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VIII. HIPPOCRATES OF CHIOS

(@) GeENERAL
Philop. in Phys. A 2 (Aristogt. 185 a 16), ed. Vitelli
31. 3-
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(b) QUADRATURE OF Lunes

impl. in Phys. A 2 (Aristot. 185 a 14), ed. Diels
Stmpl. in Dhy 60.(22—68. 32
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(@) GENERAL

Philoponus, Commentary on Aristotle’s Physics A 2
(185 a 16), ed. Vitelli 31, 3-9

HirrocraTes of Chios was a merchant who fell in
with a piraté ship and lost all his possessions. He
came to Athens to prosecute the pirates and, staying
a long time in Athens by reason of the indictment,
consorted with philosophers, and reached such pro-
ficiency in geometry that he tried to effect the quad-
rature of the circle. He did not discover this, but
having squared the lune he falsely thought from this
that he could square the circle also. For he thought
that from the quadrature of the lune the quadrature
of the circle also could be calculated.s

(8) QuabraTurE or Lunes

Simplicius, Commentary on Aristotle’s Physics A 2
(185 a 14), ed. Diels 60. 22-68. 32

Eudemus, however, in his History of Geometry says
that Hippocrates did not demonstrate the quadrature

¢ A lune (meniscus) is the figure included between two
intersecting arcs of circles. It is unlikely that Hippocrates
himself thought he had squared the circle, but for a discus-
sion of this point see infra, p. 310 n. b.
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1 s add. Usener.

6 As Alexander asserted. Alexander, as quoted by
Simplicius in Phys. (ed. Diels 56. 1-57. 24), attributes two
quadratures to Hippocrates. 6

T

£

A A B A B T A
(6} 2)

In the first, AB is the diameter of a circlq, AT, TB are
sides of a square inscribed in it, and AET is a semicircle
described on AT. Alexander shows that

lune AET =triangle AT'A.

In the second, AB is the diameter of semicircle and on TA,
equal to twice AB, a semicircle is described. T'E, EZ, ZA
are sides of a regular hexagon, and THE, E®Z, ZKA are
semicircles described on I'E, EZ, ZA. Alexander shows that
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of the lune on the side of a square ¢ but generally, as
one might say. For every lune has an outer circum-
ference equal to a semicircle or greater or less, and
if Hippocrates squared the lune having an outer
circumference equal to a semicircle and greater
and less, the quadrature would appear to be proved
generally. Ishall set out what Eudemus wrote word
for word, adding only for the sake of clearness a few
things taken from Euclid’s Elements on account of the
summary style of Eudemus, who set out his proofs
in abridged form in conformity with the ancient
practice. He writes thus in the second book of the
History of Geometry.?

lune I'HE + lune E®Z + lune ZKA + semicircle AB =
trapezium I'EZA.

The proofs are easy. Alexander goes on to say that if the
rectilineal figure equal to the three lunes (* for a rectilineal
figure was proved equal to a lune ) is subtracted, the circle
will be squared. The fallacy is obvious and Hippocrates
could hardly have committed it, This throws some doubt on
the whole of Alexander’s account, and Simplicius himself
observes that Eudemus’s account is to be preferred as he was
* nearer to the times > of Hippocrates.

® Ttis not always easy to distinguish what Eudemus wrote
and what Sim Yicius has added. The task was first
attempted by Allman (Hermathena iv., pp. 180-228 ; Greek
Geometry from Thales to Euclid, pp. 64-75). Diels, in his
edition of Simglicius published in 1882, with the helg of
Usener, printed in spaced tyg; what they attributed to
Eudemus. In 1883 Tannery (Mémoires scientifiques i., Pp-
339-370) edited what he thought the Eudemian passages.
Heiberg (Philologus xliii., pp. 336-344) gave his views in 1884,
Rudio discussed the question exhaustively in 1907 (Der
Bericht des Simplicius iiber die Quadraturen des Antiphon
und Hippokrates), but unfortunately his judgement is not
always trustworthy. Heath (H.G.M. i. 183200) has an
excellent analysis. ~ In the following Eages I have given only
such passages as can safely be attributed to Eudemus and
omitted the rest,

237




GREEK MATHEMATICS

“Kai of 7@v pyviokwy 8¢ Terpaywwiopol 8d-
favres elvar TGV ok émmodaiwv Siaypapudrwv
8ia v olkedTnTa THY MPoS TOV KUKAov ¥ ‘Immo-
Kpdrovs éypddnodv Te mpdTov Kal KaTd Tpéwori
&ofav dmodobivar Sudmep émi wAéov dfdueba
Te kal Siéwpev. dpxny pév odv émoujoaro kali
ap@dTov éfeto T@Y wpds adTods ypnoiuwy, 8T TOV
ad7ov Adyov éxer Td Te Spota TAV KKkAwy TuRuaTA
7pos dAAnAa xal ai Bdoeis adrdv duvdper. TObTO
3¢ Belivvey éx 10D Tas dapérpovs detbar Tov adTov
Adyov éxovoas Svvduer Tois xvkots.

“ Aevyfévros 8¢ adrd TovTov mpdTOV PéV Eypade
pnrioxov T éktds mepipéperav ExovTos MpikUKALOY

Tiva Tpdmov yévorro dv TeTpaywviouds. dmedidov
8¢ 7oiito mepl Tplywvov Spboydwidy Te Kai ico-
okelés Nuikvkhov Tepuypdifias Kkal mwepl TV @daw
TURpa KUklov Tols 13770‘ QY e’mgevxe‘ewd‘")v a.qéal.-
pov’p.e'vozg §[.LOLOV. évros 85 700 wmepl TV ﬁ’iaaw
Tufparos loov 7ols mepl Tds €répas dudorépors,
xal xowol mpoarelévros Toli pépovs Tod 'rpl.ya'woz.:
7ol Dmép 7O TuRua TO wepl TRV ﬁafal;v, ':fcrolg éorar 6
pnviokos T® Tpiydvew. Ioos odv o pnvicros 7O
Tpiydvey deixlels Terpaywviloiro dv. ovTws pev
238

HIPPOCRATES OF CHIOS

* The quadratures of lunes, which seemed to belong
to an uncommon class of propositions by reason of the
close relationship to the circle, were first investigated
by Hippocrates, and seemed to be set out in correct
form ; therefore we shall deal with them at length and
go through them. He made his starting-point, and
set out as the first of the theorems useful to his pur-
pose, that similar segments of circles have the same
ratios as the squares on their bases.* And this he
proved by showing that the squares on the diameters
have the same ratios as the circles.?

* Having first shown this he described in what way
it was possible to square a lune whose outer circum-
ference was a semicircle. He did this by circum-
scribing about a right-angled isosceles triangle a
semicircle and about the base a segment of a circle
similar to those cut off by the sides.® Since the
segment about the base is equal to the sum of
those about the sides, it follows that when the part
of the triangle above the segment about the base is
added to both the lune will be equal to the triangle.
Therefore the lune, having been proved equal to
the triangle, can be squared. In this way, taking

o Lit. ““ as the bases in square.”

? This is Eucl. xii. 2 (see infra, pp. 458-465). Euclid proves
it by a method of éxhaustion, based on a lemma or its equi-
valent which, on the evidence of Archimedes himself, can
safely be attributed to Eudoxus. We are not told how
Hippocrates effected the proof.

¢ As Simplicius notes, this is the problem of Eucl. iii. 33

and involves the knowledge that similar segments contain
equal angles.
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a semicircle as the outer circumference of the lune,
Hippocrates readily squared the lune.

“ Next in order he assumes [an outer circumference]
greater than a semicircle [obtained by) constructing a
trapezium having three sides equal to one another
while one, the greater of the parallel sides; is such that
the square on it is three times the square on each of
those sides, and then comprehending the trapezium
in a circle and circumscribing about @ its greatest side
a segment similar to those cut off from the circle by
the three equal sides.? That the said segment ¢ is
greater than a semicircle is clear if a diagonal is
drawn in the trapezium. For this diagonal, sub-
tending two sides of the trapezium, must be such that
the square on it is greater than double the square on

® i.e. *“ describing on.”

® Simplicius here inserts a proof that a circle can be de-
scribed about the trapezium.

° i.e., the segment bounded by the outer circumference.
Eudemus is going to show that the angle in it is acute and
therefore the segment is greater than a semicircle.
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© A proof is supplied in the text, probably by Simplicius
though Diels attributes it to Eudemus. The proof is that,
since BA is parallel to AT' but greater tha._n it, AT apd BA
produced w1ﬁ meet in Z. Then ZAL is an isosceles triangle,
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one of the remaining sides. Therefore the square on
BI' is greater than double the square on either BA,
AT, and therefore also on I'A.¢  Therefore the square
on BA, the greatest of the sides of the trapezium,
must be less than the sum of the squares on the
diagonal and that one of the other sides which is
subtended by the said [greatest] side together with
the diagonal.”> For the squares on BT, T'A are greater
than three times, and the square on BA is equal to
three times, the square on I'A. Therefore the angle
standing on the greatest side of the trapezium ¢ is
acute. Therefore the segment in which it is is greater
than a semicircle. And this segment is the outer
circumference of the lune.?

“If [the outer circumference] were less than a
semicircle, Hippocrates solved ¢ this also, using the
following preliminary construction. Let there be a
circle with diameter AB and centre K. Let I'A bisect
BK at right angles ; and let the straight line EZ be
placed between this and the circumference verging
towards B so that the square on it is one-and-a-half

so that the angle ZAT is acute, and therefore the angle BAT
is obtuse.

® i.e. BA2<BI?+ A%

¢ i.e. the angle BT'A.

4 Simplicius notes that Eudemus has omitted the actual
squaring of the lune, presumably as being obvious. Since

BA%2=3BA?
(segment on BA) =3 (segment on BA)
=sum of segments on BA, AT, TA.

Adding to each side of the equation the portion of the tra-
pezium included by the sides BA, AT and I'A and the circum-
ference of the segment on BA, we get

trapezium ABAT =]une bounded by the two circumferences

and so the lune is “ squared.”
¢ Lit, “ constructed.”
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thereon. ~ It is here restored to the place which it must have
occupied in Eudemus’s History.

o This is the first example we have had to 1:ecord_ of the
type of construction known to the Greek§ as vevoes, mcl?na,-
tions or vergings. The general problem is to place a straight
line so as to verge fowards (pass through) a given point and
so that a given length is intercepted on’it by other lines. In
this case the problem amounts to finding a length « such that,
if Z be taken on I'A so that BZ =« and BZ be produced to
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times the square on one of the radii.® Let EH be
drawn parallel to AB, and from K let [straight lines]
be drawn joining E and Z. Let the straight line
[KZ] joined to Z and produced meet EH at H, and
again let [straight lines] be drawn from B joining Z
and H. It is then manifest that EZ produced will
pass through B—for by hypothesis EZ verges towards
B—and BH will be equal to EK.

* This being so, I say that the trapezium EKBH
can be comprehended in 2 circle.

“ Next let a segment of a circle be circumseribed
about the triangle EZH ; then clearly each of the
segments on EZ, ZH will be similar to the segments
on EK, KB, BH.

*“ This being so, the lune so formed, whose outer
circumference is EKBH, will be equal to the recti-
lineal figure composed of the three triangles BZH,
BZK, EKZ. For the segments cut off from the
rectilineal figure, inside the lune, by the straight lines
EZ, ZH are (together) equal to the segments outside

meet the circumference in E, then EZ?=3AK?, or BZ=4/3
AX. If this is done, EB. BZ=AB . BI' = AK?

or (z++/% a) .¢=0a?, where AR =qa.
In other words, the problem amounts to solving the quadatrie
equation 22+ 4/Jax=a3
This would be recognized by the Greeks as the problem of
“applying to a straight line of length 1/3.q, a rectangle
exceeding by a square figure and equal in area to a%,” and
could have been solved theoretically by the Pythagorean
method preserved in Eucl. ii. 6, Was this the method used
by Hippocrates ? Though it may have been, the authorities
refer to believe he used mechanical means (H.G.M.i. 196,
udio, loc cit., p. 59, Zeuthen, Geschichte d. Math., p. 80).
He could have marked on a ruler a length equal to V3 AK
and moved it about until it was in the required position.
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the rectilineal figure cut off by EK, KB, BH. For
each of the inner segments is one-and-a-half times
each of the outer, because, by hypothesis, the square
on EZ is one-and-a-half times the square on the radius,
that is, the square on EK or KB or BH. Inasmuch
then as the lune is made up of the three segments
and the rectilineal figure less the two segments—the
rectilineal figure including the two segments but not
the three—while the sum of the two segments is equal
to the sum of the three, it follows that the lune is
equal to the rectilineal figure.

“ That this lune has its outer circumference less
than a semicircle, he proves by means of the angle
EKH in the outer segment being obtuse. And that
the angle EKH is obtuse, he proves thus.

Since EZ2=3% EK®
and ¢ KB2> 2BZ2,
it is manifest that EK2> 2KZ2,
Therefore EZ?> EK? + KZ2,

The angle at K is therefore obtuse, so that the seg-
ment in which it is is less than a semicircle.

“ Thus Hippocrates squared every lune, seeing that
[he squared] not only the lune which has for its outer
circurnference a semicircle, but also the lune in which

¢ This is assumed. Heath (H.G.M. i 195) supplies the
following proof :

By hypothesis, EZ? =3KB2.
Also, since A, E, Z, T are concyclic,

EB.BZ=AB.BI'=KB?
or EZ.ZB+BZ*=KB*=3EZ2,

It follows that EZ>ZB and that KB2>2BZ3,
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the outer circumference is greater, and that in which
it is less, than a semicircle.

* But he also squared a lune and a circle together
in the following manner. Let there be two circles

] I

with K as centre, such that the square on the diameter
of the outer is six times the square on the diameter
of the inner. Let a [regular] hexagon ABI'AEZ be
inscribed in the inner circle, and let KA, KB, KT be
joined from the centre and produced as far as the
circumference of the outer circle, and let HO, OI,
HI be joined. Then it is clear that HO, OI are sides
of a [regular] hexagon inscribed in the outer circle.
About HI let a segment be circumscribed similar to
the segment cut off by HO. Since then HI2=30H?2
(for the square on the line subtended by two sides of
the hexagon, together with the square on one other
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o If HA be a side of the hexagon, then IA is a diameter
and the angle IHA is right. herefore HI2+ HA2=IA2,

250

HIPPOCRATES OF CHIOS

side, is equal, since they form a right angle in the
semicircle, to the square on the diameter, and the
square on the diameter is four times the side of the
hexagon, the diameter being twice the side in length
and so four times as great in square %), and OH%=
6 AB2 it is manifest that the segment circumscribed
about HI is equal to the segments cut off from the
outer circle by HO, 61, together with the segments
cut off from the inner circle by all the sides of the
hexagon.® For HI2=38 H62, and 612= H62, while OI2
and HO? are each equal to the sum of the squares
on the six sides of the inner hexagonal, since, by
hypothesis, the diameter of the outer circle is six times
that of the inner. Therefore the lune HOI is smaller
than the triangle HOI by the segments taken away
from the inner circle by the sides of the hexagon. For
the segment on HI is equal to the sum of the segments
on HO, 61 and those taken away by the hexagon.
Therefore the segments [on] H6, OI are less than the
segment about HI by the segments taken away by
the hexagon. If to both sides there is added the part
of the triangle which is above the segment about HI,¢
out of this and the segment about HI will be formed
the triangle, while out of the latter and the segments
[on] HO, OI will be formed the lune. Therefore the
lune will be less than the triangle by the segments
taken away by the hexagon. For the lune and the

and so HI*+OH2=IA?=4@H? (since IA=20H). Conse-
quently HI?=30H2.
® For (segment on HI)=3 (segment on HO)
=2 (segment on HO)+ 6 (segment
on AB
=(segments on HO, OI) + (all seg-
ments of inner circle).
¢ {.e., the figure bounded by H®, 61 and the are IH.
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¢ What Hippocrates showed was that if :—Z=§=%, then
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segments taken away by the hexagon are equal to
the triangle. When the hexagon is added to both
sides, this triangle and the hexagon will be equal to
the aforesaid lune and to the inner circle. If then
the aforementioned rectilineal figures can be squared,
so also can the circle with the lune.”

(¢) Two MEaN ProPORTIONALS
Proclus, on Euclid i., ed. Friedlein 212. 24-218. 11

Reduction is a transition from one problem or
theorem to another, whose solution or construction
makes manifest also that which is propounded, as
when those who sought to double the cube transferred
the investigation to another [problem] which it
follows, the discovery of the two means, and from that
time forward inquired how between two given straight
lines two mean proportionals could be found. They
say the first to effect the reduction of the difficult
constructions was Hippocrates of Chios, who also
squared a lune and discovered many other things in
geometry, being unrivalled in the cleverness of his
constructions.®

3
%=§, so0 that if b=2a, a cube of side z is twice the size of

acube of side a. For a fuller discussion, see infra, p. 258 n. b.
It has been supposed from this passage that Hippocrates dis-
covered the method of geometrical reduction, but this is
unlikely.




