It is possible to ask with W. Stein (I.c., P- 228) whether in his consid-
erations of equilibrium Archimedes is really thinking exclusively of indiffer-
ent equilibrium or whether he also admits the possibility of stable equi-

librium. This amounts to asking whether the condition that the lever is sup-

ported in its centre of gravity is considered as sufficient only or as necessary

ag well. If this question is to be answered, the view of Stein that in the latter
case the Prop. 4 is only & trivial consequence of Postulate I, from which

he concludes that Archimedes does not postulate it as a necessary condition °

of equilibrium that the lever should be supported in the centre of gravity, §
seems to us to carry little conviction: in Greek mathematics there are .

numerous instances of trivial consequences which nevertheless constitute

the subject of a separate proposition. It would seem more important that
in Q.P. Archimedes invariably considers really stable equilibria, so that §

it does not after all seem to be his intention to identify the centre of gravity |

and the fulcrum.

%) This might then have been one of the works quoted by Pappus and §
Simplicius, which we mentioned in Chapter IT in the enumeration of the §

lost treatises sub 3).

%) G. Vailati, Del concetto di centro di gravita nella Statica &’ Archimede. |

Atti della R. Accad. d. Scienze di Torino. 32 (1896-97), 742-758.
4) See Note 2 of pag. 293.
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ing the assumptions which are tacitly made in the proofs of the

. propositions. The system of postulates thus corflpleted .then com-
prises implicitly the definitions of all the terms in questlon,. aYnd it
~ is then in particular no longer necessary to ask for an explicit de-
. finition of the meaning of the term “centre of gravity’ .

The investigation defined above has been made very carefully

| by W. Stein, and undoubtedly has considerably clarified our in-

sight into the statics of Archimedes. It would, however, seem doubt-

' ful whether this method will enable us actually to follow hi's ']j_n.e of
1 thought. Not because the idea of a definition being imphcﬂ.: in a
system of postulates was entirely alien to the Greeks: when in the

Elements Euclid uses the concept of a “straight line’’, he never re-

~ fers to the property of length without breadth, which is given as
: the characteristic of this concept in the definitions, but exclusively
| to the properties of its being determined by two points and of the
| unlimited extensibility of any line segment mentioned as charac-
' teristics in the postulates. To that extent it may be said th_at he
- uses an implicit definition of the concept of a straight line, if not

ex confesso, at least de facto. But this is practically the only in-
stance of this method of definition in the Elements: it is not used
for other terms, where it might have been applied, such as the
area of a figure or the volume of a solid; the meaning of these
terms is apparently considered to be intuitively known, and the
ﬁostulates given about them (congruent figures have e'qual' areas,
the whole is greater than the part), though they do constitute a step
in the direction of the implicit definition (which would be given by a
complete system of postulates), do not yet testify to the consciou:s
desire to define the concepts in question entirely in this way. This

" cannot be altered by the fact that it is possible afterwards, by formu-

lating so-called tacit assumptions (which are not yet assumptions
or conscious suppositions from the point of view of the author), to
complete the underlaying system of postulates in such a way that
it becomes sufficient for implicit definition.

Now we ask ourselves whether it is likely that, whereas in the
elementary geometry of the Greeks the conscious imp]i.cit defini-
tion by means of a system of postulates was as yet so little used,
this method of definition would have been carried so far in Greek
mechanics that not only one term, as in the geometrical examples,
but seven terms at a time were defined in this way. Is it really to
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" been introduced.

be believed that Archimedes forced himself, when using the words
“to be in equilibrium”, “incline”, “weight”, to think of nothing |
but the relations established between them in the postulates? Is it §
not much more probable that he constantly had in mind an ideal- |
ized lever, which he mentally saw inclining or remaining in equi- |
librium under the influence of weights (in the form of planimetric:'
figures) suspended on it, that the postulates contain nothing but thej
formulation of the results of the simplest observations he was able
to make, and that the clarity of the images thus obtained comX
pletely prevented the desire for the abstract definition of the words:
used from arising ¢ e
If this. is true, the term ‘“‘centre of gravity’’, which is introduced}
just as unemphatically as the other terms mentioned, must hav‘e%
had an intuitive meaning that was plain to all. When we read the
postulates and the propositons with an unbiassed mind, we do get'|
the impression that the author is thinking of a lever supported in }
its fulerum (the lever being idealized into a straight line), on which §
thin plates (idealized into planimetric figures) are attached in their
centres of gravity (as is clear from the frequent use of the same
letter to refer to the suspended figure, the centre of gravity of that }
figure, and the point of the lever indicating the position of that |
figure). Since, however, the term “centre of gravity”’ cannot pos- |
sibly have had a meaning intuitively as clear as “be in equi-
librium”’ or “incline”, there is every reason to assume with Vailati §
that this term could be supposed to be familiar to the readers of
the work in view of the advance knowledge they might be expected |
to have; thus we arrive at the first of the possibilities referred to ;
above, and we therefore have to ascertain what data are available }
to us in the history of Greek natural sciences about an elementary
theory of statics in which the term “centre of gravity”’ may have |

Pappus are authors who came long after Archimedes, and i.t nay
therefore at first view seem a little illogical to quote them in this
connection. The former, however, writes in such an elementary
way and the latter is so encyclopaedic that.it does not appear vierf;-
risky to consult them on those points which may haYe remaine
beneath the threshold of exposition in the work of their great pre-

| decessor, whose level neither of them attains; moreover, Gre_ek
mechanics was arrested so much in the stage of .elemen’oary prin-
| ciples that in authors of the first and third centuries A.D. we m.usz
' not by any means expect any further developl:nent of the suéo;ec

| than may already have been reached in the third century B h .

! Apparently Heron and Pappus drew fron} the same source in their
. treatment of the subject ‘“‘centre of gravity”’; since Heron, h_ow-
| ever, writes about it sketchily and indist.inctly, we shall 1%1a1nly
| give Pappus’ words, only occasionally quoting Heron for confirmat-
10]}.11 the eighth book of the Collectio, in which Pap'pus spea]~&s a:bout
mechanics, the theory of the centre of gravity (xévtoov 700 Bdoovg)
is called the starting point and element of the barycentric theory
(Goym »al oToL ElOY TS nevtpofagixis moaypeTelas) because_a,ﬂ]'fr “]ooh?
exposition of this the other parts of the theory 'agtomatlca y he
come clear. This is followed by an explicit def.mltlon: We say t U.Lt
the centre of gravity of any body is a point within that body whw?? is
such that, if the body be conceived to be suspended from -th_a,t 1.00.7,1»752
the weight carried thereby remains at rest and preserves 1S Origina

ittont).

29C)‘()‘Hweron)expresses himself in approximately the same way when 1h;e
defines a point which is rendered in the German t¥anslat10n ?f the
available Arabic text by Aufhdngepunkt, which point, according to
him, was distinguished by Archimedes and his adherents from the
centre of gravity?). For the centre of gravity,. however, he q.uotesla
definition of the Stoic Poseidonius, who again says appx:ommate y
the same thing in a somewhat careless manner?), so that it does not

3

It is mainly a group of remarks in Heron’s Mechanica®) and a |
coherent exposition devoted to the subject by Pappus in the Col-
lectio?) which may be considered for this purpose. Both Heron and :

1y jbidem line 11: Aéyouev 08 wévtoov Pdgovs ExdoTov o'u’)yargg EZ‘VC'LL cm,uelm:
v xeluevoy &vids, 6@’ oF xar’ émivoiay GoTnPév TO (ﬁd_gog) )QEHET PEQOUEVOY V:}i
puidoae, iy &€ 4oxTs déow. Here Bdgog is to be considered synonymous wi
ocoua. o

2) Heronis Opera 1L, 1. p. 64. ‘ .

3; ibidem, p. 63: der Schwerpunkt ist ein solcher Punkt, dasz wenn die
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1) Of this work a complete text has only been preserved in Arabic, while |
in Greek there are fragments. Both are to be found with a German trans-
lation in: Heronis Opera IT, 1. The passages in question are: Book I, Cap. 24;
Book II, Cap. 35 et seq. (II, 35 also in Greek).

%) Pappus, Collectio VIIIL, 5; 1030 et seq.
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become quite clear to what distinction he is actually referring. It
is, however, significant that he repeatedly uses a term which is
rendered by Schwer- oder Neigungspunkt in the German translation,
and which will probably have been xévrpov 700 Bdgovs 7} T7jc popds
in Greek. In this term gogpd simply refers to the natural motion of
a heavy body; the idea therefore seems to be that, since the gravity
is the cause of this motion, the downward tendency may be con-
ceived to be concentrated in the centre of gravity, so that this
point can also be styled falling centre (a concept which is analogous
to the later centrum oscillationis or centrum percussionis).

With regard to this centre of gravity or falling centre Heron
goes on to say?') that it is a point through which pass all the verticals
of the points of suspension; here point of suspension refers, in con-
trast with the 4ufhingepunkt used above, to any point in which
the body may be suspended, and the verticals in question are
those lines of the body which in the position of equilibrium coin-
cide with the verticals of the points of suspension. Heron also ob-
serves that the centre of gravity or falling centre may also be
situated outside the substance of the body, for example with rings
or wheels.

In order to determine the centre of gravity Pappus now imagines
a vertical plane xfyd, on whose horizontal upper edge «f the body
is so placed as to be in equilibrium. Now the plane «fyd, when
B extended, will divide the body into two

«
parts balancing each other about this plane
as plane of support?), i.e. into parts of equal

s v apparent weight. The body is now placed

Fig. 119. again on «f in a different position, so that

there is once more equilibrium. It is again

divided into two parts of equal apparent weight by the plane. The
two intersections which the plane xfyd has determined in the body
in the two positions successively taken up by the body will have to

Last in demselben aufgehingt wird, sie in zwei gleiche Teile geteilt wird; where
“gleich” apparently was to have been understood as “keeping each other
in equilibrium”, though, as will appear, it is often “of equal weight” which
is meant.

1) ibidem, p. 36.

%) Pappus, Collectio VIII, 5; 1030, line 26. veusi 10 dmuxeiusvor oGuce sig
lodgpoma 6Yo uépm, olov mepl dgrnua o énimedov isoggomotvra.
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intersect each other. In fact, if these two intersections were parallel,
the same parts would at the same time be of equal apparent weight
and not of equal apparent weight, which is absurd?).

The body will also be in equilibrium when it rests on the straight
line, which the two intersections have in common, as on a support?).
If we now find another straight line, which may also serve as sup-
port, this line, when produced, will have to meet the one first men-
tioned. Indeed, if this were not the case, it would be possible to
draw through the two straight lines two parallel planes, both of
which would divide the body into parts which would be of equal
apparent weight when considered in one way, and not of equal
apparent weight when considered in another way?®).

From this it follows that all the supporting lines obtained in the
way described above pass through one point, viz. the centre of
gravity as defined above#). In fact, any plane through this point
divides the body into two parts balancing each other when sup-
ported in said plane?).

According to Pappus, this is the most essential part (76 udiiore
otveyov) of the barycentric theory. For the elements of what can
be proved with the aid of this he refers to the work of Archimedes
on the equilibrium of planes and to Heron’s mechanics®). He him-

" self discusses, as an application, a planimetric theorem which does

1) Pappus, Collectio VIII, 5; 1032, line 2. & pag un teusl, Td adrd pégn
xal lodgpomae xai dwicdggoma yeviicerar GAAjAows, Smeg dromov.

2) Tt appears to be meant that the body is supported in the lowest point
of intersection of its surface with the said straight line. The body can there-
fore be kept in equilibrium both by supporting it along a horizontal straight
line (or in two points of the latter) and by supporting it in a point. This is
what is probably meant by Heron (II, 1; p. 64) when he quotes from Ar-
chimedes: Lasten neigen sich nicht auf einer Linie und auf einem Punlkite.
Here sich neigen=falling. The passage thus implies: the body can be pre-
vented from falling by being supported along a straight line or in a point.

%) This conclusion is based on the assumption that any plane through a
supporting line obtained as above divides the body into two parts of equal
apparent weight.

4) Pappus Collectio VIII, 5; 1032, line 26.

5) Ibidem, line 30.

¢) Ibidem 1034; lines 1—4. Pappus therefore does not in any case con-
sider the work of Archimedes as an entirely independent treatise, but as an
application of the theory of the centre of gravity.
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not interest us here as such?), but which is significant on account
of the way in which he is found to determine the centre of gravity
of a triangle on the basis of the above considerations. Indeed, he
observes (Fig. 120) that if the triangle afy
is placed (in the horizontal position) with
the median «d on the upper edge of a verti-
e cal supporting plane, the figure will be in
equilibrium, because the areas of the tri-
angles «xf0 and «yd are equal. The same

B F) Y applies to the median Be, and the point of

Fig. 120. intersection { of «d and Se is therefore the
centre of gravity of the triangle.

The fragment from Pappus which we have rendered here is of
interest for the history of mechanics in more than one respect; in
fact, the characteristic feature of the evolution of this branch of
physics consists in the very early tendency of dealing with the
theory of motion and equilibrium in an axiomatic manner. With
regard to the last-mentioned subject, that of statics, this tendency
is already very plain: on the basis of a number of physical expe-
riences concerning the equilibrium of bodies which are supported
by a narrow horizontal beam, a deductive treatment of the theory
of equilibrium is given very soon, in which the conditions are ideal-
ized to the same extent as was the case with the deductive treat-
ment of geometry. The supporting beam becomes a horizontal
straight line; for the supported body is taken a planimetric figure;
no attention is paid to the degree of stability of the equilibrium;
it is not considered what procedure would have to be followed to
support any body in its centre of gravity; probably we should not
imagine the experience gained as greatly varied either; it is suffi-
cient to think of rectangular blocks or of thin plates of a rectangular

e 4

‘or triangular form.

It seems moreover that the process of idealization here involved
has indeed been considered theoretically more in detail, to wit by
Archimedes himself. At least, Heron observes?) that it is naturally

1) The theorem is as follows: if on the sides «f, By, yx of & triangle afy
be situated the points 7, &, » successively, in such a way that

an:inf = p:%y = yr:na,

the triangles «fy and n9x have the same centre of gravity.
%) Heronis Opera II, 1. p. 62.

302

only possible to speak of gravity and natural motion in the case
of physical bodies, but that Archimedes has made it sufficiently
plain in what sense a centre of gravity may also be assigned to
solid or plane mathematical figures.

Experience will undoubtedly further have taught that a beam
or a thin plate, when supported successively along two parallel
straight lines of the same plane boundary surface, could not be in
equilibrium in both cases. This fact, however (as appears from the

indirect reasoning of Pappus on the subject), is at once invested

with the character of logical evidence. The relation in which the
two parts determined in the body by the supporting plane, when
extended, are to each other is looked upon as a relation of equality
between two magnitudes, and the parallelism of two such support-
ing planes is felt as absurd, because, when one plane yields the
parts 4 and B, and the other the parts 4, and B, it is not possible
that simultaneously with

4 >4, B< B (1)
it is also true that
4 =B, 4, = B,. (2)

This logical evidence is of course only apparent. Pappus does not
see that the equilibrium-disturbing effect exerted by each of the
parts of the body is not determined by the weight of that part
alone, and that therefore from the absurdity of the simultaneous

- existence of the relations (1) and (2) for the weights of the separate

parts no logical conclusion can be drawn as to the impossibility of
the influence on the equilibrium. That he is, however, thinking ex-

‘clusively of the amounts of the weights, is quite clear from his

derivation of the centre of gravity of a triangle. The two parts into
which a median divides a triangle, in his view, balance when sup-
ported along this median because their areas are equal (the weights
being conceived to be proportional to the areas). According to this
argument there would also have to be equilibrium if the triangle
were supported along any other straight line dividing the area into
two equal parts; such a straight line, however, only passes through

- the centre of gravity, if it also contains an angular point. And

moreover, since it is assumed as self-evident that any vertical plane

~ through the centre of gravity divides the body into parts of equal
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apparent weight, any line through the centre of gravity of a tri-

angle would have to divide. the area into two equal parts, which }

is not true either.

It is this which throws an unexpectedly clear light on the object }
which Archimedes may have aimed at with his work on the equi-
librium of planes, the subsidiary title of which refers to centres of |
gravity of plane figures: he recognized the erroneous nature of the |
method for the determination of a centre of gravity just described, §
which apparently dates further back and was preserved by Pappus 3
with curious thoughtlessness; he understood that parts balancing |
each other in general do not have equal weight, but that the posi- {
tion of their respective centres of gravity, too, has to be taken into §
account. He thus came to consider a lever on whose arms the parts |
of the body were attached in their cenfres of gravity, and in this |
way the theory of lever furnished him with the means for de- -
termining centres of gravity, because he only had tc askin what point |

the lever was to be supported in order to obtain equilibrium. This

theory in itself, however, was based on the barycentric theory— 1

probably studied long before his day—, which we saw exposed by
Pappus and to which, in spite of palpable logical defects, a certain
physically convincing effect cannot be denied. Thus the methodic-
ally somewhat complex situation arose that the lever principle could
be on the one hand an application and on the other hand the basis
of the theory of the centre of gravity.

It has thus likewise been elucidated how Archimedes came to
adopt, without any further motivation, the principle—formulated
none too clearly in postulate VI—which protects the proof of the
sixth proposition, as we now have come to realize, against the

objections raised to it by Mach: it is in the centre of gravity or ]

falling centre that from the very beginning the whole downward
tendency constituting the essence of gravity has been considered
concentrated. Was it not bound to seem evident that the influence
which a body could exert on a lever as a result of this tendency

did not change as long as its intensity and the place where it resides

remained unchanged ?

3. The above discussion may be considered to have sufficiently
elucidated the questions to which the first part of the treatise On
the Equilibrium of Planes gave rise, so that we can now continue the
discussion of the work itself.
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| proof may be rendered as follows:

“ magnitudes be 4 +B and I, the arms
' of the lever on which they are
. suspended, EZ and EA respectively. The supposition is then

Proposition 7.

However, even if the magnitudes are incommensurable, they will be
in equilibrium at distances reciprocally proportional to the magnitudes.

The necessity of a separate discussion of the case that the weights

| suspended on the lever have no common measure follows from the
| essential significance of the common measure Z of the magnitudes
. A and B in the proof of Prop. 6.

The somewhat cursorily written A B]

In Fig. 121 let the incommensurable E Z

[ }
Fig. 121.

(BA,EZ) = (A+B,T). (1)

It has to be proved that E is the centre of gravity of (4 + B)
in Z and I'in A (¢.e. that the centres of gravity of the magnitudes

lie in these points successively), or in other words that the lever,

when supported in E, is in equilibrium.

Suppose this is not true, then (4 +B) will be either too great
or too small for equilibrium. Let (4 +B) be too great. Then take
away from it such an amount that the remainder is still too great
for equilibrium, but commensurable with I

Let this remainder be 4. Now we have

A, < (EA,EZ), (2)

so that the lever will incline towards 4, which is contrary to the
supposition that A4 alone is still too great for equilibrium. In the
same way the case that (4 + B) is too small can be dealt with.

The proof apparently contains considerable gaps. The possibility
of determining the remainder 4 in such a way that it is too great
for equilibrium and at the same time commensurable with /" is not
based either on a postulate or on a theorem. That it follows from
the inequality (2) that the lever will incline towards 4 is indeed
physically plausible, but logically not justified. It is naturally
derived from the consideration that there would be equilibrium if
A were replaced by 4’ > 4, so that

4, T) = (B4, EZ), (3)

Archimedes. 20 305



i.e. by Prop. 6, followed by the application of postulate ITI. But it
appears from (1) that 4 and EZ are incommensurable, and it is
therefore only -possible to conclude from (3) that there is equi-

librium, if Prop. 7 has first been proved. In the proof of Prop. 7 it

is not permissible to make use of this conclusion.

The proof might be improved, though not quite saved, if the line .

segment AZ were divided in a point H in such a way that
(4,I') = (H4,HZ) .

From this it would follow by Prop. 6 that the lever, when loaded

with 4 at Z and with I" at 4, is in equilibrium. If upon this it is
to be concluded that there can be no equilibrium when the lever is
supported in E, it would have to be postulated that a system of
bodies has only one centre of gravity, or the consideration used by
Pappus, viz. that upon the lever being successively supported along
two parallel straight lines there cannot be equilibrium in both cases,
would have to be adopted as a postulate. For the recognition that
if (2) is true, the lever will incline towards 4, however, another
postulate would be required, viz. that upon the support being shifted
to one side a lever originally in equilibrium will incline towards
the other side.

Proposition 8.

If from a magnitude another magnitude be taken away which does
not have the same centre as the whole, when the straight line joining
the centres of gravity of the whole magnitude and the magnitude taken
away be produced towards the side where the centre of the whole magni-
tude is situated, and when from the produced part of the line joining
the said centres a segment be cut off such that it has to the segment

between the centres the same ratio as the weight of the magnitude taken

away has to the remaining magni-

H  tude, the extremity of the segment

cut off will be the centre of gravity

Y| of the remaining magnitude.

r 2z o In Fig. 122 let the segment 44

E with centre of gravity E be taken

away from the magnitude 4 B with

Y] B centreof gravityl.On EI'produced
Fig. 122. Zhasbeen determined so that
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(ZI, ET') = (44, HA). (1)

It has to be proved that Z is the centre of gravity of 4H.

Proof: Suppose another point, @, to be the centre of gravity of
A4H. Since AB is composed of 44 and HA, the centre of gravity
of AB must be a point O on EO, determined by

(00, EO) = (A4, HA) .

Therefore I' is not the centre of gravity of AB, which is con-
trary to the supposition.

It might be asked why @ is collinear with £ and I'; in fact, if
this is not the case, no contradiction will arise. The proof might
therefore be given more effectively as follows:

Since I' is the centre of gravity of 4B, I" has to lie on 0, so that

(O, ET') = (44, HA) .

From a comparison with (1) it now appears at once that @ co-
incides with Z.

Proposition 9.

The centre of gravity of any parallelogram lies on the straight line
Jjoining the middle points of opposite sides of the parallelogram.

Let the parallelogram 4BI'A (Fig. 123) be given, in which ¥ and
Z are successively the middle points of AB and I'A. It has to be
proved that the centre of gravity of ABI'A lies on EZ.

[HITHIT]

Fig. 123.

Suppose this is not true, but the centre of gravity is a point @
outside EZ. Then let the straight line through © parallel to 4B
meet the straight line £Z in I. Now apply dichotomy (III; 0.5) to
EB until the parts obtained (each equal to EK) are less than &I,
and through the points of division thus obtained draw lines parallel
to EZ. Proceeding in the same way on the other side of EZ, ABI'A
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is divided into an even number of parallelograms, which are all
congruent with KZ. When all these parallelograms are successively
applied to KZ, the centres of gravity coincide with that of KZ
(postulate IV). All these centres therefore lie on a straight line
parallel to AB. By the application of Prop. 5, Corollary 2 we now
recognize that the centre of gravity of 4B must lie on the line
segment having the centres of the central parallelograms for ex-
tremities. It cannot therefore be @; for EX <16.

Proposition 10.

The centre of grawvity of any parallelogram is the point of inter- ‘

section of its diagonals.

According to Prop. 9 the centre of gravity lies on each of the
two straight lines joining the middle points of opposite sides; it is,
however, also through the point of intersection of these straight

lines that the diagonals pass.
4 B A second proof (Fig.124) is
E 8 given by considering the triangles
into which the diagonal B4 di-
Z vides the parallelogram A4BIA.
a5 T Since these triangles are con-
Fig. 124. gruent, the centres of gravity
will coincide when the triangles
are applied to each other (postulate IV). Now let Z be the centre
of gravity of A ABA, © the middle point of 4B, Z a point on E
produced, so that E@=0Z. When A 4B4 is applied to A I'4B,
E will fall on Z, therefore Z is the centre of gravity of A I'4B,
and consequently, by Prop. 4, O is the centre of gravity of 4BI'A.

Proposition 11.

If two triangles be similar to each other and within these triangles
two points be similarly situated with respect to the triangles, and one
point be the centre of gravity of the triangle in which it is situated, the
other point will also be the centre of gravity of the triangle in which
ot 18 situated.

The meaning of the term “similarly situated” has been ex-
plained in the discussion of postulate V. The proof is a reductio ad
absurdum, it being assumed that another point were the centre of
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gravity, upon which postulate V is applied; it is thus based on the
unambiguousness of the relation of similar situation.

Proposition 12.

If two triangles be similar and the centre of gravity of one triangle
lie on the straight line drawn from an angular point to the middle
point of the base, the centre of gravity of the other triangle will lie on
the straight line similarly drawn.

The proof is based on Prop. 11 in relation to the planimetric
theorem that points which divide homologous medians of similar
triangles into homologous proportional parts are similarly situated
with respect to those triangles.

It appears that this proposition is not applied anywhere.

After these introductory theorems the situation of the centre of
gravity of a triangle is found. The chief work is done in

Proposition 13.

In any triangle the centre of gravity lies on the straight line joining
any vertex to the middle point of the base.

In Fig. 125 let 4 be the middle point of the base BI' of A ABI
Suppose the centre of gravity @ of A ABI" not to lie on 44. We

then know only that @ lies within A ABI" (postulate VII). Let the
straight line through © parallel to BI' meet the straight line 44
in I. Now apply dichotomy (III; 0.5) to BI" until the parts thus
obtained (each equal to AL2) are less than @I; through the points
of division draw straight lines parallel to 44, and divide the tri-
angle in the manner indicated in Fig. 125 into parallelograms (M N,
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KZEZ, etc.) and triangles (AZM, Z¥T, etc.). By Prop. 9 the centres
of gravity of the parallelograms all lie on 44, consequently the
centre of gravity P of the figure X, consisting of all the parallelo-
grams, also lies on 44 (Prop. 6). Join P and ©; let this straight
line meet the straight line QM in IT and the straight line drawn
through I parallel to 44 in @. IT then lies between P and O, and
@ lies outside the triangle.

It is then ascertained how the centre of gravity of the figure X,
consisting of all the shaded triangles, must be situated with respect
to the points P, O, and 9.

For this we first compare the area of A ABI" with the sum of
the areas of the shaded triangles. By similarity we have:

(44T, AZM) = [T(AT), T(AM)], ete.,
whence

(AAT, AZM + ... +Z¥T) = [T(4T), T AM)+ ...+ T(ZI)]
= [T(4l), O(AM, AN = (4T, AM).
Likewise
(A4B, AZA+ ... +EOB) = (4B, AA) = (AT, AM) .
Therefore
(ABI', X,) = (AT, AM) = (4T, 4Q) = (P®, PII) > (P®, PO)
and thence separando

X5 X,) > (09, OP).

Now determine a point X on the straight line P® such that
Xy X,) = (0X, 6P),

then OX > OP, therefore X lies on PP produced.

By Prop. 8, X is now the centre of gravity of the figure X,,
consisting of the shaded triangles, which is impossible, because all
these triangles are on the opposite side of the straight line drawn
through I" parallel to A4 from X.

The latter conclusion is not, as Heiberg thinks?), based on postu-

1) Opera I1, 155, Note 3.
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late VII, for the perimeter of the figure X, is not “concave in the
same direction’. It should rather be imagined to have been made
in view of the consideration that, if the centre of gravity is found
of a figure whose component parts all lie on the same side of a
straight line by combining with the aid of Prop. 6 two parts, com-
bining their combination with a third part, etc., the centre of gravi-
ty of the whole figure must lie on the same side of the straight line
on which all the parts lie. .

In a second proof of Prop. 12 (Fig. 126) Archimedes joins the
supposed .centre of gravity © to 4, B, and I', and through the

4

&
N
~

Fig. 126.

middle points £ of AB and Z of A" draws straight lines parallel
to A0, which meet BO and I'@ successively in K and A. In the
similar triangles ABI" and EB4, © and K are similarly situated
points, therefore (Prop. 11) K is the centre of gravity of A EBA,
and likewise 4 is the centre of gravity of A ZI'A. Since further the
areas of the triangles £BA and ZI'A are equal, the centre of gravity
of their combination lies at the middle point of K/, i.e. the point
of intersection IV with @4. In the parallelogram AEAZ, M is the
centre of gravity; the centre of gravity of A ABI" therefore lies
on M N, and cannot thus be @. Therefore ® cannot lie outside 44.

Proposition 14.

In any triangle the centre of grawvity is the point in which the straight
lines of the triangle joining the vertices to the middle points of the sides
meet.
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This follows at once from Prop. 13.
To conclude Book I, the centre of gravity of a trapezium is
determined.

Proposition 15. _

In any trapezium having two parallel sides') the centre of gravity
lies on the straight line joining the middle points of the parallel sides,
wn such a way that the segment of it having the middle point of the
smaller of the paralllel sides for extremity is to the remaining segment
as the sum of double the greater plus the smaller is to the sum of double
the smaller plus the greater of the parallel sides.

In Fig. 127, in the trapezium ABI'A (44 || BI') let the non-
parallel sides produced meet in H; Z and E are successively the

Fig. 127.

middle points of BI" and 44. The centres of gravity of the triangles
HBI' and HAA by Prop. 13 lie on HZ, therefore (Prop. 8 and
postulate VII) the required centre of gravity of ABI'A lies on the
line segment EZ.

Now divide B4 into three equal parts by means of the points K
and ©, and through these points draw N7 and AM parallel to BI.
Now the point of intersection = of AM and AZ is the centre of
gravity of A ABI', and likewise the point of intersection O of NI
and BE is the centre of gravity of A BAA. The centre of gravity
of the trapezium therefore is the point of intersection of £Z and
OZ. Now we have by Prop. 6 or 7:

(4BT, BAA) = (OIT, EIT) = (PIT, =IT) ,

1) Trapezium without any further indication refers to a quadrilateral.
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and consequently also

(BT, 44) = (PII, ZIT),
whence
(BI', PIT) = (A4, ZII) = (2BI'+ A4, 2PIT+ XIT)

= (BI'+ 244, PIT+2X1I) .
From this it follows that
- (2BI'+AA, ITE) = (BI'+ 244, ZII) ,

which is equivalent to that which was to be proved.

CHAPTER X
THE METHOD OF MECHANICAL THEOREMS

1. We shall now, deviating from the order in which Archimedes’
works appear in Heiberg’s edition of the text, first discuss the
treatise The Method of Mechanical Theorems, for Eratosthenes, to be
briefly designated as The Method. In fact, when we know this work,
it is easier to understand the Quadrature of the Parabola, the con-
tents of which in turn are assumed as known in Book II of On the
Equilibrium of Planes.

The discovery and decipherment of the manuscript of the Method
has already been discussed in Chapter II. The object of the work
becomes clear from the introductory letter to Eratosthenes, which
we first give in translation:

Archimedes to Eratosthenes greeting!

On an earlier occasion I sent you some of the theorems found by me,
the propositions of which I had written down, urging you to find the
proofs which I did not yet communicate at the time. The propositions
of the theorems I sent were the following:

firstly: if in a right prism having a square?) for its base a cylinder
be inscribed which has its bases in the squares facing each other and
1ts sides in the other faces of the prism?), and a plane be drawn through

1) The word used is wapaiinidygauuov, but it is clear from the context
that a square is meant.

%) The meaning is that the curved surface of the cylinder touches the
vertical faces.
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