GREEK MATHEMATICS

(c) Sorurions By HicuEr Curves
(i.) General
Simpl. in Cat. 7, ed. Kalbfleisch 192. 15-25
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1 No meaning can be extracted from Avxousjdovs, which

is an otherwise unknown word. The correct reading is
probably é\ixoeidods, “ spiral-shaped.”
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(¢) Sorutions BY Hieuer Curves
(i.) General

Simplicius, Commentary on Aristotle’s Categories T,
ed. Kalbfleisch 192. 15-25

The circle is squared when we construct a square
equal to the given circle. Aristotle, it would
appear, did not know how to do this, but Iam-
blichus says it was discovered by the Pythagoreans,
*“ as is plain from the proofs of Sextus the Pytha-
gorean,® who received the method of the proof from
early tradition. And later (he says), Archimedes
effected it by means of the spiral-shaped curve,?
Nicomedes by means of the curve known by the
special name quadratriz, Apollonius by means of a
certain curve which he himself calls sister of the
cochloid, but which is the same as Nicomedes’ curve,®
Carpus by means of a certain curve which he simply
calls that arising from a double motion,® and many
others constructed a solution of this problem in
divers ways,” as Jamblichus relates.

¢ Sextus (more properly Sextius) lived in the reign of
Augustus (or Tiberius) and there is no valid reason for
believinc%l the early Pythagoreans solved the problem.

® Archimedes himself in his book On Spirals, which will
be noticed when we come to him, merely uses the spiral to
rectify the circle (Prop. 19). But the quadrature follows
from Measurement of a Circle, Prop. 1. .

¢ Nothing further is known of Apollonius’s ‘ sister of the
cochloid,” but Heath (H.G.M. i. 232) points out that
A;])-gglonius wrote a treatise on the cochlias, or cylindrical
helix, that the subtangent to this curve can be used to square
the circular section of the cylinder, and that the name is
sufficiently akin to justify Apollonius in speaking of it as
the * sister of the cochloid.”

¢ Tannery thought this was the cycloid, but there is no
evidence.
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(ii.) The Quadratriz
Papp. Coll. iv. 30. 45-32. 50, ed. Hultsch 250. 33-258. 19
Construction of the Curve
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(i) The Quadrairz

Pappus, Collection iv. 30. 45-32. 50, ed. Hultsch
250. 33-258. 19

Construction of the Curve

30. For the squaring of the circle a certain line was

used by Dinostratus and Nicomedes and certain other

more recent geometers, and it takes its name from
its special property ; for it is called by them the
quadratrix,? and it is generated in this way.

Let ABT'A be a square, and with centre A let the
arc BEA be described, and let AB be so moved that
the point A remains fixed while B is carried along the
arc BEA ; furthermore let BI', while always remain-
ing parallel to AA, follow the point B in its motion

along BA, and in equal times let AB, moving uni-

¢ Heath (H.G.M. i. 225-226) shows that the quadratrix
was discovered by Hippias and that he may himself have
used it (though this is not absolutely certain) to rectify, and
$0 to square, the circle. He identifies Hippias with Hippias of
Elis (v. supra, p. 149 n.a.)

1 onueiov ¢épov év & in the mss. was corrected by Torelli.
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formly, pass through the angle BAA (that is, the
point B pass along the arc BA), and BT pass by the
straight line BA (that is, let the point B traverse
the length of BA). Plainly then both AB and BT
will coincide simultaneously with the straight line
AA. While the motion is in progress the straight
lines BI', BA will cut one another in their movement
at a certain point which continually changes place
with them, and by this point there is.described in
the space between the straight lines BA, AA and the
arc BEA a concave curve, such as BZH, which appears
to be serviceable for the discovery of a square equal
to the given circle. Its principal property is this.
If any straight line, such as AZE, be drawn to the
circumference, the ratio of the whole are to EA will
be the same as the ratic of the straight line BA to
ZO ; for this is clear from the manner in which the
line was generated.s

Sporus’s Criticisms
31. With this Sporus is rightly displeased for these
reasons. In the first place, the end for which the
construction seems to be useful is assumed in the
hypothesis. For how is it possible, with two points

¢ If AZ=p, LZAA=¢, AB=a, then the equation of the
curve is

r__o

4 psing
or 7p sin ¢ =2ad.

® These acute criticisms of the quadratrix as a practical

method of squaring the circle appear to be well founded.
Sporus, who was not much older than Pappus himself,
lived towards the end of the third century a.p. e compiled
a work called Knpla giving extracts on the quadrature of the
circle and duplication of the cube.
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beginning to move from B, to make one of them move
along a straight line to A and the other along a
circumference to A in equal time unless first the ratio
of the straight line AB to the circumference BEA is
konown ? For it is necessary that the speeds of the
moving points should be in this ratio. And how then
could one, using unadjusted speeds, make the motions
end together, unless this should sometimes happen by
chance ? But how could this fail to be irrational ?
Again, the extremity of the curve which they use for
the squaring of the circle, that is, the point in which
the curve cuts the straight line AA, is not found.
Let the construction be conceived as aforesaid.
When the straight lines I'B, BA move so as to end
their motion together, they will coincide with AA
and will no longer cut each other. In fact, the inter-
section ceases before the coincidence with AA, yet it
was this intersection which was the extremity of the
curve where it met the straight line AA. Unless,
indeed, anyone should say the curve is conceived as
produced, in the same way that we produce straight
lines, as far as AA. But this does not follow from the
assumptions made ; the point H can be found only by
assuming the ratio of the circumference to the straight
line. So unless this ratio is given, we must beware
lest, in following the authority of those men who
discovered the line, we admit its construction, which
is more a matter of mechanics. But first let us deal
with that problem which we have said can be proved
by means of it.
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Application of Quadratriz to Squaring of Circle
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Application of Quadratriz to Squaring of Circle

If ABT'A is a square and BEA the are of a circle
with centre I', while BHO is a quadratrix generated
in the aforesaid manner, it is proved that the ratio of
the arc AEB towards the straight line BT is the same
as that of BI" towards the straight line I'O. For if it
is not, the ratio of the arc AEB towards the straight
line BI" will be the same as that of BI' towards either
a straight line greater than I'O or a straight line less
than I'O.

Let it be the former, if possible, towards a greater
straight line 'K, and with centre I' let the arc ZHK
be drawn cutting the curve at H, and let the perpen-
dicular HA be drawn, and let I'H be joined and pro-

B A

r A 0 K A

duced to E. Since therefore the ratio of the are
AEB towards the straight line BI' is the same as the
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ratio of BT, that is T'A, towards 'K, and the ratio of
TA towards I'K is the same as that of the arc BEA
towards the arc ZHK (for the arcs of circles are in the

same ratio as their diameters), it is clear that the are

ZHK is equal to the straight line B[. And since by

the property of the curve the ratio of the arc BEA
towards EA is the same as the ratio of BI' towards
HA, therefore the ratio of ZHK towards the arc HK
is the same as the ratio of the straight line BI'
towards HA. And the arc ZHK was proved equal
to the straight line BI'; therefore the arc HK is
also equal to the straight line HA, which is absurd.
Therefore the ratio of the arc BEA towards the
straight line BT is not the same as the ratio of BI'
towards a straight line greater than I'.

32. I say that neither is it equal to the ratio of BI"
towards a straight line less than I'9. For, if it is
possible, let the ratio be towards KT', and with centre
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3. TRISECTION OF AN ANGLE

(a) Types oF GEOMETRICAL PrOBLEMS
Papp. Coll. iv. 36. 57-59, ed. Hultsch 270. 1-272. 14
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T let the arc ZMK be described, and let KH at right
angles to I'A cut the quadratrix at H, and let I'H be
joined and produced to E. In similar manner to what
has been written above, we shall prove also that the
arc ZMK is equal to the straight line BT, and that the
ratio of the arc BEA towards EA, that is, the ratio of
ZMK towards MK, is the same as that of the straight
line BT towards HK. From this it is clear that the
are MK is equal to the straight line KH, which is
absurd. The ratio of the arc BEA towards the
straight line BI is therefore not the same as the ratio
of BI' towards a straight line less than I'9. More-
over it was proved not the same as the ratio of BI'
towards a straight line greater than 'O ; therefore it
is the same as the ratio of BI' towards I'O itself,

This also is clear, that if a straight line is taken as
a third proportional to the straight lines 6T, I'B it
will be equal to the arc BEA, and four times this
straight line will be equal to the circumference of the
whole circle. A straight line equal to the circum-
ference of the circle having been found, a square can
easily be constructed equal to the circle itself. For
the rectangle contained by the perimeter of the circle
and the radius is double of the circle, as Archimedes
demonstrated.e

3. TRISECTION OF AN ANGLE
(a) Tyres oF GeomETRICAL ProBLEMS

Pappus, Collection iv. 36. 57-59, ed. Hultsch 270. 1-272. 14

36. When the ancient geometers sought to divide

a given rectilineal angle into three equal parts they

were at a loss for this reason. We say that there
a See supra, pp. 316-321.
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