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Problem 5

(a)

(b)

Proof. Let Sy, be the set of all permutations of {1,...,n}. Suppose an arbitrary permutation
o € Sp,. We then wish to show that ¢ is a composition of transpositions. Let’s first show
that some composition of transpositions 71,...,7, performed on o makes o the ordered set
{1,...,n}; that is, let’s show that we can write {1,...,n} as

{1s conin} =7 O G Oigs

This can be done by simply defining each transposition to switch an element out of its original
position (in {1,...,n}) into its original position. At each transposition, we are decreasing the
number of elements out of their original position by at least 1 and possibly 2, since we are
always switching an element into its original position, and the element that we swapped with
could possibly also end up its original position. This holds as long as some element is out of its
original position, since if we’re not yet at the ordered set, then at least 2 elements must be out
of position.

Transposing the same two elements twice does not change a permutation, since this just switches
the two elements back and forth. That is, if we have a transposition 7, then 7o 7 does not alter
the permutation. If we apply the reverse chain of transpositions in the above equation, we get

Treis s OO e sl = 1 G2 0T 67 (O ST o

Notice that we can take the 73 o 77 out, per the argument above. But this just leaves us with
T5 © 7o in the middle, which can then be removed, and we can continue doing this until the
right-hand-side just becomes 0. The above equation can therefore be written as

g=myo:omo{l,...;nk

Since we chose ¢ as an arbitrary permutation, this proves that every permutation is a composition
of transpositions. ‘/ [ |

Proof. sgn(o) is defined as (—1)N, where N is the number of transpositions in the decomposition
of 0. Notice that N is not well-defined. For example, the permutation (2,1) of the set (1,2)
can be gained by swapping the two elements any odd number of times. We wish to show that
sgn(c) is well-defined. This is done by showing that the parity of N is well defined, such that
sgn(o) = 1 for all even numbers and sgn(o) = —1 for all odd numbers.

In order to prove this, I will first show that the identity permutation, call it I, is an even
permutation (i.e., N for I is even). I will prove this by induction. Per the theorem proved in
(a), we can write I as a composition of transpositions:

=g or o,
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n cannot be 1, since just swapping two elements will not give the identity. For n = 2, just swap
the same two elements twice. Let then the induction hypothesis be that the theorem holds for
compositions of less than n transpositions. Let 7;; denote the transposition swapping elements
¢ and j. Obviously, 7;; = 7j;. Let then 7, = 745 for two arbitrary elements a and b. The
composition 7,_17, must then take one of four forms (depending on what 7,1 swaps):

Tab © Tab = Ia
Tac © Tab = Tab © The,
Toe © Tab = Tac © The

Ted © Tab = Tab © Ted-

In the first case, the expression for I can just be written as [ = 7y 0+ -07,_5. By the induction
hypothesis, n—2 is even, and n is therefore also even in this case. In the three other cases, notice
that we can write I such that the occurrence of a is in the second right-most transposition. For
these cases, write I in this way and repeat the procedure. At each step, we either have the first
case (and the induction hypothesis then proves the theorem), or a is moved another transposition
to the left. The process must terminate with the first case at some point before a reaches the
left-most transposition. If it does not, then we can write I such that a occurs only in the left-
most transposition. But this is not the identity permutation, since this composition will switch

& from its original position to s ‘/mc other position and then never swap it back. This proves

that I is an even permutation.

To prove the theorem, suppose now that we can write a permutation o as

g=TL0 0Ty and U:T{O‘--OTT/L,
where m is even and n is odd. The inverse permutation o~! is just the opposite chain of
transpositions (since this undoes every transposition), and we may write

0_1:7m0-~~o7'1.

Combining this with the definition of o as an odd permutation, we have

I =001 :T{o--~OTTlLono~-~OTl.
Notice that this is an odd permutation. I is an even permutation, however, per the proof above,
so this is a contradiction. A permutation that can be written as an even permutation therefore
cannot be written as an odd permutation, and vice versa. The parity of N, and consequently
sgn(c) = (=1)¥, is therefore well-defined. =
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