More Continued fractions, Approximations.

October 11, 2012

1 Reading Assignment:

1. Read [I-R] Chapter 13, section 1.

2. Suggested reading: Davenport: All of Chapter IV.

2 Homework set due October 18

1. I-R] Page 295 Exercises 6, 11, 13, 15

2. Let m be a positive integer. Find the continued fraction expansion of

(a) vn?+1
(b) /n(n+1). (Hint: n,2,...)

3. Prove that for any real irrational number « there are infinitely many fractions % such that

|a—%\<y%.

3 The ’general’ continued fraction

We now take the ‘terms’ a; to be independent variables, and call them g;.

We’ll study the structure of the rational function of the ¢;’s:
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Q+——m—...
Q1+ g2+ g3+
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Here P, and @, are in Z[qo, q1,- - ., ¢n] and the fraction % is in ‘lowest terms.” We have:

Py=qo; Qo=1; PL=qq +1; Q1= qi,
and going forward:

=g+ q2 ZQOC]1Q2+(]0+(]2
Q1+ g2 G192 + 1 q1q2 +1

qo +

S0,

P> = qoq1q2 + qo + q2; Q2 = q1g2 + 1.

Go once more:

P3 = qoq192q93 + qoq1 + qog3 + q2q3 + 1.

Q3 = q1q2q3 + 1 + g3

3.1 New notation!

Definition 1
Pn:[QO7q17QQa"'7QTL] € Z[q07qlaq2a"'aQn]-

3.2 Recurence relations

Proposition 1
Qn: [q1an7Q37"'7Qn] S Z[QanQaqi’n"'?(Jn]-

Proposition 2

(*) [q07q17qQ7 cee 7Qn] - QO[CILQ%Q& cee 7Q7Z] + [CI27QS7 cee 7Qn]

Proof:



[QO,CILCJ% ce. 7QT7,]
[(h’QQaQSa ce. 7Qn]

[q27 g3, .-, QTL]

=qo+1/

So, multiply by [q1, 2,43, - - ., qn] to get

[QO7QI7q27 .. 7Qn] == CIO[QLQ% o 7qn] + [QQ7Q37 o 7(]n]

Remarks.

1. Interpret the empty square bracket [ ] as 1 to get the recurrence relation valid beginning with
n = 2.

2. The polynomials [qo,q1,q2, - - -,qn) and [q1, 92,43, - .., q] have no common factors, but more

interesting to us is that when one substitutes integer values a; > 0 for the ¢;’s the inte-

gers [ag, a1, as,...,a,] and [a1,a2,as,...,a,] are also relatively prime. This will be proved
(Theorem 4 below).

3.3 Euler’s Rule

(90,91, G2, - - -, Gn] i the polynomial you get as a sum of monomials obtained by casting out collections
of consecutive pairs of variables from the product

409192 - - - qn.-

So,
(90, 91,92, 43] = 90919243 + Q@1 + q0q3 + ¢2q3 + 1,

and

(90, 1542, G3, q4] = 9091924394 + Q09192 + 09194 + 90q394 + G293G4 + g0 + G2 + qa.

Euler’s Rule is proved directly from the recurrence relation!

Corollary 1 (‘reversal’)

[qu 91,492,943, - - - 7qn] = [Qna dn—1,49n—2,49n-3, .- -, 41, q0]



Corollary 2

[q07Q17qQ7Q37 o 7Qn] == QR[qn—laqn—Qa o 7q0] + [Qn—27Qn—37 o 7QO] =

- QTL[q()aql)' . 'aQn—l} + [Qanla .. 'aQn—2]~

That is, returning to the old notation:

Pn = [QOaQ1,Q2,Q37 cee )qn]a

and

QTL = [QI7Q27 qs, ... 7qn]7

so that the n-th convergent is % we have these recurrence relations for the numerators and de-

nominators:
Corollary 3

Pn ZQnPnfl +Pn727

and

Qn = QnQn—l + Qn—27

Comment on Fibonnaci and generalized Fibonacci.

Theorem 4 (The “gcd equals 1” Theorem)

PnQn—l - QnPn—l = (_1)n+1'

Proof: Induction! Check for n = 2, and then:

PnQn—l = QnPn—lQn—l + Pn—QQn—h

while

QnPn—l = QnPn—lQn—l + Qn—QPn—l-



4 Back to numerical continued fractions

A consequence of the “ged equals 17 Theorem (Theorem 4 of the previous section) is that the n-th
convergents are displayed, via the above theory, as fractions in lowest terms, in the sense that the
numerators and the denominators of the n-th convergents, as given by the P’s and @)’s are relatively
prime, even when one substitutes natural numbers for the ¢;’s.

Another immediate consequence (dividing by Q,—1Qy) is:

Corollary 5
P, P, (=1t

Qn Qun1  QuaQu

In this section, we assume that we have substituted natural numbers a; for the g; but still denote
by P, =€ Z and Q,, € Z=Z! the values:

P, :=[ag,a1,a2,as,...,a,] € Z,
and
Qn = |a1,a2,as,...,a,] € Z.

Now let o € R be an irrational number whose terms in its continued fraction expansion given by
the natural numbers
a1,a2,a3,...,0p, ...

Discuss

e the growth of the numbers P,, @,, and

e alternation of sign of the differences:

4.1  An application of ‘reversal’

Again let @ € R be an irrational number whose terms in its continued fraction expansion given by
the natural numbers
G1,02,03, -, Qny - - -

We have:



Recall Corollary 1:

[q07 q1,492,4s3, . ..

So,

[(1(], ai,az,as, ..

and, of course:

[alv az, as, ..

Therefore:

To record this:

Theorem 6

Corollary 7

Proof: Compute:

_ [ag, a1, a2,as, ..., an, pt1)
[a1,a2,a3,...,an, py1]
y dns Qn-i-l] - QTL+1[QO7Q17 cee 7QTL] + [q07 q1, ..., Q’n—l]-
Ay Qi 1] = Quyilag, al, ..., an) + [ag, a1, ..., an—1] =
= ap1Pp + Pyt
-5 Qn, an+l] = an+1[a17 cee an] + [CLl, e anfl] =

= p+1Qn + Qn—1.

[CLO, ai,az2,ag, ..., 0n, an+1]

[a17 az, as, . .

-y Qp, Oén+1]

_ 1 Pp + P
an+1Qn + Qn-1 ‘

an—i—lpn + Pn—l
an-l—lQn + Qn—l

P,
o — | <
n

1 < 1
QnQn-H Q%

L
@n

an+1Pn+Pn—1 _&:
an-}—lQn + Qn—l Qn

o —

6



_ Pnlen B C27171f)n o +1
B Qn(an+lQn + Qn—l) B Qn(an—‘rlQn + Qn—l) '

But since ap11 > apy1 and Qpi1 = ani1Qn + Qn_1, we get:

QnQni1 Q%

@n



