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130 Part Ib Annotated Translation of Collectio 1V

so <is> ZT to TK, on account of the parallels HZ and CT.! And therefore, com-
ponendo: as MD <is> to DA, <so is> ZK to KT.? However, AD has also been
posited as equal to TK.> Therefore, MD is equal to ZK* as well. Therefore, the
square over MD is equal to the square over ZK, also. And the rectangle BMA, taken
together with the square over DA, is equal to the square over MD,* whereas the
rectangle BKC taken together with the square over ZC has been shown to be equal
to the square over ZK. Of these, the square over AD is equal to the square over CZ
(for AD has been posited as equal to CZ). Therefore, the rectangle BMA is equal
to the rectangle BKC, also. Therefore, as MB <is> to BK, <so is> CK to MA. But
as BM «is> to BK, <so is> LC to CK.” Therefore, as LC <is> to CK, <so is> CK to
AM. However, MA is to AL as MB <is> to BK, also.? And therefore, as LC <is>
to CK, <so is> CK to AM, and <so is> AM to AL.

Prop. 25: Cube Duplication, Cube Construction in Given Ratio

#29 After this has been shown, it is very clear how one must, when a cube is
given,® find another cube in a given ratio.

For:

Assume that the given ratio is that of the straight line a to the <straight line> b,
and take c and d as two means in continuous proportion for a and b. Then the cube
over a will be to the cube over ¢ as a is to b. For this is clear from the Elements."?

VI, 2 (AHZK ~ ACTK on parallel lines).

2V, 18.

By construction (neusis).

4V, 9.

511, 6.

SVI, 16.

V1, 4 (AMBK ~ ALCK).

$VI, 4 (AMAL ~ AMBK).

Once again, note the occurrence of derivatives of the technical term S08&v (250, 26. 27, and 28 Hu).

103 and ¢ stand in the triple ratio of a:b (V, def. 11); cube numbers have two mean proportionals, and
cube:cube = (side:side)® (VIII, 12); the cubes with sides a and ¢ stand in that same ratio (XI, 33).
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Props. 26-29: Quadratrix!

Genesis and Symptoma of the Quadratrix

#30 For the squaring of the circle a certain line has been taken up by Dinostratus
and Nicomedes® and some other more recent (mathematicians). It takes its name
from the symptoma concerning it. For it is called “quadratrix” by them, and it has
a genesis of the following sort.

Set out a square ABCD and describe the arc BED of a circle with center A, and
assume that AB moves in such a way that while the point A remains in place, <the
point> B travels along the arc BED, whereas BC follows along with the traveling
point B* down the <straight line> BA, remaining parallel to AD throughout, and
that in the same time both AB, moving uniformly, completes the angle BAD, i.e.:
the point B <completes> the arc BED, and BC passes through the straight line BA,
i.e.: the point B travels down BA.# Clearly it will come to pass that both AB and

"' The Latin word “quadratrix” (i.e., squaring line) translates the Greek name (tetpaywvifovoa) for
the transcendent curve that will be the subject of Props. 26-29. The Latin version is commonly used
as the standard name for this particular curve, though the term can have other meanings, t0o.

2The common author Nicomedes connects the passages on the conchoid and quadratrix curves.
Dinostratus was a late fourth century BC mathematician, the brother of Menaechmus, who
invented the conics as locus curves. On the authorship concerning the curve quadratrix and its
symptoma-mathematics see the commentary.

3 ouvakolovBeitw; the basic verb is, once again “bxoiovdén™ = follow along in order. As in
the other instances in Coll. IV, it does not have the connotation of strict logical derivation — on the
contrary (see below). On the use of “axorovfsiv” compare the remarks on analysis-synthesis in
the introduction to Props. 4-12.

“This generation via synchronized motions is reminiscent of the genesis of the spiral in Prop. 19; the
connection between these two curves has been emphasized by Knorr (e.g.. Knorr 19782, 1986).
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BC reach the straight line AD at the same time. Now, while a motion of this kind is
taking place, the straight lines BC and BA will intersect each other during their trav-
eling in some point that is always changing its position together with them. By this
point a certain line such as BZH is described in the space between the straight lines
BA and AD and the arc BED, concave in the same direction <as BED>, which
appears to be useful, among other things, for finding a square equal to a given
circle.!

" And its principal symptoma is of the following sort. Whichever arbitrary
<straight line> is drawn through in the interior toward the arc, such as AZE, the
straight line BA will be to the <straight line> ZT as the whole arc <BED is> to the
arc ED. For this is obvious from the genesis of the line.

Criticism of the Quadratrix Under the Description
via Motions (Sporus)

#31 Sporus, however, is with good reason displeased with it, on account of the
following <observations.>”

For, first of all, he? takes into the assumption the very thing for which it <i.e.,
the quadratrix> seems to be useful. For how is it possible when two points start
from B, that they move, the one along the straight line to A, the other along the arc
to D, and come to a halt <at their respective end points> at the same time, unless
the ratio of the straight line AB to the arc BED is known beforehand? For the
velocities of the motions must be in this ratio, also.* Also, how do they think that
they® come to a halt simultaneously, when they use indeterminate velocities, except
that it might happen sometime by chance; and how is that not absurd?

1'The quadratrix can be used also for the division of an angle in any given ratio (probably its origi-
nal use), and for problems related to this construction. Cf. Props. 35-38.

2The passage taken from Sporus differs significantly from the mathematical expositions in
Coll. TV. Note, e.g., the rhetorical questions and the polemical style. Co p. 83 replaces the name
“Sporos” with the Latin word “spero.” His paraphrase means: “I expect, however, that this line
justifiedly and deservedly does not satisfy, for the following reasons.” The replacement changes
the meaning of the introductory sentence, and indeed of the whole passage criticizing the quadra-
trix considerably.

3The Greek text uses the third person singular. It is unclear whom Sporus’ argument targeted.
4The use of the notion “velocity” is not quite precise here. However, it is clear what Sporos means,
and his argument is valid. In order to synchronize the two motions as required, one must know ©
— or else use an approximation to stand in for it. However, 7 is exactly what the curve is supposed
to exhibit in construction. Co p. 88 paraphrases “motuum velocitates.” Hu 254, 7 emends A’s ellipti-
cal “avayxaiov.” For a parallel construction, without emendation, see, however 270, 11/12 Hu.
5The reading ndg oiovrar (how do they think) as given in A, was kept. Both Hultsch and Treweek
reject it in favor of the reading &g ol6v te (254, 8 Hu + app/ Tr. 109, 11), attested in the minor
manuscripts. Co p. 88 paraphrases “quo pacto arbitrantur.”

Props. 26-29: Quadratrix 133

Furthermore, however, its endpoint, which they use for the squaring of the circle,
i.e.: the point in which it intersects the straight line AD, is not found <by the
above generation of the line>. Consider what is being said, however, with reference to
the diagram set forth. For when the <straight lines> CB and BA, traveling, come to
a halt simultaneously, they will <both> reach AD, and they will no longer produce
an intersection in each other. For the intersecting stops when AD is reached,' and
this <last> intersection would have taken place as the endpoint of the line,? the
<point> where it meets the straight line AD. Except if someone were to say that he
considers the line to be produced, as we assume straight lines <to be produced>, up
to AD. This, however, does not follow from the underlying principles, but <one
proceeds> just as if the point H were taken after the ratio of the arc to the straight
line had been taken beforehand.* Without this ratio being given,* however, one must
not,” trusting in the opinion of the men who invented the line, accept it,’ since it is
rather mechanical.” Much rather, however, one should accept the problem that is

Jael Iechanieal.
shown by means of jt.8

'Restoring A’s reading mpdg (when) instead of Hultsch’s npd (= before; cf. 254, 16 Hu app).
*Restoring, with Tr 109, 20, the reading of A.

3 For an extension of the quadratrix to the base line one needs to know the direction. As the quadra-
trix does not have a constant direction, or even curvature, one needs, in the end, to know the
position of H, and it would have to be determined beforehand, using the ratio of radius and cir-
cumference (n). My translation differs from Hultsch’s Latin interpretation. Co has the following
Latin paraphrase, rejected by Hultsch (p. 89 Co): Sed ut cumque sumatur punctum ..., praccedere
debet proportio circumferentiae ad rectam lineam.

*The Greek word (8081jvau) is the technical term from geometrical analysis. It is not certain (in
fact perhaps unlikely) that Sporus, whom Pappus paraphrases here, intended it that way. What is
certain, however, is that Pappus is going to interpret it in this strict technical sense for Props. 28
and 29. See below, and see the commentary on Props. 26-29.

% Accepting Hultsch’s emendation ov for the difficult manuscript reading 1, kept in Tr 109, 26. Co
p. 89 keeps the manuscript reading, and paraphrases as a question: Or should we... ? The disad-
vantage is that in that case one would have expected the question particle at the beginning of the
sentence.

¢Le.: accept it as fully geometrical. The quadratrix itself (in the motion description) is not fully
accepted; but note the upcoming remark on the mathematics abour it. It is quite possible that
Sporus and Pappus have different opinions on this matter. The issue cannot be pursued here.

"Greek: unyovikdtepav. This word, used for the curve itself here, and not just for the way in
which it is generated, is different from the label “opyavik@s”, i.e., “describable with an instru-
ment”. The latter was used in connection with Nicomedes’ conchoid (cf. footnotes above).
Hultsch deletes the phrase “and it is put to use by the students of mechanics for many problems”
as an interpolation (254, 24-256, 1+app. Hu). There is indeed no evidence that the quadratrix
played a major role in mathematical treatises on mechanics. A similar phrase occurs at 244,
20 Hu. See the introduction to Props. 19-30 in the commentary on “mechanical.”

$Hultsch has changed the transmitted text considerably. His Latin paraphrase means: “but before
T must report (assuming napadoteov) the problem that is solved on account of it With Tr 110,
1-2, I keep the transmitted text. Co’s paraphrase on p. 89 is compatible with this reading. See the .
commentary.
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Prop. 26: Rectification of the Arc of a Quadrant

When a square ABCD is <given>, and the arc BED with center C,' and when the
quadratrix BHT has come to be? in the above said way, it is shown that as the arc
DEB <is> to the straight line BC, so <is> BC to the straight line CT.?

a
B A
E
H
C D

For:

If it is not <in that ratio to CT>, it will be <in that ratio> either to a <straight
line> larger than CT or to one smaller.*

Assume first that, if this is possible, it is so to a larger <straight line> CK, and
describe the arc ZHK with center C, intersecting the line in H, and <draw> HL as
a perpendicular <onto CD>, and produce CH, after it has been joined, to E.

b
B A
E
z
H
C L TK D

| Note the change of lettering in the diagram. Perhaps Prop. 26 was taken from a different source
(Nicomedes, as opposed to Dinostratus, or else Sporus, for the curve’s genesis?).

2Note that the quadratrix is posited at the outset. The upcoming argument will keep the problem-
atical genesis of the curve out of sight, and use its symptoma only.

3This proportion will yield the construction of a straight line equal to arc DEB (Prop. 27).

+We get a classical proof via double reductio (so-called method of exhaustion). Apart from the
(short and straightforward) alternative argument for the inverse of Prop. 13, this is the first, and
the only, example for this argumentative technique in Coll. IV. On Prop. 26 see also Heath (1921,
I, pp. 226-229).
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Now, since as the arc DEB <is> to the straight line BC, so is BC, i.e.: CD, to CK,!
whereas as CD <is> to CK, <so is> the arc BED to the arc ZHK (for as the diameter
of a circle <is> to the diameter <of a second circle>, <so is> the circumference of the
circle to the circumference <of the second circle®>), it is obvious that the arc ZHK is
equal to the straight line BC.? And since, on account of the symptoma of the line, BC
is to HL. as the arc BED <is> to the arc ED, therefore, as the arc ZHK <is> to the arc
HK, so <is> the straight line BC to HL.,* also. And it has been shown that the arc ZHK
is equal to the straight line BC. Therefore, the arc HK is equal to the straight line HL
as well, which is absurd.’ Therefore, it is not the case that as the arc BED <is> to the
straight line BC, so is BC to a <straight line> larger than CT.

#32 I say, however, that it <i.e., BC> is not <in that ratio> to a <straight line>
that is smaller, either.

c
B A
z E
H
M
C K T D

!By assumption.

*This theorem is also used in Props. 36, 39, and 40, and a similar one in Prop. 30 (cf. notes ad locum).
An explicit proof is given in Coll. V, 11 and Coll. VIII, 22. A possible justification might proceed
as follows. XII, 2: circles have the ratio of the squares over their diameters; Circ. mens. I: circles have
the ratio of the rectangles with radius and circumference as sides; V, 16 and VI, 1: circumferences
have the ratio of diameters. V, 15: similar arcs have the ratio of diameters. The frequent occurrence of
this motif may indicate that it is part of the special “jargon,” a kind of basic tool within the “analytic
track” of symptroma-mathematics of the third kind. Specifically, it might be a typical tool of Nicomedes.
Nicomedes apparently systematically exploited properties of spiral lines, taking Archimedean argu-
ments as a starting-point. Compare Pappus’ remarks on the study of spiral lines and quadratrices as
a central branch of geometry of the linear kind in the upcoming meta-theoretical passage.
3BC:CK = CD:CK = arc BED:BC (assumption); CD:CK = arc BED:arc ZHK = BC = arc ZHK
V. 9).

4arc BED:arc ED = BC:HL (symptoma). arc BED:arc ED = arc ZHK:arc HK (equal parts).

*arc ZHK:arc HK = BC:HL; arc ZHK = BC => arc HK = HL (V, 9). This is not possible, because
2HL is a chord under two times arc HK.
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For if this is possible, assume that it is <in that ratio> to KC, and describe the
arc ZMK with center C, and <draw> KH at right angles to CD intersecting the
quadratrix in H, and produce CH, after it has been joined, to E. Similarly to what
has been written above, then, we will show both that the arc ZMK is equal to the
straight line BC, and that as the arc BED <is> to the <arc> ED, i.e.: <as> the
<arc> ZMK <is> to the <arc> MK, so <is> the straight line BC to the <straight
line> HK.! From these <observations> it is obvious that the arc MK will be equal
to the straight line KH, which is absurd.? Therefore, it will not be the case that as
the arc BED <is> to the straight line BC, so is BC to a <straight line> smaller
than CT.

It has been shown, however, that it is not <in that ratio> to a larger one, either.
Therefore, it <is in that ratio> to CT itself.

Prop. 27: Squaring the Circle

It is obvious, also, however, that when a straight line is taken as the third propor-
tional to the straight lines TC and CB, it will be equal to the arc BED, and its four-
fold to the circumference of the whole circle.> When, however, a straight line equal
to the circumference of the circle has been found, it is very clear that it is rather easy
indeed to put together a square equal to the circle itself. For the rectangle between
the circumference of the circle and the radius is two times the circle, as Archimedes
has shown.*

1Just as in the first part of the “exhaustion,” one gets: CD:CK = arc BED:BC (assumption); arc
BED:arc ZMK = CD:CK = arc ZMK = BC (V, 9). arc BED:arc ED (= arc ZMK:arc MK) =
BC:HK (symptoma).

2HK must be larger than arc MK. I am not aware of an elementary geometrical argument in
ancient geometry for this (correct) statement. Hultsch and Ver Eecke (1933b) ad locum refer to an
argument that can be reconstructed from (Ps.-) Euclid, Catoptrics 8.

3Construct the third proportional s for TC and CB (VI, 11): TC:BC = BC:s; TC:BC = BC:arc BD
(Prop. 26 with V, 16) = s = arc BD. Then 4 s is equal in length to the circumference of the circle.
4 Circ mens. 1. This rectangle can be transformed into a square via II, 14.
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Prop. 28: Analytical Determination of the Quadratrix
Jrom an Apollonian Helix

#33 Now, this genesis of the curve is, as has been said, rather mechanical'; it can,
however, be made the subject of a geometrical analysis® by means of loci on surfaces
in the following way.

<Let> the quadrant ABC of a circle <be given> in position, and assume that BD
has been drawn through the interior arbitrarily, and also a perpendicular EZ onto
BC, which has a given ratio to the arc DC.

<I claim> that E lies on a <uniquely determined> line.?

"Here Pappus picks up the discussion before Prop. 26, on the generation of the quadratrix via
motions and the mathematical status of the quadratrix.

2qvakbeoBou; since this is a technical term, clearly referring back to the technique of analysis (cf.
Props. 4-12, and 31 ff.), Hultsch’s Latin paraphrase “problema solvitur” does not capture the meaning
and is in fact misleading. What is “analyzed” here is not the problem of squaring the circle, but the
genesis of the quadratrix. Co paraphrases “lineae ortus ... resolvi potest (p. 90). Both Prop. 28 and
Prop. 29 provide a resolutio in the sense that they show that the quadratrix is given, if an Apollonian
helix or an Archimedean spiral is posited (i.e., taken as given). See the commentary.

3With EZ: arc DC given, E will be shown to lie on a line that is determined relative to a certain
helix, which is assumed as given. This characterization is independent from the genesis of the line
via motions, which has been disqualified as conceptually inconsistent. It is not constructive, how-
ever, but rather a characterization via implicit relations. Note that the analysis is quite general in
the sense that the ratio which is taken as given is not assumed to be the ratio of arc and radius, as
in the quadratrix. Co p. 90, B is, in my view, mistaken when he assumes that. For each given ratio,
the analysis shows that a unique line is determined by it via the intersection of the surface related
to a given cylindrical helix and a given plane. For the special case of a ratio equal to arc ABC:AB,
this line will be the quadratrix. Compare the end of Prop. 28, and Hultsch, " on p. 259 and #2 on
p. 261.
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For:

Consider the surface of a right cylinder over the arc ADC,' and described in it a
helix CHT, given in position, and <let> TD be the side of the cylinder,® and draw
EI and BL at right angles to the plane of the circle, and finally, draw TL through T
as a parallel to BD.* Since the ratio of the straight line EI to the arc DC is given on
account of the helix,’ whereas the ratio of EZ to the <arc> DC is given, also, the
ratio of EZ to EI will be given, also.® And ZE and EI are (given) as parallels in
position.” Therefore, the joining <straight line> ZI is <given> as parallel in position,
also.® And it is a perpendicular onto BC. Therefore, ZI lies in a plane intersecting
<the cylinder,>’ so that I <lies there>, also. It <lies>, however, on a surface belong-
ing to the cylinder as well' (for TL travels through both the helix THC and the
straight line LB, which is also itself given in position, while it remains parallel
throughout to the underlying plane). Therefore, I lies on a <uniquely determined>
line,!! so that E does so as well.!

'Co p. 90 D assumes, mistakenly in my view, that the height of the quarter cylinder constructed
has to be equal to AB, and that the defining ratio of linear upward motion to rotation is that of arc
ADC:BC.

2For a definition of the helix cf. Heron, def. 8, 1 and 8, 2.

3TD is perpendicular to the plane of the circular quadrant; it is now considered as the height of
the cylinder under discussion.

4We create a rectangle BDTL, with E on BD and I on HL, and EI parallel to DT.

SThis ratio is implicit in the helix as the relation of rotation and upward motion in its genesis.

¢ Data 8. The sentence is truncated in A. Above, I have translated the text as emended by Hultsch
(260, 8-10 + app. Hu, see also #3 on p. 261 Hu). Tr 111, 27-112, 3 prints an alternative recon-
struction, closer to the actual manuscript reading, and therefore perhaps preferable (see the appa-
ratus in the Greek text).

?Data, def. 15. When a line is given in position, the parallel to it through a given point is said to
be given as a parallel in position (para thesei).

8Data 41 and 29.

9The manuscript is severely damaged by water in this place, and the text is not legible (cf. the
apparatus in the Greek text). Hultsch’s emendation “&v téuvovti dpa” leaves open the possibility
that the intersecting plane is determined by EZ and ZI or else by BC and ZI, whereas Treweek’s

emendation identifies the plane in question as the one determined by EZ and ZI. The version with

BC/ZI as intersecting plane has the drawback that the endpoint Z of the intersection line is not
uniquely determined. The plane has BC in common with the garland — shaped surface created by
the helix. The version with EZ /ZI has the drawback that one would have to know the exact position
of either EZ or ZI, and it is unclear how that could be accomplished at this stage of the analysis.
I therefore prefer the former version. See the commentary.

10Severe damage to the manuscript text here; cf. apparatus to the Greek text for different emenda-
tions suggested.

"'The point I lies on the line of intersection between the abovementioned plane and the surface
created by the ascending line BC in the cylinder.

12E lies on the projection of the line created on the cylindrical surface onto the plane.
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Now, this has been subjected to analysis in a general way.! When, however, the
ratio of the straight line EZ to the arc DC is the same as that of BA to the <arc>
ADC, the above-mentioned line quadratrix comes to be.

Prop. 29: Analytical Determination of the Quadratrix
from the Archimedean Spiral

#34 It can, however, also be made the subject of analysis® by means of a spiral
described in the plane, in a similar way.

For:

Assume that the ratio of EZ to the arc DC is the same as the <ratio> of AB to
the arc ADC,? and that in the time in which the straight line AB, moving around B
passes through the arc ADC, a point on it, starting from A, arrives at B when AB

1&ver6n. Compare the introductory phrase of Prop. 28 with note.

2The Greek text, again, has &vaidesOai. Compare the introductory phrase of Prop. 28.

3We are starting from a configuration with a section of a circle ABC and a part of it DBC. The arc
ADC is not necessarily the arc of a quadrant (Co p. 91 is probably mistaken in assuming so). An
Archimedean spiral will be assumed in it, and the analysis will show that any such configuration
with spiral will determine a unique quadratrix-type line, though not necessarily the quadratrix
itself. When a spiral is chosen with an inbuilt ratio equal to the ratio of the circumference of a
quadrant to the radius, we get the quadratrix. )
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takes the position of CB,' and that it creates the spiral BHA. Then the arc ADC is
to the <arc> CD as AB is to BH,? and alternate <this equation.>?

But EZ <is in that ratio> to <arc> DC, also.* Therefore, BH is equal to ZE*
Draw KH at right angles to the plane, equal to BH. Then K lies in a cylindroid
surface over the spiral.®

It <lies>, however, also on the surface of a <uniquely determined> cone (for BK,
when it is joined, turns out to lie on the surface of a cone inclined at an angle of 45°
toward the underlying <plane>, and drawn through the given <point> B <as
vertex>"). Therefore, K <lies> on a <uniquely determined> line.*

Draw LKI through K as a parallel to EB, and BL and EI at right angles to the
<underlying> plane.? Then LKI (lies) on a plectoid'® surface (for it travels both
through the straight line BL, which is given in position and through the line, given
in position, on which K <lies>). Therefore, I lies on a <uniquely determined> sur-
face, also. But it also lies on a <uniquely determined> plane (for ZE is equal to El,
since it is also equal to BH, and ZI turns out to be given as a parallel in position,
since it is a perpendicular onto BC). Therefore, I <lies> on a <uniquely determined>
line,"! so that E, also, <lies on a uniquely determined line>.

And it is clear that, when the angle ABC is a right <angle>, the above-mentioned
line “quadratrix” comes to be.

1 Compare the description of the genesis of the spiral before Prop. 19. The direction of the travel
through AB and through the circumference is reversed in comparison to the former version. Also,
the spiral is inscribed not in a full circle, but in a sector. The above translation accepts Hultsch’s
emendations in 262, 7-9. Tr 112, 17/18 prints Hultsch’ s version, but notes that one might have
emended T'AA in 262, 7 Hu and kept the manuscript reading for the rest of the sentence. Then the
spiral is generated exactly like the one in Prop. 19. In the Greek text, Tt’s suggestion was imple-
mented (cf. apparatus).

2Symptoma of the spiral, following directly from the genesis.

}AB:arc ADC = BH:arc DC.

4By assumption.

V,9o0rV, 15.

SThis surface is built up over the spiral as limiting line of the base. Co p. 91/92 assumes a different
situation, with a full cylinder quadrant and an inscribed Apollonian helix, in addition to the cylin-
droid. For yet another reconstruction cf. Knorr (1986, p. 166 f).

7By construction, HK = BH, and ZBHK = /2. Therefore, ZHBK = #/4.

#K lies on the line created by the intersection of the two surfaces mentioned, cylindroid over the
spiral, and surface of the cone with vertex B.

9Without loss of generality, L and I can be chosen as the points of intersection between the parallel
to BD through T and the straight lines EI, BL.
19The Greek word TAgktoeldfig (MAnktosdiig in A, Tr 112, 27, and Ver Eecke ad locum) is used
here as a technical term the context for which is now lost. Following Hultsch, I have left it untrans-
lated. What a plectoid surface looks like can be derived from the description given here by Pappus.
There is no other, independent source.

111 lies on the line created by the intersection of the surfaces mentioned.
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Prop. 30: Symptoma-Theorem on the Archimedean
Spherical Spiral

Prop. 30: Surfaces Cut Off by a Spiral on a Hemisphere

#35 Just as a certain spiral is contemplated in the plane when a point travels along
a straight line that describes a circle, and in solids when a point travels along one
of its sides,' while it describes a certain surface, so it is in fact a natural next step”
to contemplate a spiral described on a sphere, in the following way.?

A D

Let KM be a maximum circle in a sphere with point T as pole, and assume that
starting from T the quadrant TNK of a maximum circle is described, and that the
arc TNK, traveling around T, which remains in its position, along the surface <of
the sphere>, in the direction of the parts <containing> L and M, comes to a halt
again in the same position, whereas a certain point traveling on it, starting from T,
arrives at K. Now, it describes a certain spiral, such as TOIK on the surface,* and

!Severe damage to the manuscript text; see the apparatus for different conjectures.

2The Greek text has &xoAov86v; once again, we have a context in which the word cannot signify a
logical derivation, and must mean a next step in a somewhat orderly fashion. See the commentary
on analysis-synthesis in the introduction to Props. 4-12.

3 Although this introductory paragraph draws an explicit connection to Props. 19, 28, and 29, the

path of reasoning about the spiral line is very different from Props. 28 and 29. It shows affinities

to Prop. 21 (“meta-mechanical” path of reasoning about the motion curves, quasi-infinitesimals,

limit process, no analysis).

4Compare the genesis of the plane spiral in Prop. 19. The ratio of the velocities for the two

synchronized motions involved in Prop. 30 is simply 4:1. Cf. equations in polar coordinates:

spherical spiral p = 1/4 o, plane spiral in Prop. 19 p = (1/21)w, plane spiral in SL p = aw, where

a is a natural number or a ratio of two numbers. The spherical spiral by motions can be constructed

in thought exactly. )



142 Part Ib Annotated Translation of Collectio IV

whichever arc of a maximum circle is described starting from T,' it will have to the
arc KL the ratio that the <arc> LT has to the <arc> TO.?

Now, I claim that, when the arc ABC of a quadrant of the maximum circle in the
sphere with center D is set out, and CA is joined, the sector ABCD turns out to be
to the segment ABC as the surface of the hemisphere <is> to the surface cut off
<from it> between the spiral TOIK and the arc KNT.3

For:

Draw CZ as a tangent to the arc <ABC>, and describe the arc AEZ <of the
circle> through A with center C. Then the sector ABCD is equal to the <sector>
AEZC (for the angle at D is two times the angle ACZ, whereas the square over DA
is half the square over AC*). Therefore, <we need to show> that, as the said
surfaces are to each other, so <is> the sector AEZC to the segment ABC, also.’

Let the arc KL be a part of the whole circumference of the circle, and the <arc>
ZE the same part of the <arc> ZA, and join EC. Now, the <arc> BC will be the
same part of the <arc> ABC.® However, whichever part the <arc> KL is of the
whole circumference, the <arc> TO is that same part of the <arc> TOL, also.” And
the <arc> TOL is equal to the <arc> ABC. Therefore, the <arc> TO is equal to the
<arc> BC as well.

Describe the circle ON through O with pole T, and the <arc> BH through B
with center C. Now, since as the surface LKT on the sphere <is> to the <surface>
OTN, so <is> the whole surface of the hemisphere to the surface of the section
the spherical radius of which is TO,® whereas as the surface of the hemisphere

I'Cf. the full circle going through LOTI, intersecting the spiral in O. Co p. 93, C is mistaken in
assuming that arc KL is fixed as a quarter circle now. A division 1:2° is likely (cf. Prop. 21).
2The symptoma of the spherical spiral is read off directly from the genesis via motions; cf. the
plane spiral (Prop. 19) and the quadratrix (before Prop. 26), but contrast the conchoid (before
Prop. 23). I have based the translation on Hultsch’s emendations in 264, 16/17 Hu. Tr 113,
20-22 prints an emendation that is closer to the manuscript reading and is perhaps preferable
(cf. apparatus). -

3The formulation of the protasis is analogous to Prop. 21. An area theorem is expressed in terms
of numerical ratios. Cf. Prop. 16: a theorem on a sequence of ratios of lines is expressed in
numerical ratios.

4ZADC = ZZCD = w2 (111, 18); ZACZ = LACD = /4 (AADC isosceles). AC? = 2AD? (1, 47).
2(sector AZC):sector ACD = AC:AD? = 2AD%:AD? (X1, 2) = 2:1.

5The configuration investigated has been transformed to a situation of analogy between surface
with surface “inside” and sector with segment “inside”; cf. Prop. 21°s use of a parallel auxiliary
configuration with rotation cylinders, and investigation via parallel processes of continuous
inscription.

Sarc ZE:arc ZA = LZCE:ZZCA (V], 33); ZCDA = 2/ZCA; £ZCDB = 2£ZCE (111, 32 and III,
20) = arc ZC:arc ZA = LZCE:L/ZCA = ZCDB:4£CDA = arc CB:arc CA (VI, 33).

" Symptoma of the spiral.

8V, 15 (surface LKT:surface OTN = surface hemisphere:full surface ONT).
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<is> to the surface of the section, so is the square over the straight line joining T
and L to the square over the <straight line joining> T and O,' or the square over
EC? to the square over BC, therefore as the sector KLT in the surface <is> to the
<sector> OTN, so will the sector EZC be to the <sector> BHC.? Similarly we will
show that, also, as all the sections in the hemisphere that are equal to KLT, taken
together (they are <when put together> the whole of the surface of the hemi-
sphere), <are> to the sections described around the spiral that are of the same
order as OTN, taken together, so <are> all the sectors in AZC that are equal to
EZC, taken together, i.e.: <so is> the whole sector AZC, to the <sectors> circum-
scribed around the segment ABC that are of the same order as <the sector> CBH,
taken together.

In the same way it will also be shown, however, that as the surface of the hemi-
sphere <is> to the sections inscribed in the spiral, so <is> the sector AZC to the
sectors inscribed in the segment ABC, so that as the surface of the hemisphere <is>
to the surface cut off by the spiral, so <is> the sector AZC, i.e.: the sector ABCD,
to the segment ABC.*

Addition:

On account of this result one gathers, however, that the surface cut off between
the spiral and the arc TNK is eight times the segment ABC (since the surface of the
hemisphere <is eight times> the sector ABCD, also®), whereas the surface (cut off)
between the spiral and the base of the hemisphere is eight times the triangle ACD,
i.e.: <it is> equal to the square over the diameter of the sphere.®

I Surface hemisphere = 2 maximum circle (Sph. et Cyl. 1, 33); circle with radius TL:maximum
circle = TL%(radius hemisphere)* (XII, 2) = 2:1 (1, 47); = surface of hemisphere = circle with
radius TL; Surface of sphere through O, N with pole T = circle with radius TO (Sph. et Cyl. 1, 42:);
= Surface hemisphere:surface ONT = circle TL:circle TO = TL%TO? cf. Co p. 94, K for a
slightly different path of reasoning.

2By construction, TL = AC = ZC, and BC = TO as chords under equal arcs (I11, 29).

3X1I, 2; V, 15 (circles have ratio of squares over radii); the same proportion holds for equal parts.
Ver Eecke (1933b, p. 204, #4) refers to Sph. et Cyl. 1, 42/43 here.

*An implicit limit process is used (cf. Prop. 21). The sought areas are analogously enclosed
between all circumscribed and all inscribed composite circular areas/spherical sections. By choos-
ing the arcs involved in the construction ever smaller, the desired lines and areas are
approximated.

$Sph. et Cyl. 1, 33 (surface of the complete sphere = 4 area of maximum circle). Sph. et Cyl. 1, 35:
surface hemisphere = 8 quadrants of maximum circle. Thus, surface above spiral = 8 segments.
¢We compare the remainders after subtraction. Since surface above spiral = 8 segments, we get
that surface hemisphere — surface above spiral = surface below spiral = 8AACD. 8AACD =§(1/2 AD?)
=4AD? = (2AD)%
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&s dpa | MA mpds AB, oiTws 1 BI' Trpog T'K. kal €0l ‘rng uév AB
nw.crel.a 1 AA, Tng 8¢ BT 8LTI')\T] f TH- éotal apa Kail &S M

MA ﬂpog AA, olTws n HT wpds KI. &N os § HI mpds 'K, olTtws

n Z0O mpds OK did 'rag Trapa)\)\n)\ovg <Tds > HZ 'O kal cuvbévTL dpa
&s ) MA mpds AA, 1 ZK mpds KO. Ton 8¢ UmékeLTal kal 1 AA

f. 47 (Props 24 and 25, and Quadramx)

T OK, émel kai T I'Z lon EoTiv 1) AAY LO'T] apa kai | MA T

ZK: ioov apa kal T& md MA ¢ &md ZK. kal éoTL TG pév 4mo MA

{oov TO Umd BMA* petd Tod dmd AA, T 8¢ amo ZK toov €8elxon

76 vmd BKT ue'ra Tob 4md ZT, dv T &md AA loov 76 amd T'Z. lom

vép vmékerTal | AA TT] I'Z. loov dpa kal TO UTd BMA 1§ Um0

BKI™ ¢s dpa 1 MB Trpos BK, f) T'K mpds MAS. dA\' s i BM mpos BK,

N AT mpos T'K- wg dpa 1| AT mpos TK, <n K mpds AM. &oTu 8¢ kal @S 1
MB mpods BK, > 61 MA mpds AA* kal oS dpa

| AT mpds TK, f} TK mpds AM, kal | AM mpos AA.

M
A L
D
H B E C K

Prop. 25

#29 ToUTOU SeLxBévTos mpddniov
dmws 8el kiBov doBévTos

KOBov dA\ov elpelv kaTd TOV
Sobévta Noyov. €oTw yap 6

'BI" AHu BK Tr

295 ZI'@ A corr. Hu, Tr 7as HZ I'@ Eut.

3émel kal T I'Z lon éoriv ij AA del. Hu

476 dmé BMA ABS corr. Hu, Tr 76 w6 BMA Eut.

1 A" mpos TK ABS corr. Hu, Tr 7j KI” mpds AM Eut.

875 I'K...mpés BK om. ABS restit. Hu, Tr ) TK mpds AM. éori 8¢ kal ws 11 A" mpods 'K Eut.
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dofeis Adyos This A elBelas

mpds THv B, kal Tov AB' 0o

péoal dvdloyov kaTta TO ou-

vexes elNidbocar ai TA* EoTal

dpa s f A mpds THv B, olTws 6 4md This A kiBos mpds TOV
awd Ths I kiBov, ToUTo ydp 8filov ék TéV oTouxelwv.

Quadratrix

# 30 eis TOV TeTpaywviopdy Tod ki-

KAOU TapeAiddn Tis

Umd AewvooTpdTou kKal Niko-

undovs? ypapun kai Twov

dMov vewtépov 4md Tod

mepl adTHY oupmTopaTos AaBodoa Todvopa, karelTal yap

T abTév TeTpaywvifovoa kal yéveow éxel ToladTnv. ék-

kelobw TeTpdywvov TO AB I'A*, < xal > wepl kévTpov TO A TepLdépeta
veypddbw < 1 > ¢ BEA, kal kweioho N pév AB olTus GoTe TO pév A onpel-
ov wévew, 10 8¢ B dépecbal kaTd THy BEA 1T€pL¢ép€L(1V 1 8¢

BT Trapa)\)\nkos del Svapévovoa TH AA TG B cnueun ¢e-

popéry’ katd Tfis BA cuvakolovbelTw?, < kal > év low xpbve fiTe

AB kwoupévn'® dpards v Umd BAA yoviav, TouTéoTy

'distinx. B Hu, Tr
*distinx. BS Hu, Tr

umo SewvooTpdTov kal vikodriuov AB3 corr. S Hu, Tr vmo vikootpdTov B vikouriov Bl
To

“coniunx. B Hu, Tr

Skal add. To, Hu, Tr

7 add. Hu, Tr

1@ B onuelov ¢epov év & ABS corr. To, Hu, Tr

dkatd TAs B ouvakodovbel Tg AS corr. To, Hu, Tr gvvaxolovdel 76 B
Skal add. To, Hu, Tr

P rivovpévns AB3S kiwouuévn Bl Hu, Tr
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10 B onpelov Ty BEA < mepibéperar >, SLavvéTw, kal 1| BT Ty BA elbelav
TapodevéTw, TouTéoTww TO B ompelov kaTd TAS BA depéabo. oup-

f. 47v (Quadratrix and Sporos) ! ) .

hoeTal Silov? TH AA elBelq dpa ébappdlew ékatépav® Ty TE

AB kal Tiv BI. ToladTns 81 ywonéuns KWHOEWS 'rep.of)cgv\

d\has €v T dopd ai BT BA elfelal katd T O'T]};I.GT.OV atel \
cuppedloTduevor altals, v ol onpelov ypddeTat Tis év T petaky
Téme TOV T€ BAA etPeldv kal TAs BEA mepidepeias ypap- ) )
| &m Td adTd kot\n, ola éoTlv f| BZH, < >* kal XE)GL(E)ST,']S‘S el\vat Sokel
mpds TO T BoBéVTL KiKAw TETpdywYOV loov elpelv. TO B¢ apxueov

avTiis ochumToLa ToLodTéV éoTw: ATLS vap av dLaxoi TUX0DOA

< ebBela Tpds THY Tepidéperav, s i AZE, EoTan ws 1 6An ?6
mepLdbépera mpds THY EA, i BA [mepidéperal’ el’)eeta’ mpds THY ZO"

TobTo Yap ék Ths yevéoews Ths ypapphs davepdy éoTv.

B C

#31 SucapeoTeiTar 8¢ aiTH® o
Tmépos® €ONGyws dLa Tab-
Ta. mpdTov pév yap

Vrepipépetav add. To, Hu

28h\ov A Hu 8nlovdTt vel 87 coni. Hu 8h[Aov] Tr [8fjAov] Eberhard

3écatepa A éxatépa B corr. S Hu, Tr

47 add. Hu, Tr

Sxpetddes ABS corr. To, Hu, Tt )
Sedela mpos THv mepLpéperay, ds i AZE, €aTat ws 17 6An add. Tr 1:rpé_f; Y prtgbepftau,(
ds B AZE, éoTar ds 6An § add. Hu edfela mpos v mepLpéperav, ds 1} BZE, éoTal 6An 1
BEA add. To

Tmeptpépeta del. S Hu, Tr

8qyT@ coni. Hu

Sgmbpos A corr. Hu, Tr

Part Ia Greek Text 55

mpos O dokel xpeLddns

elval mpaypa, TodT év

vmobéoel! Aappdver. Tds

yap SvvaTtév, 800 onuelvv dpEapévev amd Tod B kiveloba,

TO pév kat elfelas éml 70 A, TO 8¢ kaTd TepLdepelas éml

70 A év? {ow Xpdvw cwvamokaTaoThvar® uf wpdTepov TOV AGyovt
Tfis AB elfeias mpods THv BEA mepLdpéperav émoTduevov; év

vap ToUTY T Adyw’ kal Ta TAXN TOV Kwhcewy draykalolh. émel
s oiovtal’ ouvaToxaTacoThval® Tdxeow dkpiTols xpdpeva®,
TANV el pn av'® katd TOXMY ToTE!! oupph'y; TolTo 8¢ TdS 0K dA-
oyov; émetta 8¢ TO mépas avThis @ xpdvTaL TPOS TOV TETPAYWL-
olov Tob kilkhov, TouTéoTwv kad & Tépvel onueiov TNV AA
€Ubelay, ovx evplokeTal. voeiobw 8¢ éml ThHs wWpokelnévns Ta
reySpeva kataypadfis: 6méTay <yap > "2 al I'B BA depdueval cuvatmo-
kaTaoTaddow, ébappboovcwy Thr AAY kal Tounv olkéTL
oujoouaiy év dA\hats: TalveTat yap 1 Toun wpds TAsH éml

THY AA-ébapuoyiis, fimep Toun mépas dv's éyéveto Tis

ypapupfis kad & TH AA elBelq cvvémmTev. TANY €l p1 Aéyou

TLS émvoelofal mpocekBalopévny THY Ypaupny oS

UmoTI0épeba Tds evfeias €ws ThHs AA- TodTo & ovy émeTan

f. 48 (Sporos and Prop. 26) ,
Tals vmokeLpévals dpxals, AN as & av'’ Aanddein 16 H onuelov
mpoelAnupévov Tod Ths mepLdepeias mpods THV €VBelar AGyou. Xwpls

10 - mobéoer A

276 AE K A corr. S Hu, Tr 76 8en B

‘ouvamokaTacThoar Hu

*Tolov A Ov superscriptum prima manu 76 élov B To Tov Adyov S

Sév yap T¢ avT@ ASyw coni. Hu

Sdvaykaiov ABS Tr dvaykalov elvar (omisso posthac émet) To dvdykn elvar Hu

Témet mws otovTar (sine acc.) A mis olovtat yap To émei mis ol6v Te BS Hu, Tr quo pacto
arbitrantur Co

SgvvamokaTaoTioar coni. Hu

Y xpopevoy coni. Hu

gy del. To, probat et cvuBain coni. Hu

"rdre A corr. To, Hu, Tr

2oyupn sine acc. A

Byap add. Hu

“rh AA Hu, Tr émi triv AA To

“mpos Tihis ABS mpo Tijs To, Hu, Tr

1qy Hu

7@l ds 8 dv AB To, Tr dAMuws 8 av S dAX s dv Hu
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8¢ Tob Sodfval Tov Aéyov TodTov, ov! Xph TH? TGV evpdvTOV Avdpdv

86EN? MoTevovTas Tapadéxeodal THY YPARUNY HNXAVLIKe®-
Tépav Tds ovoav [kal e€ls mONAG mpoPAiuaTa xpnoLpetovoav
Tolg Wnxavikols]?, moAD mpdTEPOV Tapadektéov oTi® TO U av-
Ths Selkvipevov TpéPATLa.

Prop. 26

TeTpaydvou yap Svtos Tob ABTAS kal

Ths pev mepl TO kévrpov TO T mepidepeias Tis BEA, TS

8¢ BHO' TeTpaywnilotons ywopévns, ds mpoetpnTat, detkvuTal,
&s 1 AEB mepidépeta mpos v Bl evBelav, ovTws 1 BT mpos

v TO ebelav. €l yap urj éoTud, fiTo mpds pellova éotar Ths 'O H’

mpds éNdooova. éaTw TPGTEPOV, el SuvaTéy, Tpds pelfova Tiv I'K,
kal mepl kévpov TO ' mepidpépeta | ZHK veypadbw Tépvou-
oa T ypapuny katd 6 H, kal kdbeTos N HA, kal ém{ev-
x8cioa ) TH ékBepriobu émt To E. émel olv éoTw ©s 1 AEB

TepLdbépeta mpds THv BT evbelav, obTws f) BT, Tovtéotw 7 TA, mpods

Thv TK, &g 8¢ 1 TA mpds Thv TK, 11 BEA TepLdépeLa TPOS THY

ZHK mepidbépeLav, 0s yap N SLARETPOS TOU kUK OU TpdS THY SidpeTpov,

T mepLbépera Tod KUKAOU TPOS THV TepLbéperav, davepov 8T
{om éoTiv 1) ZHK mepidépeta Tf BT evBela. kal émeldn

S1d TO otpumTepa Ths Ypappis éoTw s 1] BEA mepLdépera
mpds Tiv EA, oltws Ty B mpos THv HA, kal 0s dpa 1 ZHK mpos
v HK mepidéperav, obTes 1 BI' etBela mpds THY HA. kal édel-
x6m {om 1 ZHK mepidépera Tf BT evdeiq- {om dpa kai 7 HK
mepudbépera T4 HA edbeiq, dmep dromov. ovk dpa éoTiv &S M

BEA mepidépeLa mpds THY BI evbelav, olTws f BT mpds peilova Tis I'O.

#32 Myow 8¢ 8TL 00BE Tpds éldooova.
€l yap duvatdy, éotw mpos THY KT,
kol Tepl kévTtpov TO T mepLdé-

peLa yeypddbo i ZMK, kal mpods
dpbas TH TA | KH Tépvov-

'n A 1) BS To, Trod Hu

2rp Acorr. Hu, Tr

386n A corr. Hu, Tr

‘kal els... unyavicols del. Hu, Tr

Smodd mpdrepov mapadexTéov éori ABS Tr d\a mpbTepoy mapadexTéov
rrapadoTéov coni. Hu cf. versio Latina

SABI" AB1 corr. B2S Co, Hu, Tt

"BE® A corr. To. Tr, Hu

$un eoTw sine acc. A pif éorw Tr un éoTw Hu
i F'OH ABlcorr. B2S Hu, Tr

éori Hu
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oa T TeTpaywvilovoar KaTd
T H, kal émlevxdeloa 1y TH

f. 48v (Prop. 26, 27, and 28)

éxBePAiodn émmi TO E. dpolus 8¢ Tols mpoyeypaupévols delEopev kal
TT‘JV ZMK Twepidéperav T BT eleia {omy, kal ws Tiv BEA mepL-
¢§peLav mpos THY EA, TovTéoTw! ws THv ZMK mpods v MK, oltus
-’ranBl“ elBelav [mpos v MK olrws v Bl €bfeiav)? wpos v HK.
sE av davepov 8T lon éotar ) MK mepidépera 71 KH edBelq, Smep
dromov. ovk dpa éoTal ws 1) BEA mepupépera wpds TNy BT ei}ee‘tav,
oiTus 1 Bl", 1'r\p<‘)g édooova Ths I'O. é8eixdn 8¢ 8TL ovde Tpds pello-
va- mpds atThy dpa v I'O.

a b
B A B A
E
E z
H

H
¢ T b C L TK D
c
B A
z E

H

M

C K T D

l10076 éoTiv AB TouréoTiv S Hu, Tr
2bis scripta del. S Hu, Tr
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Prop. 27

éoTL 8¢ kal TobTo davepdy, &1L 1

Tov O T'B elfeldv TplTn dvdroyov hapPavopérn' ebBela {om
éotar T BEA mepidepeiq, kal f| TeTpamiaciov abtiis TH Tob
S\ov kiKkhov Tepudepeia. ebpnuévns 8¢ TH Tod kiKklov Tept-
depeila Tons elbelas, mpddniov ds 6612 kal adTd TG kikhw pd-
8Lov {oov TeTpdywvov cuoticachal: TO yap UTO Ths TepLpéTpou
Tob kUKkAov Kal Ths ék Tob kévTpov SLmhdody éoTL Tob KikAov,
o5’ ApXLuidns? damédeLkev.

Prop. 28

#33 alTn pév odv 1 yéveois Tiis

ypappfis éoTw, ws elpnTat, un-

XAVKWTEPA® YEQUETPLKDS

8¢ 8 T@v mpos émdavetars

TéTov dvadbechal dvaTal

TOV TpoéTOV TolToV. Bé0el Ki-

KAov TeTapTnuépov 70 ABT, kal diixfw, ws éTuxev?, f) BA, kai kd-
feTos émi v BT f EZ Moyov €xovoa 808évta mpds ThHv AT mept-
déperav: 6TL mpos yoauunyt o E. voelobo yap amd ThHs AAT
mepidepeias 0pBol kuNlvBpov émddrera, kal év avTh ENE
veypappévn dedopévn® T 8éoel | THO, kai mAeupd’ Tob kuaivpov 7
OA, kal T§ ToT Kiklov émmédy opbal fixBwoav al EIBA® d-
veoTapévar 6pdat’, dud 8¢ Tol ©'° TH BA wapdiinios 1| OA. émel

< obels uév éori >\oyos!! This EZ elfelas!? mpds Ty AT mepudéperav, ths 5¢ AI?
SLa THY élka Adyos mpds THV A@', €oTal kal TAs EZ mpds EIY M-
yos 8o0beis. kal elolv ai ZE EI mapd 8écei- kal § ZI dpa émilev-

LroiTy dvdloyov dauBavouévy ABS corr. To, Hu, Tr

28€1 AB To 67 S Hu, Tr

3dpxLuridns A corr. Hu, Tr

‘4 étvxny ABI corr. B3S Hu, Tr

Smpos ypauuny ABS mpos ypauufi Hu, Tt

SEXE yeypaupévy SeSouévn A corr. B Hu, Tr

"ITA AB corr. S Hu, Tt

8EI BA A E[I ABBHu, Tr

*dveoTauévat opfal del. Hu

©&a 8¢ Tov K ABS corr. Co, Hu, Tr

eém Adyos ABS émidoyos To émel Adyos Hu Sofeis uév éori add. Tr
2ris El evbeias Hu

Brepipépetav, Ths AE A" ABS corr. Tr mepipéperdr éoTiv Sobeis Hu
“71is 8¢ AT 8ia Triv édka ASyos mpds Trv A@ (ABS) Tr Sobeis 8¢ kai 6 Ths EZ Adyos
mpos Ty Al Hu

SH ABS corr. Tr
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z(eetoa mapa Béoer. kal éoTw kdbeTos ém THY BI- év 6p80' dpa
emmedy N ZI, doTe kal 16 I. €oTw 8¢ Kkal év KvALvSpoet €l émi-

f. 49 (Props. 28, 29, and 30)

¢€weiq2, dépeTar yap f) OA 814 Te? THs OHT é\kos kal Ths AB elfelas kal ab-
s T G\éoa dedopéims alel mapdiinios ovoa T UmokeLpévy ém-
1T€8q.: mpoS ypapum? dpa 10 1, dote kal TO E. TotTo uév olv dv:s)uﬁen Kabé-
Ao, av\8' o tfis EZ elfelas mpods T AT mepudéperar’ AGyos 0 abrds 1 T Ths
BA mpds v A4 I, 4 mpoetpnpévn TeTpaywvilovoa yiveTal yp;aup.tﬁ.

Prop. 29

#34 Sivatal 8¢ kal 8ua Ths év Emmédy

Ypadopévns élios dvalvechar

TOV Gpoov Tpédmov. EoTw Yap 6 This EZ

Trp(I)g v AT < mepidépetav > # \oyos 6 airds T§ Tfis AB
mpos TNv AAT mepidéperav, kal év &

1 AB elfela mepl 76 B Kitwvoupévn? ‘

!8p0 (vix legibile) A Tr reuvdvr Hu

2’5’1/ K'/////{ ///¢a1/,s[(z A........ émeavela BS év kudivSpoeiSei émpaveiq To év kuAwSpip
emeaveig Hu év koxloeiSel émpaveia Tr év miexcroeider émavela coniecit Ver Eecke
*8ud 8¢ Tiis A corr. To, Hu, Tr

*mpos ypauuny ABS mpos ypauuf Hu, Tr

STy A® mepipéperar ABS corr. Co, Hu, Tr

®n (sine spirit. et acc.) A corr. Hu, Tr

"coniunx. Hu, Tr

SrepLpépetar add. Hu

*kevovuéry A corr. Hu, Tr
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TapodeleL 'rnv AAT! 1TepL4>epeLcw on-
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2676 To0 B émi 10 ' A dmd Tob A émi 0 B Hu, Tr
Srapyevéao A mapayevéabw To, Tr rapaywéobew Hu
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Prop. 30
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f. 49v (Prop. 30)
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f. 50 (Prop. 30 and metatheoretical passage)
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excerpt and present that part of it that concerns two mean proportionals for cube
duplication. Then the apparent contradiction is diminished, and Nicomedes is
acknowledged as the source for Prop. 24. The degree to which Pappus edited his
source cannot be determined with certainty, unless one can find evidence for Eutocius’
independence from Pappus. I will treat Prop. 24 as essentially Nicomedean.

The proof protocol for Prop. 24 will be given in some detail, to illustrate the fact
that Nicomedes’ methods, within symptoma-mathematics, were quite “standard,”
unlike, e.g., Archimedes’ procedure in Prop. 21, and correspond in scope to the
means employed in Apollonius’ analytical works.

5.3.3.1 Proof Protocol Prop. 24

1. Protasis
Find two mean proportionals for CL, LA

2. Ekthesis/Kataskeue

Rectangle ABCL, construct, M, Z, K, TK

CK, MA solve the problem, i.e.: CL:CK = CK:MA = MA:AL
3. Apodeixis:

Show that BM:BK can be expressed in three ways

3.1 MB:BK = CK:MA

BK x KC + CE? = EK? (10, 6]
BK x KC + CZ? = KZ? [1, 47]
MA:AB = ML:LK [VL, 2 with V, 16]
ML:LK = BC:CK [VIL, 2]
MA:AB = BC:CK;

MA:AD = HC:CK; HC:KC = ZT:-TK [VL 2]
MA:AD =ZT TK;

MD:DA = ZK:TK [V, 18]
DA=TK = MD =ZK [V, 9]
MD? = BM x MA + DA*? [11, 6]
BM x MA + DA?=ZK?=BK x KC + CZ%

DA?=CZ?

= BM x MA =BK x KC

= BM:BK = KC:MA [V], 16].
3.2 MB:BK = LC:CK [VI, 4]
3.3 MB:BK = MA:AL [VL, 4]

4. The equations 3.1-3.3 establish
CL:CK = CK:MA = MA:AL.
5.3.4 Prop.25: Cube Multiplication in a Given Ratio

Set the ratio out as a:b. Via Prop. 24, construct ¢, d so that a:c = c:d = d:b. Then
a:b = (a:c)® = a*:c>.
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Note that triple ratios are here identified with ratios of cubes. V, def. 11: (a:c)* = a:b.
According to XI, 33, the cubes stand to each other in the same triplicate ratio.

5.4 Props. 26-29: Quadratrix/Squaring the Circle

5.4.1 General Observations on Props. 26-29
5.4.1.1 Structure of Props. 26-29

Genesis and symptoma of the quadratrix as a motion curve

Sporus’ criticism of the quadratrix (specifically of the genesis)

Props. 26 and 27: symptoma-mathematics of the quadratrix: rectify and square the
circle.

Props. 28 and 29: geometricize the genesis of the quadratrix via analysis on
surfaces.

context: motion curves and symptoma-mathematics, squaring the circle.

sources: Nicomedes or Dinostratus on quadratrix, Sporus’ Aristotelian Wax Tablets for
criticism of the genesis, Nicomedes (?) for exhaustion proof in Prop. 26'; unknown sources
for Props. 28 and 29 (Apollonius? Nicomedes?).

means: I, ILV,V1, Circ. mens. 1 for Props. 26 and 27;

no recourse to the Elements in Props. 28 and 29.

method: exhaustion proof, synthetic (Prop. 26), analysis (Props. 28 and 29).

format: non-uniform: genesis and symproma is descriptive; Sporus’ criticism is an excerpt
from a philosophical refutation argument, rhetorically styled; Prop. 26 is a theorem, Prop.
27 a problem; Props. 28 and 29 give an analytical determination of a curve.
reception/historical significance: the quadratrix was much discussed in the seventeenth
century, as an example for a non-geometrical, or a transcendent, curve.

embedding in Coll. IV: connection to the plane spiral (Prop. 19): Props. 25, 26 and 29,
motif “author Nicomedes”: Props. 23-25; motif “genesis via synchronized motions”:
Props. 19, 30; motif “linear problems and symptoma-mathematics of the quadratrix”:
Props. 35—41; motif “analytical interpretation of the symptoma’: Prop. 23.

purpose: exemplary illustration of the problems, and the mathematical potential of curves
of the third (linear) kind.

literature: Heath (1921, 1, pp. 225-230). Knorr (1986, pp. 80-88; 226-233; 166-167) for
Props. 26 and 27; on Props. 28 and 29 and its context of analysis on surface loci see Heath
(1921, 1, 439-440; 11, pp. 380-382), Knorr (1978a, pp. 62-66, 1986, pp. 129 and 166-167),
Jones (1986a, pp. 595-598), Ver Eecke (1933b, pp. 197-201), Chasles (1875, pp. 30-37)
and Notes VIII. Coll. VII, pp. 1004-1014 Hu (Jones 1986a, pp. 362-371) contain Pappus’
commentary on Euclid’s work in loci on surfaces (probably conics). The work he com-
ments on probably rested on prior contributions by Aristaeus.

5.4.1.2  Authorship for Props. 26-29

Pappus mentions both Dinostratus and Nicomedes as authors that used the quadratrix
in connection with the squaring of the circle. For biographical information on

'Pappus himself can be excluded as the author of Prop. 26, because he explicitly says he is
reporting.
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Nicomedes see above, introduction to Props. 23-25. Dinostratus was the brother of
Menaechmus (inventor of conic sections). He lived ca. 350 BC and may very well have
been a pupil of Eudoxus. We know almost nothing about his mathematical work outside
of our passage in Coll. IV, so what will be said here is to some degree speculative.

Pappus clearly associates both him and Nicomedes with the use of the quadratrix
for squaring the circle. Since the fifth century BC sophist Hippias is mentioned
elsewhere as the inventor of the curve itself, perhaps Hippias used the curve for the
angle trisection (indeed: arbitrary division), while Dinostratus discovered its recti-
fication property, and possibly proved it with the Eudoxean method of exhaustion
(not Prop. 26, however). After Archimedes, due to Circ. mens. I, the quadratrix
could then have been employed by Nicomedes to square the circle (Prop. 27).
Perhaps it was Nicomedes, also, who is responsible for the proof of the rectification
property in its present form. The proof of Prop. 26 as given in Pappus is almost
certainly post-Archimedean, because it relies implicitly on a theorem that is equiva-
lent to Arch., Circ. mens. 1 (see proof protocol below). Furthermore, Nicomedes
could have pursued the analytical symptoma-approach to the properties of the
curve, and be at least partially responsible for the analytical reduction of the
quadratrix, viewed as symptoma-curve, to Archimedes’ spiral (Prop. 29). In anal-
ogy to the conchoid, which is determined pointwise as a kind of neusis-curve, the
quadratrix can be seen as a curve corresponding, at each point, to the correlation of
the very same rotation + linear motion used in the plane spiral (when it is inscribed
in a circle), and such a perspective leads to the way the quadratrix is characterized
in Prop. 29. On this view, the contribution of Dinostratus is substantial, but
Nicomedes would be the one who developed the symptoma-mathematics of the
curve theoretically, as a member of the class of higher curves.

This is, as it were, the maximum option for Dinostratus’ and Nicomedes’
achievements in relation to the quadratrix. I am putting it forth tentatively. It has
the advantage of fitting well with a sympathetic reading of Pappus’ text, and it can
account for the fact that in most later sources, it is only Nicomedes that is associ-
ated with the study of the properties of the quadratrix as a higher curve.! In what
follows, I will briefly sketch two alternative views.

Heath (1921) would like to ascribe much of the mathematics on the quadratrix
to Hippias already, including the discovery of the rectification property and its
proof via exhaustion. Perhaps this is a little too optimistic for Hippias.? It would
place a considerable amount of mathematical theory and expertise already in the
fifth century BC, and is therefore somewhat unconvincing. Knorr (1986) has argued
a different view. He denies that Hippias could have had anything to do with the

ICf. Tamblichus apud Simpl. in Cat. 192 Kalbfleisch, 645 b Brandis. Procl. in Eucl. 272 Friedlein
mentions only Nicomedes as well, but not Dinostratus, although Proclus must have known about
him. His name had been mentioned earlier, in the catalog of mathematicians derived from Eudemus.
?Hippias would be credited with an expertise in handling the exhaustion method that is in this
form usually associated with Eudoxus, who lived considerably later than Hippias, and this reading
also would leave no room, as it were, for Dinostratus.
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curve, because it involves a considerable degree of mathematical sophistication and
expertise. Rather, according to Knorr, Dinostratus may have invented the curve and
discovered its rather obvious angle division property (i.e., he ascribes to Dinostratus
what others had ascribed to Hippias). Because the genesis of the curve via motions
has strong affinities with the Archimedean plane spiral (inscribed version). Knorr
believes that in the generation after Archimedes this connection was made use of,
by Nicomedes probably, to formulate, and to prove the rectification property of the
curve (Prop. 26 entirely), whence the quadrature of the circle follows as a corollary
thanks to Circ. mens. 1. The rectification property is implicit in the curve, but unlike
the angle section property, it cannot be read off directly. It seems plausible to
assume that the latter was discovered after the former. As for Props. 28 and 29,
Knorr envisages Apollonius as a possible source for Prop. 28 (because of the central
role of the Apollonian helix therein), and associates Prop. 29 with Archimedes.

Perhaps this is a bit too pessimistic with regard to Hippias and Nicomedes. There
seems to be no compelling reason to discard the unequivocal testimony that Hippias
invented the curve itself. How much he knew about it may be uncertain, but the angle
section property is indeed easily deduced. Archimedes seems unlikely as a source
for a predominantly analytical investigation of motion curves as in Prop. 29. In his
other works, and in his heuristic method, Archimedes shows no preference for the
analytic approach. His interests point rather in the direction of quasi-mechanical
methods, and perhaps infinitesimals. Prop. 29 appears not to be Archimedean in
style. More plausible is the connection between Prop. 28 and Apollonius, because
Apollonius did in fact favor, and develop, the analytical approach in geometry, and
is said in Jamblichus to have called the quadratrix “sister of the cochlias.” This some-
what enigmatic statement could be read as a description of Prop. 28, and then
Apollonius could be its author.! Finally, Apollonius may have written a treatise on
the helix. The evidence on such a treatise is slim, however. I prefer to refrain from
ascribing the substance of Prop. 28 to him directly, while supporting the claim that
Prop. 28 is well in line with higher mathematics, Apollonian style, i.e., in a tradition
developing an approach to mathematics that is exemplified in Apollonius. As said
above, I am inclined to assign to Nicomedes the leading role in the shaping of Props.
26 and 27, and to consider a substantial contribution to Prop. 29 on his part as a
distinct possibility. Furthermore, I am of the opinion that the upcoming minor results on
the symptoma-mathematics of the quadratrix in Props. 35-41 may derive from his
treatise on the quadratrix as well.

5.4.1.3 Quadratrix

As outlined above, the quadratrix is usually associated with Hippias of Elis (fifth
century BC) as its inventor. It was at first used to trisect the angle; in fact it can

'Tambl. apud Simpl. in Cat. 192, 19-24 Kalbfleisch. Heath (1921, L. p. 225) supports a different
view.
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divide an angle in any ratio. Later on, it was discovered that it can also be used to
rectify the circle, and thus to solve the problem of squaring the circle. This solution
via the quadratrix was not accepted as a constructive solution, because in setting out
the quadratrix one already has to assume access to the ratio of diameter and circum-
ference of the circle (see below). Nevertheless, Pappus was willing to fully accept
the mathematics on, or about, the quadratrix as an example of geometry of what
he called the “linear” kind. This applies to Props. 26-29, and to Props. 35—41. The
status of the curve itself was left somewhat in limbo by him, and his ambivalent
portrait probably contributed to the fact that, in the seventeenth century, the quadra-
trix was used as one of the primary examples of curves that did not fit the bill of
Descartes’ definition of a proper geometrical curve,' and might therefore be used
as either a vantage point to enlarge, or a counter-example in the attempt to delimit
the horizon of geometry and analysis.’

Props. 26 and 27, with their prefatory detailed description of the quadratrix as a
motion curve are our only surviving evidence on this curve (and the squaring of the
circle with it) from antiquity. Props. 35-41 show us the use of the quadratrix for the
general angle division, and results derived from it, as well as further properties fol-
lowing from the rectification property. Again, those are the only such sources extant
from antiquity. Finally, Props. 28 and 29 are our only extant detailed examples for an
analysis of loci on surfaces (used here for the geometrical justification/description
of the genesis of the quadratrix). Obviously, this makes Props. 26-29 (to a lesser
extent: Props. 35-41) a document of the highest importance for the history of
ancient mathematics. However, the fact that no other ancient source gives such a
detailed insight into the discussion of this curve and its geometrical properties, and
that there are no traces of parallel accounts on other higher curves, also entails,
unfortunately, that we have no context in which to set, and from which to evaluate,
Pappus’ portrait of the curve and its mathematics. There seems to have been a
mathematical community (or just a small group of mathematicians?) who pursued
this kind of mathematics for some time (how long? just one generation, or 100
years?). Pappus and others list names. What did these mathematicians think they
were doing? What was their view on the status of curves like the quadratrix, and on
the symptoma-mathematics on them? What was the mainstream view (if such a
view existed) on this collection of mathematical treatises? Is Pappus’ rational
reconstruction of the quadratrix and the degree to which it can be “geometricized”
representative, and if so: representative of what? Wherever his pronouncements

!In Descartes ed. Schooten (1659, pp. 18 and 38), for example, the quadratrix and the spiral appear
as the primary examples for non-geometrical curves.

2] am not aware of any systematic study of the evidence. Such a project would seem to me to be
rather promising, because the amount of available source texts is rather extensive and widespread.
The quadratrix does turn up, e.g., in Jacob Bernoulli’s papers (he was also interested in spiral
lines), and also in Leibniz’s mathematical manuscripts. Leibniz borrowed the name and applied it
to a more general type of curve with “quadrature” properties. For the Cartesians, the quadratrix
was a classic example for a non-permissible curve.
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remain vague, should we conclude that he is uncertain or does not understand, or
that the discussion had not reached a consensus, or that there was no discussion and
the project just died out? Perhaps a detailed comprehensive comparative study of
Props. 19-30 and 3541 in connection with SL, taking into account also the
scattered summary remarks in other authors (especially Proclus and the commenta-
tors on Aristotle) could shed some new light on this issue. It cannot be pursued
here. What is given is a documentation of the ancient evidence on the mathematics
of the quadratrix and on Pappus’ evaluation of it, as far as the full text in Coll. IV
attests it. Perhaps this material could be the basis for further investigations on a
broader scope.

5.4.14 Squaring the Circle

The squaring of the circle, i.e., the problem of finding a geometrical construction
to transform a given circle into a square, caught the attention of the Greeks very
early on. Already in the fifth century BC, they appear to have found a (very elemen-
tary) way of transforming any given polygon into a square — II, 14 in the Elements,
resting on I, 44 and I, 45. It seemed that an analogous procedure to do the same
with the circle should be possible. The question captured the imagination of math-
ematicians and non-mathematicians alike, and it sparked the development of new
methods and new theories in geometry, with the goal to become able, among other
things, to solve this problem with the new mathematics. Already in Aristotle’s time
doubts arose as to whether the problem was solvable at all. But the discussion, and
the search, continued nevertheless, and it continued beyond antiquity. In a sense,
the matter was finally settled only with Lindemann’s proof of the transcendence of
w in 1882. No construction with means that are equivalent to the solution of an
algebraic equation with rational coefficients is possible. One needs infinitesimal
methods, or else a curve like the quadratrix. In what follows, a survey of the attested
ancient attempts at solving the problem, and a selective list of later attempts and
judgments is given.!

Hippocrates of Chios, in the fifth century BC succeeded in constructing three out
of the five quadratures of lunulae that are possible within plane geometry. One of
them is located over a semicircle, one over a segment that is larger than the semi-
circle, and one over a segment that is smaller. He also squared a figure composed

! For further information on the ancient quadratures cf. Heath (1921, I, pp. 183-201, 220-235) and
Knorr (1986) passim. Knorr is perhaps not always careful in demarcating textual/historical evi-
dence from his own reconstructions. Tropfke (1923, pp. 195-238) provides a survey of attempts
to square the circle, focusing on contributions known in Western Europe. It is still valuable for
its numerous bibliographical references. Also worth reading, though in some respects outdated, is
Rudio (1892), a monograph on the measurement of the circle that prints the major contributions
by Archimedes, Huygens, Lambert, and Legendre in full, and also contains a survey on the history
of the quadrature. )
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of a circle and a lunula. His constructions probably were intended as steps toward
squaring the circle. As Aristotle points out, they were fully valid mathematical
arguments, but they do not square the circle.! Still in the fifth century, the sophists
Antiphon and Bryson presented arguments that they held to be solutions to the
problem of squaring the circle.? Both started with an inscribed square and con-
structed a sequence of polygons approximating the circle more closely at each step.
Bryson used, in addition, a corresponding sequence of circumscribed polygons.
Both assumed that in the process, the circle is exhausted.® Antiphon in effect
assumed that the process would be finite, and that the circle coincides with a poly-
gon having very small sides. This polygon can then be squared, via the equivalent
of II, 14. His argument was considered as invalid mathematically, because it rests
on a non-geometrical concept of a circle.* Bryson did not identify the circle with a
polygon. He argued that since all the “inside” polygons are smaller than the circle,
and all the “outside™ ones are larger, there must exist a polygon that has the same
area as the circle. Such a polygon could, again, be squared via the equivalent of II,
14. Bryson claimed thus to have squared the circle. His argument rests on the idea
that “area,” taken abstractly, is a continuous quantity. Though not invalid in itself,
it was taken by Aristotle not to be a geometrical argument at all, because it violates
his homogeneity criterion.’ Whether or not the mathematicians would have shared
Aristotle’s opinion here, it is clear that the argument does not amount to a geometri-
cal solution to the (construction!) problem of squaring the circle. The required
square — though Bryson’s argument may reassure us that it exists — cannot actually
be produced from this argument. Bryson did not square the circle. The problem thus
was still unsolved in Aristotle’s times, and he uses it frequently as an illustration
for failed or as yet unsuccessful attempts in scientific inquiry. In his writings, one

"Heath (1921, I, pp. 183-201); cf. Simpl. in Phys. 5668 Diels, Rudio (1907). See also Aristotle
on Hippocrates’ quadratures in Heath (1970, originally: 1949). The above judgment is taken from
Aristotle, but there is no reason to assume that the mathematicians would not have shared his
opinion.

1Cf. Heath (1921, I, pp. 221-225).

3Note that this does not mean that they used the Eudoxean method, the so-called “method of
exhaustion.” That method is, in its essence, a double reductio argument. Even though it was often
used in connection with area and volume theorems, and in a context where a process of approxi-
mation is assumed, such a process is not essential to the method as such. That is: although it was
used for arguments that we translate into Jimit arguments — and for others, too — it was in itself not
a concealed limit argument. Heath is mistaken in assuming that Antiphon’s and Bryson’s “quadra-
tures” contain the nucleus of the famous Eudoxean method, even though they may have antici-
pated infinitesimal procedures to some degree.

*This argument, found in Aristotle, again, would in all likelihood have been shared by the
mathematicians.

SAnal. Post. 1, 9. Aristotle differentiates between Antiphon’s and Bryson’s attempts. It is perhaps
interesting that he does not reject Bryson’s argument in itself as invalid (as he does in Antiphon’s
case), but rejects it as involving a “katabasis eis allo genos,” as being ungeometrical, because of its
failure to differentiate between geometrical and other continuous quantities. For Aristotle, arguments
in geometry have to address geometrical entities qua geometrical, and not qua something else that
they may also be.
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also finds the suggestion that the squaring of the circle may be impossible in principle,
because straight line and circle are generically different — even though it’s clear, on
the basis of continuity assumptions, that a straight line with a square equal to the
circle must exist.!

Alongside the squaring, rectification became an issue soon. Is the ratio of
circumference to diameter expressible as a ratio of numbers? With Archimedes’s
work (Circ. mens. 1), it became apparent that and how the rectification and the
quadrature entail each other.? Archimedes’ investigation of the plane spiral in the
heuristic version could, taken together with a theorem like SL 18% and Circ. mens. 1,
be used for the squaring of the circle. Archimedes never presented such an argument,
and in effect replaced the genesis of the spiral with one that avoids the problems the
quadratrix and the original (inscribed) spiral have. With the spiral in this description,
one can indeed no longer square the circle. Archimedes also provided, by means of
logistics, two different approximations for ©* (Circ. mens. II, III). Apollonius,
Sporus, and Ptolemy gave further approximations for w, closer in numerical value
than Archimedes’.’ Dinostratus/Nicomedes used the quadratrix for circle rectification,
and Nicomedes applied Circ. mens. I to obtain a “quadrature” (Props. 26 and 27).
As noted above, this is not a constructive quadrature in the sense required, either,
because the setting out of the quadratrix involves the ratio of circumference and
diameter (essentially =), and that was the equivalent to what was sought in rectification.
The squaring of the circle with the quadratrix, insofar as it is geometrical, is purely
symptomatic.

5.4.1.5 Circle Quadrature Through the Ages

The following selective list of examples is intended to give an impression of the
different results, perspectives, and methods developed within the horizon of

"' Descartes would later repeat that same general statement in Descartes (1637, pp. 340/341) (90/91
Smith/Latham). He took it for granted that the circle cannot be squared, because circle and straight
line belong to different, incomparable kinds.

2Circ. mens. | implies that the problem of squaring the circle can be reduced to the problem of
rectifying the circumference; cf. Knorr (1986, p. 159).

*SL 18 is a symptoma-theorem on the spiral with circumscribed circle. It shows that in such a situ-
ation, the circumference is equal to the subtangent of the spiral at the endpoint of the first rotation.
It does not yield a constructive rectification of the circle. It also does not provide a constructive
solution for finding the tangent to a spiral of first rotation (cf. Vieta, Varia responsa, including an
approximate construction for such a tangent).

“The name = was not used by the ancients. It was coined in the early seventeenth century by
Ludolph van Ceulen (Fundamenta geometrica ed. W. Snel, Wiirzburg 1615). According to
Tropfke (1923, p. 232), its first occurrence is even later: 1706, in Jones® Synopsis palmariorum
matheseos. The label refers to a number, in modern terms. The ancients had a very different view
on numbers and ratios. | am using n merely as an abbreviation here.

SCf. Heath (1921, II, pp. 232-235) and Knorr (1986, pp. 155-159) for Archimedes’ and other _
approximations; see also Heath (1921, I, pp. 180-189).
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Western European culture over the centuries in connection with the squaring of the
circle. It is based on the above-mentioned Tropfke (1923, pp. 198-238). The Indian
mathematician Aryabhata, fifth century AD gave an astonishingly close approxi-
mate value for =.! His methods are interesting because of their combination of
geometry, algebra, and what would in Greek terminology be called logistics. There
must have been substantial contributions in Islamic culture, but they are not acces-
sible to me. They did have an influence on Fibonacci’s contribution.” During the
Middle Ages, Archimedes’ approximations were widely used, and they came to be
regarded as exact by many (especially the simpler one: 22/7). Exact geometry, as 2
demonstrative science, did not receive much attention during the Middle Ages in
Europe. An interesting use of mathematical motifs for philosophical purposes (in
connection with infinity) including a treatment of the circle and n can be found in
Cusanus.? In the Renaissance, Leonardo squared the circle by rolling up a cylinder
with a base equal to the circle that is to be squared, and appealing to Arch., Circ.
mens. 1.* Stifel devised a mechanism using levers and scales to “weigh” n.” In the
modern era, when algebraic and improved calculation methods became available,
we find approximations of m by Vieta and Huygens, still operating within the
framework of classical geometry and logistics. They developed Archimedes’ basic
approach via inscribed polygons, and refined the limits for the approximations.®
Gregory, Newton, and Leibniz employed infinite series,” and Wallis used his arith-
metic of infinites to characterize m. Leibniz called his result an “arithmetical
quadrature of the circle.”® In the eighteenth century (1766), Lambert used continu-
ous fractions, and showed that 7 was an irrational number. Euler studied both =
and e in connection with trigonometric functions.’ Toward the end of the nineteenth

I Cf. Elfering (1975). The work has been translated into English.

2Cf. Tropfke (1923, pp. 211/212) for references; Fibonacci’s value for m is 864/275, ca. 3.141818.
3Cf. Tropfke (1923, pp. 213/214). On Cusanus’ studies in connection with the quadrature of the
circle see also Hofmann (1990, I, pp. 47-77, 11, pp. 179-192, 351-395).

*Cf. Tropfke (1923, p. 214), Cantor II?, pp. 301-302.

SCf. Tropfke (1923, p. 215); on Stifel see also Hofmann (1990, 11, pp. 78-109).

5Cf. Tropfke (1923, pp. 215-216, 218-219); e.g., Vieta, in Variorum de rebus mathematicis liber
VIII, p. 392 in the 1646 Schooten edition gives a value for = that is exact in the first nine digits,
and uses the “Archimedean” approach via inscribed polygons. For Huygens’s contribution, see the
appendix to his Theorenata de quadratura hyperboles, ellipseos et circuli ex Data portionum
gravitatis centro, Leiden 1651, and his De circuli magnitudine inventa, Leiden (1654), both in Ch.
Huygens, Varia Opera, Leiden (1724, pp. 328-340, 351-387); see also Rudio (1892). The latter
work also contains a full German translation of Archimedes’s, Lambert’s, and Legendre’s
treatment.

7Gregory’s double series is equivalent to an approximation via arctanx, Leibniz’s series for n/4
converges very slowly, so that it only has theoretical value. Newton used the series for arcsinx,
Brouncker developed Wallis’ solution into an infinite fraction.

8Cf. Tropfke (1923, pp. 223-230).

Cf. Tropfke (1923, p. 229).
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century, Lindemann proved the transcendence of n.! As said above, Lindemann’s
result means that a constructive quadrature is impossible with circle and straight
line, with conics, with any curve expressible as a polynom with rational coeffi-
cients. One needs a curve like the quadratrix. In the end, Pappus’ Prop. 26 and
Prop. 27 are as good as it gets.

5.4.2 Genesis and Symptoma of tﬁe Quadratrix

Genesis: Start with a quadrant BAD in a square ABCD (clockwise) over the radius;
use two motions: of BC along BA, parallel to AD, and of AB along the arc BD,
synchronized so that they both reach the position of AD at the same time; during
the process they create an intersection line BH, the quadratrix.?

Symptoma: As can be seen from the genesis, for any line AZE drawn to the curve
and extended to the circumference, we get:
arc BD:arc ED = BA:ZT.

5.4.3 Criticism of the Genesis by Sporus

Sporus of Nicaea, ca. 200 AD was not a mathematician. Rather, he seems to have
been a philosopher interested in epistemology and theory of science. Of his work
Aristotelian Wax Tablets only fragments remain. They contain reflections on math-
ematical arguments from the standpoint of an Aristotelian theory of science.? His
criticism of the genesis of the quadratrix is as follows.*

'Cf. (Tropfke 1923, pp. 231-232). Lindemann’s proof for the transcendence of n (Lindemann
1882) is modeled on Hermite’s proof for the transcendence of e. For ensuing improvements and
simplifications of this proof cf. Tropfke loc. cit.

2Note the close connection to the genesis of the spiral as given in Prop. 19.

3On Sporus cf. Tannery (1912, I, pp. 178-184); the main source for our information on Sporus
outside this passage in Pappus and the one mentioned below, in Eutocius, are the scholia on
Aratus’ Phaenomena. A further example for a criticism by Sporus, also in connection with the
squaring of the circle, is found in Eutoc. in Arch. Circ. mens. 111, 258-259 Heiberg. Sporus insists
that Archimedes’ approximate values are not exact, discusses the decisive difference between an
exact and an approximate value, and produces a closer approximation than Archimedes’ to show
that it was not the exact value. Apparently around 200 AD already the nature of an approximation
was not properly understood by some, who believed that a value — a ratio in numbers — must be
true, i.e., correct.

4 As mentioned in the survey table of Props. 26-29, the style of this passage is decidedly different
from the rest of Coll. 1V. We are clearly dealing with an argument from a philosophical work, in
polemical style, one in which objections were raised against another position on epistemological
grounds. Note, e.g.. the rhetorical questions and the device of a ficticious dialogue; cf.
translation.
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(i) The definition via synchronized motions contains a petitio principii: to
coordinate the rotation and the linear motion, you need the ratio of arc BD to
AB — essentially © — the very thing the quadratrix was supposed to provide.'

(ii) Even objection (i) aside, the genetic definition does not capture the endpoint of
the curve, because the intersection stops right when the moving lines coincide
with AD. This endpoint, however, was needed for the rectification of the quadrant
(Prop. 26, see below). Infinitely many other points on the curve are in fact
constructible, e.g., all points that one would get by successive division of angle
and radius in half. But the endpoint is not among them.

(iii) The endpoint of the curve cannot be interpolated by extending the line in the
manner of producing a straight line, because the curve does not have a fixed
direction (as the straight line does). In fact, the quadratrix does not even have
a constant curvature.

Sporus concludes: as long as the ratio of circle and radius is unknown, or not given,
the curve cannot be accepted. Pappus will in effect pick up right here in Props. 28
and 29, and show that it is given in the specific sense of geometrical analysis, if a
helix, or the spiral, is granted. Whereas Hultsch (and others around 1900) dismissed
Sporus’ objections, most modern interpreters accept them as valid.? The curve is not
well-defined. Note that the reason for Sporus’ objections is not the use of motions
as such, but the conceptual inconsistencies involved in this particular motion
description. These inconsistencies will have to be circumvented, or abolished, if
Sporus’ objections to the mathematical use of the curve are to be met. And Pappus
explicitly agrees with Sporus’ reasons for rejecting the curve under the motion
description (under the description as “mechanical”). He uses the word “eulogos”
(with good reason). On the other hand, he insists that the argument about the quadratrix
— Props. 26 and 27, the symptoma-quadrature — is “much more acceptable” mathe-
matically. In Props. 28 and 29, Pappus will provide a geometrical analysis for the
generation of the curve, via analysis of loci on surfaces. It is intended to meet, or rather
perhaps to circumvent, the objections raised by Sporus, so as to “geometricize” the
curve as a basis for valid sympfoma-mathematics (see below).

5.4.4 Prop. 26: Rectification Property of the Quadratrix
5.4.4.1 Proof Protocol Prop. 26
This proof protocol is given in detail, because its content is a “classic,” and also

because it is the only example of a full-fledged argument via double reductio in
Coll. TV (the other example in Prop. 13 is much less complex).

I As in the case of the spiral in the version given in Prop. 19, you need 7 to determine the speeds
involved.

2Cf. Heath (1921, 1, 229/230), Knorr (1978a, 1986, p. 230), Jones (1986a, pp. 596-598).
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1. Protasis/Ekthesis
Start with a square ABCD,' circular arc BD (K1 in what follows), and quadratrix
BT. arc BD:BC = BC:CT. (CT is the third proportional to arc BD and BC).

2. Apodeixis (by double reductio: “exhaustion”?)
If not, then either arc BD:BC =BC:CK, CK > CT
or arc BD:BC = BC:CK, CK < CT
2.1 Assume arc BD:BC = BC:CK, CK > CT
2.1.1. Auxiliary construction -
circle THKZ, center C (K2),

perpendicular HL, draw CHE
2.1.2 arc BD:BC = BC:CK = CD:CK [assumption]
CD:CK = arc BD:arc ZK [see argument *]

* argument for this (not in Coll. IV): similar arcs in the ratio of the radii
(or diameters)?

K1:K2 = CB*CK? = CD%CK? [XII, 2]
KI1:K2 = (Ul x CD):(U2 x CK) [Circ. mens. 1]
CD*CK?= (Ul x CD):(U2 x CK)
=> CD*(Ul x CD) = CK*(U2 x CK) [V, 16]
=>CD:Ul =CK:U2 : [VL 1]
=>CD:CK=U1:U2 [V, 16]
=> CD:CK = arc BD:arc ZK [V, 15]*

Thus, BC = arc ZK v, 9]

2.1.3 arc BD:arc ED = BC:HL (symptoma)

= arc ZK:arc HK

[equal parts of quadrants]
=> HL = arc HK v, 9]
This is impossible.
2.2 Assume, then, that arc BD:BC = BC:CK, CK < CT
2.2.1 Auxiliary construction:
circle ZMK, center C;
perpendicular KH, draw CHE
2.2.2 Asin 2.1.1, we see: arc BD:BC = CD:CK,

! The labeling of corner points for the square in the starting configuration is now counterclockwise,
as opposed to the original genesis. Perhaps this is an indication that the author of Prop. 26 is
different from the source for the genesis and symproma.

20n Prop. 26 see also Heath (1921, 1, pp. 226~229) and Knorr (1986, pp. 226-230). Knorr’s
account contains some interesting speculative remarks on the study of tangents, subtangents etc.

3The theorem that circumferences have to one another the ratio of the respective diameters is used
repeatedly in Coll. IV, cf. Props. 26, 30, 36, 39, and 40. A proof is given by Pappus in Coll. V, 11
and VIII, 22, ’
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and CD:CK = arc BD:arc ZK,
= BC=arcZK
[use an argument analogous to argument “].
2.2.3 Asin 2.1.3, we see that
arc BD:arc ED = BC:HL [symptoma]
arc BD:arc ED = arc ZK:arc MK
[equal parts of quadrants]
= HL = arc MK [v, 9].
This is impossible.
3. Symperasma: Therefore, arc BD:BC = BC:CT must hold.

Corollary

By constructing a line a with CT:BC = BC:a, and finding 4a, one has rectified the
circle. For a = arc BD.

This means that the quadratrix has a rectification property, which can be derived
from its symptoma. Further results, directly from the symptoma, or from the recti-
fication property, can be found in Props. 35-41. They are much less spectacular
than this one here.

5.4.5 Prop. 27: Squaring the Circle

After rectifying the circle, one can apply Archimedes, Circ. mens. I, and con-
struct a triangle that has the same area as the given circle: base 4a, with a as in
Prop. 26, appendix, height BC. This triangle can then be transformed into a
square via II, 14.

5.4.6 Prop. 28: Geometrical Analysis, Linking the Quadratrix
to Loci on Surfaces Through a Cylindrical Helix

5.4.6.1 Outline of the Analysis in Prop. 28
Start with a quadrant ABC, radius BD, E on BD, perpendicular EZ, assume that

EZ:arc DC is given.!
Then E lies on a uniquely determined curve.

! Note that this is a response to Sporus’s demand after criticizing the definition of the quadratrix
via motions. He had demanded that a crucial ratio be given. In Prop. 28, it is taken as given in the
sense of geometrical analysis.
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Analysis

1. Extension of the configuration
Cylinder-segment over ABC; in it, take an Apollonian helix as given in position L,
T, I as in the figure create a garland-shaped surface, determined by the helix

2. Resolutio
2.1 1lies on a uniquely determined plane
(a plane given in position'), through BC and ZI
(or perhaps EZ and ZI); here the given ratio is used;
2.2 It also lies on the plectoid surface created by the helix
[use the symptoma of the helix?].
Since the helix is also given in position, I lies on an intersection curve of sur-
faces, which is also giver in position.
2.3 Project this line onto the plane of the original quadrant.
By construction, E will lie on this uniquely determined line.

3. Specification
When the given ratio EZ:arc DC = AB:arc AC, this line will be the quadratrix.

5.4.6.2 Intersection Plane in Step 2.1: Through EZ or BC?

Pappus’ description is not sufficiently precise. In addition, there are several illegible
spots in the main manuscripts for this part of the text, and they were already there
when the minor manuscripts were copied. With Knorr, I favor the reading according
to which the intersection plane is the one through BC and ZI, for it is obviously
given, i.e., constructible, at this stage of the analysis (assuming that one has the
helix). BC is given in the starting configuration, and the inclination of the sought
plane toward the underlying plane is determined by the given ratio EZ:EI. The
drawback is that with this intersection plane, the endpoint Z for the intersection
curve in space is not uniquely determined. Neither will the endpoint of the resulting
special case quadratrix be. If one opts for the plane through EZ and ZI, as Hultsch,
and apparently Treweek did, one has to assume that EI and EZ are given in position.
It is not clear, at this stage of the analysis, that they are.

Ver Eecke assumed that the segments ZE and EI are given, because they go
through given points. One might object that if Z and E were given, there would be no
need for further argumentation at this point. It is unclear how the points can be seen
to be given at this stage. Ver Eecke also assumed that the intersection plane on which
I lies goes through LT. One might find this objectionable, too.

Even if we cannot decide with certainty which plane is used in the analysis in
Prop. 28, the main thrust of the argument is clear: it provides a conceptual connection

My reading of Prop. 28 differs considerably from the one given in Ver Eecke (1933b, p. 199, #2);
it is compatible, however, with the discussion in Knorr (1986); compare also the following notes
on the crucial intermediate step 2.1.

2On the helix and its symptoma cf. Procl in Eucl. 105, 271 Friedlein, Knorr (1986, p. 295/296).
The ratio of height and rotation angle is a constant, i.e. given with the curve.
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between the quadratrix of Dinostratus and a locus created on a curved surface in
space, in dependence from the Apollonian helix, and that is its purpose.'

5.4.7 Prop. 29: Geometrical Analysis, Linking the Quadratrix to Loci
on Surfaces with Spiral

Start with a circular sector (not necessarily a quadrant) ABC, given in position, a
radius BD, point E on it, and a perpendicular EZ, where EZ:arc DC is given, and
EZ:arc DC = AB:arcAC (spiral-creating ratio). Assume that a spiral BHC is
inscribed in the sector ABC.

Then E lies on a uniquely determined line.

5.4.7.1 Outline of the Analysis in Prop. 29

1. Extension of configuration

Cylindroid over spiral, height BH;

BH=EZ [construction],
EZ:arc DC = AB:arc AC = BH:arc DC [symptoma)

right cone, vertex B, generating line at an angle of 7/4 with respect to the underlying
plane

2. Resolutio
2.1 Analytical determination of a locus for K
K on HK, perpendicular to the plane, KH = BH
HK is given in position
K lies on the cylindroid surface,
and on the surface of the cone
=> K on the intersection line created by those two surfaces:
a conic spiral that is given in position.’

T agree with Ver Eecke’s summarizing staternent: “En exposant ce premier mode de construction
géométrique de la quadratrice au moyen des Lieux  la Surface, la proposition démontre donc, sans
I’énoncer explicitement, une propriété remarkable de la surface de la vis a filet carré & axe vertical,
a savoir que, si I’on coupe une surface hélicoide rampante (y = X tang (2x z/h)) par un plan passant
par une de ses génératrices rectilignes (z = my) [I opted for BC, Ver Eecke for LT}, et si ’on projette
orthogonalement, sur un plan perpendiculaire 4 I'axe de cette surface la courbe détérmineée comme
section, on obtient une quadratrice de Dinostrate” (Ver Eecke 1933a, p. 199, #4).

2Note that the conic spiral used in Prop. 29 is not automatically accepted, as the helix in Prop. 28,
and the spiral in Prop. 29 were. It must be reduced to the spiral in order to be revealed as given in
position. This could be an indication that the Archimedean spiral and the Apollonian helix were
viewed as privileged basic curves for the analytical determination of other motion curves by
Pappus (cf. Molland 1976). If so: was this the case just for Pappus, or: more generally? Were these
curves perhaps seen as basic for the symptoma-definition of higher curves, as Prop. 29, but also
Prop. 28 seem to suggest? In the meta-theoretical passage, Pappus significantly speaks of quadra-
trices and spirals as exemplary curves for the third kind. Recall also Apollonius’ claim on his helix
as a basic curve, on a par with circle and straight line, reported in Proclus on authority of Geminus
(Procl. in Eucl. 251 Friedlein). The issue cannot be pursued here.
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2.2. Analytical determination of a locus for I and E
2.2.1 Extension of configuration, second part:
analogous to the “garland” in Prop. 28, create a plectoid surface, derivable
from the original spiral; use BL, and the conic spiral; both are given in
position: LI moves along the spiral and BL, parallel to the underlying
plane, creating a twisted surface in space that is given in position.
2.2.2 1 lies on that surface.
2.2.3 T also lies on a uniquely determined plane [through BC and ZI;
use the symproma of the spiral].
= I lies on the intersection curve created by those surfaces.
2.2.4 Project this curve onto the underlying plane.
By construction, E lies on this projection, on a uniquely determined
line.

3. Specification:
When the sector ABC posited in this analysis is a quadrant, this line is the
quadratrix.

5.4.7.2 Lines, Planes, and Surfaces in Prop. 29

Whereas Prop. 28 used a cylindrical helix from the start, Prop. 29 starts with a plane
curve, the spiral, and constructs a curve in space from it as a first step: a conical
spiral. Most commentator agree that the conical spiral is created by erecting a cylin-
droid over the given spiral and intersecting it with a right cone with axis BL,
inclined at 45° toward the underlying plane. The point K lies on it. This much
seems uncontroversial, and for this reason I have used a diagram for Prop. 29 that
shows the cylindroid surface and the point K.

Different interpretations have been offered for the second part of the construction
in Prop. 29. The reading offered here is minimalist, and modeled on Prop. 28. One
draws the parallel LKI to BE, leaving the exact location of I open, i.e., reserving the
possibility to extend KI if needed. The generator BZ with flexible endpoint,
adjusted between BL and the conical spiral, creates a “plectoid,” garland-shaped
surface. It is intersected with the plane through BC and ZI, analogous to Prop. 28,
and projected orthogonally onto the plane. This reading is only tentative. Its advan-
tage over some other ones is that they all assume that LKI is extended to the cir-
cumference, and that the same cylindrical helix, and the same garland as in Prop.
28 is created. The text of Prop. 29 does, however, not mention the helix and seems
to propose the analysis in terms of the plane spiral as an alternative to the one using
a helix. It is not to be excluded that the original author of the argument in Prop. 29
did intend to show, with his analysis, how the plane spiral, the conical spiral, the
cylindrical helix, and the quadratrix are all connected. The text as reported by
Pappus does not explicitly say as much, though. Therefore, I opted for the minimal-
ist reading (and accordingly, a very reduced diagram). If one accepts the presence
of the helix, perhaps a reading along the lines of Commandino is the most straight-
forward one. Commandino does assume a cylinder in addition to the spiral-induced,
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cylindroid, extension of LKI to H on the cylinder surface, creation of a helix in
dependence from the conical helix, with a garland-shaped surface for I. His diagram
(Co p. 91) shows all these features. Commandino then assumes the creation of an
intersection curve in space, and orthogonal projection onto the underlying plane as
in Prop. 28. There are some problems with his reading in detail, for which see the
translation. Hultsch ad locum refers to Chasles and Bretschneider, and does not
offer an interpretation. His diagram is also minimal. For Ver Eecke’s reading see
Ver Eecke (1933a, p. 200f). Knorr (1989, p. 166f) offers an explorative interpretation
of the material in Prop. 29, drawing a connection to Archimedes’s study of tangent
problems on the plane spiral. It is very interesting in itself; I am somewhat diffident,
however, that it works well as an explanation of Prop. 29 as given in Pappus’ text.
Therefore, I have restricted my presentation of the content of Prop. 29 to the informa-
tion as given in the text for the most part. For further clarifications and alternatives,
the reader is referred to the literature mentioned above.

5.4.8 Additional Comments on Props. 28 and 29
5.4.8.1 Loci on Surfaces

As noted before,' Props. 28 and 29 are our only explicit sources on analysis of loci
on surfaces. This means that observations drawn from them provide only limited
knowledge of the discipline for which they are an example. There is a danger of
over-interpretation, because we lack a context to check our reading against. The
following observations on Props. 28 and 29 may nevertheless capture some repre-
sentative features for this kind of mathematical approach.

1. The dominant method of investigation, and the method for determining the basic
objects of study, is geometrical analysis in the technical sense.

2. Certain spiral-type curves have a privileged role, others are determined relative
to them.

3. We operate with surfaces in space, created by rotation, by a motion that com-
bines a linear progression and a rotational motion in synchrony (twisted sur-
faces, controlled “motions™), or by establishing cylindroid surfaces over a plane
figure, and intersecting them with each other, and with planes.

4. The created curves in space are in the end projected onto the plane.

5. Because we are using analysis, the result is not a constructive solution, or a con-
structive genesis of the curve. This is also not intended. The content really is a
mathematical analysis of the genesis, establishing unique determinateness for
the “target curve” inside a configuration.

! For bibliographical references, see the literature given at the beginning of the chapter on Props.
26-29.
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A Potential Context for the Analysis of Surface Loci: Analysis of loci
and Conic Sections

Consider the parallel between items 3 and 4 above and Archytas’ solution for the
cube duplication with Eudoxus’ procedure for his curve devised for cube duplica-
tion.! According to Zeuthen (1886, pp. 460-461), this procedure was taken over by
Menaechmus as a model for the conic sections, viewed as analytically determined
loci (cf. item 1.), as plane symptoma-curves.? Even after the conics were discovered
to be sections of cones, and their definition was in terms of this genesis, the actual
handling continued to be focused on the symptoma-characterization. Consideration
of those aspects of the Apollonian treatment of conics that might be viewed as
analogous to symptoma-mathematics — and there are quite a few examples (see
again also Zeuthen 1886 passim) — might help to reconstruct a context for the
symptoma-mathematics of the third kind, by studying the analogue in symptoma-
mathematics of the second kind. Perhaps even the reduction of the conic sections
as plane curves to the intersection of a plane and a surface in space (i.e., the surface
of a cone) could be seen as somewhat of a model for the reductions we see in Props.
28 and 29. In addition, the analytical Euclidean work on loci on surfaces, on which
Pappus comments in Coll. VII, and which is based on related work by Aristaeus,
might be considered.? Perhaps the outlines of a context for symptoma-mathematics
become visible here. The issue is worth exploring. A decisive difference, even if parallels
can be found and brought to bear, would be the fact that conics can be viewed as
essentially defined, although symptomatically handled; the higher curves cannot.*

Use of Analysis for the “Definition,” or Determination of Curves

Without drawing far-reaching conclusions from our scarce evidence in Props. 28
and 29, one thing can nevertheless be said, and it has been somewhat overlooked in
secondary literature on the propositions. The propositions have a clearly analytical
character, with analysis taken in the full technical sense of the word. And it seems
plausible to assume that this feature would have been typical of the geometry of the
third kind. Specifically, geometrical analysis (resolutio) is used here, not to (only)

'Compare the remarks on cube duplication and conics in the commentary on Props. 23-25. For a
hypothetical reconstruction of Eudoxus’ curve cf. Tannery (1912, I, pp. 53-61). It seems plausible
to assume that Eudoxus projected the space curves, created in Archytas’ solution, onto the plane,
creating a curve with which he could solve the cube duplication. It would have to be defined by
deriving the characterizing properties from the properties inherent in the space curves. For the
symptoma of the helix in Proclus cf. pp. 105 and 271 Friedlein; cf. also Knorr (1986, pp.
295-296).

2Cf. Knorr (1986, pp. 50-66, 112).

3Coll. V11, pp. 10041014 Hu (Jones 19864, pp. 363-371, see also pp. 503-507, 591-599).

4Cf. Zeuthen (1886, pp. 459 ff.), Knorr (1986, pp. 61-66, 112) on the combination of essential,
genetic definition, and operation with the symproma in the theory of conic sections.
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solve problems but to “mathematize” motion curves as symptoma-curves, by reducing
them to properties of other curves that are taken as given.

Given in 28:

Per hypothesis: sector ABC, quadrant (as in quadratrix), radius BD with perpen-
dicular; EZ, and ratio EZ:arc DC (this ratio is not necessarily the one used in the
quadratrix). An Apollonian helix with a given progression ratio for angle:height (con-
nected to EZ:arc DC).

Entailed: each such configuration determines, i.e., turns into a given, a certain
unique projection curve, in direct dependence from the ratio that is embodied in the
helix: a quadratrix-like curve. We get a family of curves. The quadratrix is the one
where the given ratio is the same as AB:arc BC.

Given in 29:

Per hypothesis: sector ABC (not necessarily a quadrant, unlike quadratrix), radius

BD, perpendicular EZ with ratio EZ:arc DC = BA:arc AC (ratio as in quadratrix)

an inscribed spiral (embodies the ratio BA:arc AC)

Entailed:

(i) A conical spiral, as an intersection curve in space.

(i) An intersection curve between two curved surfaces in space.

(iii) A certain unique projection curve, in direct dependence from the ratio embodied
in the spiral: a quadratrix-like curve. We get, again, a (different) family of
curves; the quadratrix is the one where the given sector is a quadrant.

The analysis in Props. 28 and 29 is restricted to the resolutio-phase: the phase
where that which we need or want to establish is shown to be given, if certain other
features (theorems, prior results, etc.) are posited. The arguments show that the
curves in question are uniquely determined in a hypothetical sense: We cannot
derive them from essential properties rooted in the archai and the principle objects
of our discipline, but the properties we focus on in mathematical argumentation can
be put in an exact, conceptualizable relation to properties of other entities in a spe-
cific spatial configuration (ultimately the symptoma of a privileged curve). The
latter we just assume and posit — much like we posit the straight line and circle. This
much one can assert. We will have to leave it undecided, because that is what
Pappus does as well, whether this determination “saves” the curves completely, so
that symptoma-curves were taken to be just as solidly defined as the archai of the
plane and solid kind, even though the symptoma-approach operationalizes, lets the
curve itself disappear and replaces it by a kind of relation/equation. We will not try
to determine, at this point, what it means that Pappus asserts and supports the fully
mathematical character of arguments about the curves, but is hesitant about the
status of the curves themselves (cf. also meta-theoretical passage, where a similar
ambivalence shows).!

!See the excursus below for some speculative remarks in this regard.
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What does Pappus achieve with Props. 28 and 29? The reading suggested here
is a sympathetic one. Pappus does not achieve, and does not believe he has achieved,
the quadrature of the circle. He has not “saved” the genesis of the quadratrix in the
sense that the curve can now be constructed geometrically, and he does not claim
to have “solved” the problem. He succeeds in partially circumventing Sporus’
objections, i.e., he interprets the demand that the crucial ratio be given before the
curve can be accepted by showing in what sense, and to what degree, the ratio can
be seen, via geometrical analysis, to be given in the technical sense of the word. He
gets an analytical characterization, not a constructive definition. And he is explicit
about that. Even so, the analytical determination has achieved something. Its effect
is that the quadratrix, although not constructible, can be investigated geometrically,
without conceptual inconsistencies, qua locus curve for a certain symptoma. It is
well-defined, uniquely determined. The geometry on it is true geometry, geometry
of the third kind. Its results are geometrically demonstrable properties of the curve
as symptoma-locus. As long as we only had the genetic definition, which was con-
ceptually inconsistent, such geometry did not have a satisfactory basis.

Even so, the issue of the quadratrix’s foundation is not completely settled. As
noted above, we cannot be sure just how solid the analytical basis is. In the meta-
theoretical passage, where Pappus will, once again, classify this kind of mathematics
as legitimate mathematics, alongside plane and solid mathematics, he also does say -
that the curves have a somewhat forced genesis, and he shows a certain hesitancy
with respect to the third kind of mathematics. Also, the analytical approach leaves
a gap: symptoma — analysis cannot guarantee that a more elementary construction
is impossible for a curve thus characterized (e.g., that in certain specific cases, it
might reduce to a locus of the second kind).

Most interpreters so far have not given Pappus a sympathetic hearing. One basic
error, which is rather pervasive, is that they read Pappus’ statement that he will
provide a geometrical analysis (analuesthai) as actually saying that he claims to
“solve” the problem (the quadrature) geometrically (equivalent to luesthai). As has
been pointed out in the notes to the translation, this is a serious misunderstanding,
for Pappus does indeed provide an analysis for the genesis of the curve, and he does
not provide a solution of the problem. Jones (1986a, p. 598), e.g., seems to believe
that Pappus is trying to give a construction of the quadratrix and remarks that, as
constructions, they do not meet Sporus’ objections. Similar attributions of confusion
to Pappus can be found in Knorr (1978a, 1986). Knorr also offers, however, the
consideration that Pappus may, after all, have tried not to meet Sporus’ objections,
but to circumvent them. In this respect, his reading concurs with mine.

5.4.9 Excursus: Speculative Remarks on the Potential of Analysis-Based
Symptoma-Characterization of Higher Curves

The decisive difference between using the circle mathematically by focusing on its
symptoma, and using the helix and other curves solely accessible through their
symptoma is somewhat like this: We think (perhaps) we know what the circle is,
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essentially, and the properties we use in mathematics are seen as properties of that
object, for which we can posit some kind of epistemological or ontological priority.
Of the Apollonian helix we do not have such a direct grasp. It has to be constructed
in thought as the thing which has the decisive property. The helix itself disappears,
as it were, behind its symptoma in a way the circle does not. So what is the
epistemological, or ontological, grounding of such curves, when they are viewed
exclusively as loci for a symptoma?

In view of the complete absence of statements from ancient mathematicians on
this question, and the deplorable lack of evidence on their actual practice in this area,
it is perhaps fruitless to try and establish what the commonplace opinion among them
would have been on that question. The following, speculative remarks should be
taken as an elucidation of the potential impact of this question, its horizon of potential
for future developments in the intellectual history of mathematics. Specifically, I have
the sixteenth and seventeenth century readers in mind, and “anchor points” for the
routes they took to transform mathematical investigations toward algebraization on
the one hand, and infinitesimal calculus on the other. Could the ancient mathemati-
cians, in defiance of the essentialist view on science and explanation — whether
Aristotelian or Platonist — have taken the view that circle, helix, and spiral are really
equivalent, because all mathematics is symptoma-mathematics and does not really
care about the ontological status of the objects the symptomata of which it studies?
That the circle, e.g., is treated as a locus curve just as the helix is? That what is math-
ematically interesting about it, its property, can equally well be seen as stemming
directly from the motion generating it? Apollonius for one argued that the helix
should be placed alongside circle and straight line as a basic, unanalyzed principle in
geometrical argumentation. Does this imply an anti-essentialist thrust, a turn toward
making locus-properties, i.e., relations, the final objects of mathematics? Are the
basic items all loci, as it were, characterized as such via “defining” relations? That
would make Apollonius a forerunner of the paradigm shift toward algebra that
occurred in the seventeenth century. It cannot be ruled out.!

If such was the case, and there was an Apollonian programme to implement a
new paradigm for mathematics, one in which operationalism, and the manipulation
of relations are key ideas, we would have to say that the programme did not carry
the day in antiquity, and the ancient research project of symptoma-mathematics
might have died out precisely for that reason: re-channeling into the mainstream
essentialist approach. What we see in Coll. IV, and what the seventeenth century
readers saw as well, would then be like the remnants of a large-scale re-orientation
project for mathematics which was abandoned, with the remnants still bearing the
traces of the revolutionary ideas behind them, of this push toward operationalizing
geometry into a proto-algebraic discipline. Such an ideological clash, an unsuccessful

'The fact that Apollonius apparently wrote a work called “katholou pragmateia” (universal trea-
tise, attested in Marinus (Eucl. Op. 6, p. 234 according to Jones (1986a, p. 530/531), and the fact
that the remarks attested in Proclus seem to point towards an attempt at radically reorganizing the
foundations of Euclid’s Elements, do invite speculations in this direction.
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frontal attack against the ruling paradigm, which in turn was backed by non-negotiable
essentialist convictions and preconceptions, and which in the end prevailed, would
explain why Apollonius’ minor analytical works were lost, why his Konika were
stripped of their analysis-parts, which in the original must have been dominant
(Pappus groups the Konika with the analytical works), and recast by Eutocius in
purely synthetic form, and also why no works of the authors who worked on the
analysis of loci on surfaces are preserved. The essentialists in the field of epistemol-
ogy/theory of science would have won the day, and forced the continuation of the
old paradigm.

Such a speculation is tempting. But it is equally possible that the mathematicians,
including Apollonius, went along with the essentialist views on the nature of science
and explanation, or — and that is perhaps the most likely option — that they did not
reflect on such questions at all and just went ahead doing their mathematics of
symptoma-curves. After all, even in the orthodox Aristotelian paradigm, any science
is entitled to positing its principles and does not have to go beyond, justifying them,
so that in the end, any science can do its job while focusing in on the rigorous devel-
opment of arguments about symptomata. On the whole, we cannot get beyond the
observatijon that geometrical analysis in the technical sense was applied to derive a
hypothetical definition, or characterization, of motion curves through their symp-
toma. This was not just a side thought, since a considerable amount of sophistication
and argumentation is needed to perform this task. It must have been of some impor-
tance, and served a serious purpose. Whether the result was that these curves were
then seen as on a par, epistemologically, with objects like circles, straight lines, or
conics, must be left undecided. Also, the details of this kind of mathematical argu-
mentation are at present opaque to us, and certainly were so for the sixteenth and
seventeenth century readers as well. This may be part of the reason why so much
effort was spent on reconstructing the analytical works, and the analytical strategies
of the ancients. Still, the material presented in Pappus is suggestive toward a new
perspective on what mathematics essentially is, one in which analysis and operation
with relations are central. One could pick up here; in a way that needs to be explored
and spelled out in more detail, Vieta, Descartes, Fermat and others did.

5.5 Prop. 30: Area Theorem on the Spherical Spiral

context: Archimedes on spiral lines, motion curves, quadratures.

source: lost text of Archimedes.

means: I, I1I, V, XII, Sph. er Cyl. 1, 33,1, 35,1, 42.

method: synthesis; infinite inscription process, quasi-infinitesimals, limit argument.
format: genesis-description, symptoma-theorem and corollary.

reception/significance: no reception, the only related extant treatise is Sph. et Cyl.; the
addition to Prop. 30 is the first example for a quadrature of a curved surface in space.
embedding in Coll. IV: motif “Archimedes™ Props. 13-18, 19-22, 35-38, 42-44;
Archimedes, with his “mechanical” approach “frames” the treatment of motion curves;
motif “spiral lines”: Props. 19, 20, 26, 29, 35-38; motif “area theorem™: Prop. 21; the
content of Prop. 30 is not picked up again in Coll. IV.
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purpose: illustrate the “mechanical” path for the treatment of motion curves: symptoma-
mathematics as meta-mechanics.

literature: Heath (1921, TI, 382-385), Knorr (1978a, 59-62, 1986, 162-163), Ver Eecke
(1933b, 206, #2).

Prop. 30 is the first known example for the quadrature of a curved surface in space.
Methodologically, it picks up the first, “Archimedean” path for dealing with motion
curves. Although no author is named for Prop. 30, the theorem is usually ascribed
to Archimedes. The parallels to the argumentative style and the structure of Prop.
21, especially the use of indivisibles, and the infinite inscription process, as well as
the parallel argument using two figures with parallel division processes, are very
compelling indeed. The spherical spiral is created by motions in the ratio 1:4.
Unlike the plane spiral inscribed in a circle, the spherical spiral described here is
conceptually well-defined in its genesis via motions.' The symptoma is directly
read off from the coordinated idealized motions.> The theorem on the spiral uses
aspects of Archimedes’ “mechanical method,” namely indivisibles. Mathematics
appears as meta-mechanics, where mechanics itself is already highly abstract. We
do not have a context for Prop. 30. It may have been part of a larger work.®> No
applications outside Coll. IV are attested. The only surviving Archimedean com-
plete monograph on the symptomata of a motion curve is SL, and its argumentative
method and style differ significantly from the quasi-mechanical approach attested
in Props. 21 and 30. As in the case of the analytical branch of symptoma-mathematics,
the lack of a context makes it impossible to draw far-reaching conclusions on the
status of the mathematics of the third kind “Archimedean style,” which, I think, is
represented in Prop. 30 (see Knorr (1986) for an interesting, if perhaps sometimes
speculative, evaluation of the possible development of motion curves in the genera-
tion after Archimedes). Certainly plausible is Knorr’s assumption that the “mechan-
ical” approach was picked up and put to use for analytical (symptoma-) mathematics,
and this assumption also agrees with Pappus’ statements on the geometry of the
third kind in the meta-theoretical passage, as well as with his developmental story
in Props. 19-30. Knorr also points out that the approach via infinitesimals and
indivisibles was not pursued further. Pappus voices no objection to the result in
Prop. 30, and obviously treats it as valid.

I Polar coordinate description for the spherical spiral: p = 1/4w; compare the analogous equations
for the plane spiral in Prop. 19: p = 1/(27)@, and for the spiral as used in SL: p = a @, where a is
arbitrary, but fixed. Both Prop. 30 and SL avoid having to take recourse to 7.

2No instruments are involved, the verb used for the genesis via motions is noein. We deal with
abstract motions. The verb kinein, used in 19, is absent; no application context for Prop. 30 can
be envisaged. Its “mechanical” character is purely theoretical.

3 A comparison of the argumentative means in Props. 30 and 21 shows: Prop. 30 adds Sph. et Cyl.
to V, XII, which were already used in Prop. 21. Knorr (1978a, pp. 59—62) argues that the material
in Prop. 30 belonged to the heuristic version of Sph. er Cyl. The connections are clearly there.
I doubt, however, that they are sufficient for postulating an immediate and precise relation such as
the one postulated by Knorr.
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Genesis of the spherical spiral: In a hemisphere, rotate the arc TNK of a quarter-circle
through the pole along the base circle (arc KLM). At the same time, let a point N travel
from the pole toward the base, and assume that it completes the quarter-arc at the same
time in which the rotating quarter- arc completes the full circle. The traveling point
describes a spherical spiral.

Symptoma: If one draws an arbitrary quarter-arc TOL, with O on the spiral, arc
TL:arc TO = circumference: arc KL.

5.5.1 Proof Protocol Prop. 30

1. Protasis/ekthesis
Assume a hemisphere with pole T, surface A, and spherical spiral TOIK (area
above: ASp), a quadrant ABCD of a maximum circle (area Q), and a segment ABC
(area ASg).
Then A:ASp = Q:ASg.
2. Apodeixis
2.1 Extension of the configuration and transformation of the protasis
Construct sector AEZC (area S); show that S = Q!
The protasis has now become A:ASp = S:ASg
2.2 Auxiliary construction
(set-up for the “exhaustion process™)
On the hemisphere, cut off a sector LTK (area: AL),
describe a circle on the surface through O, center T,
cutting off the surface OTN (area A(O)),
with a sector cut off in it by KT, KL (area A’(O));
cut off from arc ZA the arc ZE,
as the same part as KL is of a maximum circle,
cutting off from S the sector EZC (area: A(E));
in it, cut off sector BHC (area: A(B))
2.3 Lemma for the “exhaustion process™
2.3.1 arc ZE:arc ZA = arc BC:arc AC
2.3.2 arc TO = arc BC
233 AL:A’0 = A:AO
A = area of circle with radius TL
[Sph. et Cyl. 1, 33%]

IS is 1/8 of the circle with radius CA, Q is 1/4 of the circle with radius AD, CA?2 =2 AD.

2Compare Prop. 21: inscribe a sector into the spiral; then compare sector and spiral sector on the
one hand, and rotation cylinder and cone-related rotation cylinder on the other.

3The reference to Sph. et Cyl. is, of course, anachronistic. The material in Prop. 30 probably
predates the treatise. Archimedes must have been aware and convinced of these theorems inde-
pendently of his theoretical work. It seems plausible to assume that he found the results in the
context of his pre-formal research activity, using his heuristic method. |



270 II,5 Motion Curves and Symproma-Mathematics

A(Q) = area of circle with radius TO
[Sph. et Cyl. 1, 42]

A:A(O) = TL2TO? [XIL, 2]
= AL:A’(0) = TL:TO?
23.4. TO=BC [II1, 29]

TL = AC = EC by construction

= AL:A’(O) = EC:BC?

2.3.5. ECXBC?*= A(E):A(B) [XII, 2; V, 15]

= AL:A’(0) = A(E):A(B)
2.4 “exhaustion from above™!:
Iterate the process described in 2.3, and sum up;
A: sum of all circumscribed (spherical) spiral sectors =
S: sum of all circumscribed partition-induced plane sectors
2.5 “exhaustion from below”
The analogous proposition will hold for inscription instead of circumscription.
2.6 limit process
Imagine the partitions more and more fine-grained.
The inscribed and circumscribed spherical sectors approximate the spiral surface
from both sides, and the inscribed and circumscribed plane sectors approximate
the segment. The same propositions will always hold. By an implicit continuity
argument (a transition to infinity, or an appeal to indivisibles?), we infer: they
still hold in the limit case, and thus: A:ASp = S:ASg = Q:ASg

Addition: Quadrature of a Spiral-Induced Surfaces on the Hemisphere

Since A = 8Q by [Sph. et Cyl. I, 33], we can derive

(a) For the area above the spiral: ASp = 8 ASg

(b) For the area below the spiral

A - ASp = 8Q - 8 ASg = 8(Q — ASg) = 8 triangles ABC,
and triangle ABC = 1/2(1/2d)* = 1/84%

' Compare Prop. 21. There the exhaustion from “within,” i.e., “below” was discussed at length, and
the other case glossed.

2 An analogous limit argument was used in Prop. 21.
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6 Meta-theoretical Passage

This passage is a locus classicus for methodology in ancient mathematics. It is perhaps
the best-known passage in Coll. IV. A doublet can be found in Coll. I, and a shorter
version in Coll. VII. There are to be three kinds of mathematics: plane, solid, linear,
corresponding to three kinds of basic curves. In addition, a homogeneity requirement
holds: only arguments that use means from the mathematical kind to which the problem
belongs are fully valid mathematically. The passage is referred to in Descartes’
Géométrie (Descartes 1637, p. 315, pp. 40/41 Smith/Latham). Newton also quotes it
with approval, and employs it against the Cartesian program in geometry. Up until rela-
tively recently, it was taken to be the communis opinio for mathematics throughout
antiquity, and quoted or referred to in secondary literature in this way. In fact, it is, at
least in this generality, only to be found in Pappus. For him, it is obviously important.
He is committed to this view in the following sense: he uses it to structure his material
to give a representative survey of ancient mathematics, to give a coherent methodologi-
cally oriented picture of the geometrical tradition. It is not certain, and in fact not all
that relevant for the understanding of Coll. IV itself, whether this meta-theoretical posi-
tion was shared, in this full generality, by the mathematicians. Pappus may very well be
generalizing a feature to be found in Apollonius’ analytical works on locus problems:
separate plane problems from solid ones.' Still, he is well-informed, competent, and
manages to tell a reasonably coherent story. It should be appreciated as a whole. An
extensive discussion will not be given here (for the full text, see the translation in Part
D). In the present edition, I have taken this passage quite literally, and propose a reading
of the whole of Coll. IV in light of it. In what follows, I will comment on the two main
items in the passage: the mathematical kinds, and the homogeneity criterion, and briefly
indicate how the different parts of Coll. IV relate to remarks in the passage.

6.1 The Three Kinds of Geometry According to Pappus

There are three kinds of mathematical problems, generalized to three kinds of geom-
etry, according to the means needed to solve the problem or demonstrate features.

'Cf. Jones (1986a, p. 530, 540/541), Knorr (1989, p. 34) for a similar assessment (Pappus general-

izing a trend to be found in Apollonius’ plane analytical works); e.g.,: “Pappus is our only explicit

authority on this mathematical pigeon-holing, and he says nothing about how it developed and when.

However, it is difficult not to see Apollonius’ two books on Neuses as inspired by the constraints of

method imposed on the geometer.... The only conceivable use for such a work would be as a refer-

ence useful for identifying ‘plane’ problems.” (Jones 1986a, p. 530). On p. 530f., Jones also voices
the opinion that Apollonius may have had a similar purpose in the Plane Loci and the Tangencies.

H. Sefrin-Weis, Pappus of Alexandria: Book 4 of the Collection, 271
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