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? Any student with a knowledge of arithmetic is prepared
for the mathematical content of this module.
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1. INTRODUCTION

Lynn just returned from her first date with Paul., Her
dormitory friends gathered around. Questions came quickly
from all directions. "Did you have fun?® "How did you
like him?" "Will you go ocut with him again?"

Lynn collected her thoughts for a moment and replied,
"On a scale of 1 to 10, Paul rates a 6." Some of the gques-
tioners were satisfied. Others kept on. "What did you like
about him?* "™What didn't you like?"® "Did you like him
better than Ben?"

Measurement scales, like the one Lynn invented to
answer the questions fired at her, are widely used. They
provide a simple way of summarizing information too complex
to relate otherwise. But how useful are they in making
meaningful comparisons and drawing believable conclusions?

In the material to follow, we discuss the assignment
of numbers - to people, objects, or phenomena - for the
purpose of measurement. Four important types of measure-
ment scales are discussed and their limitations examined.

2. I¥PES OF MEASUREMENT SCALES
2.1 Nomipal Scaleg

In the simplest cases, assignment of humbers to people
or objects serves only an identifying purpose, For exam-
ple. football players wear numbered jerseys so that fans
can easily recognize them on the field. 1Individuals have
social security numbers that serve as identification for
income and taxation purposes., Regions have zip codes to
identify the path that mail should take in its trip from
one individual to another. But these identifying numbers
dc not enable us to attach any meaning to the numerical
order. It does not make sense to infer from the numbers
alone that "Player #77 is better than Player #11," or that
"The person with Social Security #284-35-2176 is older than
the person with #151-32-0153," or to make other similar
comparisons. This type of assignment of numbers is refer-
red to as a nominal measurement scale. The number serves
as a name for the object to which it 18 assigned.

2.2 QOrdinal Scaleg

Often, however, we assign numbers to objects in such a
way that we can place the objects in an ordered list.
Football players may be ranked in order of their value to
their team. People may be ranked according to their age ot
income. When numerical assignments allow us to put objects
in order, based on a certain characteristic, we say that we
have an ordinal measurement scale,



Suppose Lynn, whom we met above, has dated four men
recently: Ben, Fred, Paul and Stan. 8he rates them, on her
scale of 1 to 10 (where 1 is the lowest possible rank and
10 means "perfect™):

Ben : 9
Fred H 6
Paul 3 6
Stan 1 3.

Lynn's assignment of numbers to her dates is an example of
an ordinal measurement scale. The numbers communicate her
order of preference for the four men., From her list it is
valid to conclude that Lynn likes Ben best of the four; she
likes Paul better than Stan; she is indifferent between
Pred and Paul, It is pot meaningful to conclude that
Lynn's liking for Ben ie "three times as great™ as her
liking for Stan or that the amount of her preference for
Ben over Fred is "equal to" the amount of her preference
for Fred over Stan. The difficulty is this: we have not
defined standard units -- like centimeters or liters -- for
"liking."™ Neither subtraction nor multiplication of pre-
ferences is meaningful,

When we rank candidates in a given election, we ex-
press our preferences on an ordinal scale., For example, in
the 1980 primary struggles, we might have ranked several of
the Republican contenders as follows:

Ander son H 1 (First choice)

Bush : 2 (Becond choice)

Connally : 4 (Fourth and last choice)
3

{Third choice).

Reagan

Here, in contrast to Lynn's ranking, smaller numbers are
associated with higher preferences. The context for a
given measurement situvation will indicate whether a large
or a small number indicates the top of the ordering,

A different illustration of the ordinal measurement
scale is the ranking of events in time, For example, if
congidering the American Revolution, the Civil wWar, the
Spanish-american War, and the War of 1812, we can determine
the following order:

American Revolution t 1
Civil wWar 1 3
Spanish American War 1 4
War of 1812 t 2.



2.3 __Interval Scales

Most students of history know more about the four wars
mentioned above than simply the order in which they occcur-
red. Uniform intervals - minutes, hours, years -~ have been
established for measuring time. For example, counting in
years from the birth of Christ, we may associate the fol-
lowing year-numbers with the start of each of these wars:

American Revolution t 1775

Civil war t 1861
Spanish American War : 1898
War of 1812 : 1612,

Because this assignment of numbers to the wars makes use of
uniform intervals - in this case, years - we can gather
more meaning from the numerical values than simply their
order. The differences between numerical values also have
meaning; thie was not the case when we ordered the wars
ueing 1.,2,3,4.

If the numbers that are assigned to objects are multi-
Ples of some fixed unit of measurement then the resulting
scale is a special type of ordinal scale called an interval
scale. On an interval scale, the difference between the
measures - as well as their order - is meaningful.

Above, when we associated with each war the year-
number in which it started, we obtained an interval scale.
Because we have a standard interval of measurement, in this
case a year, we can say, "The time lapse between the begin-
nings of the American Revolution and the War of 1812 (37
yeara) was the same as the time lapse between the begin-
nings of the Civil and Spanish-Amerjcan Wars."” It also
makes sense to say, "A longer time passed between the War
of 1812 and the Civil War than between the Civil and
Spanish-American Wars.* For our time meagsurements we have
used a fixed unit of measurement, the year. For our ordi-
nal rankings we did not have such an interval and the @if-
ferences between numerical assignments could not be
compared,

The thermometer that we look at daily to learn the
temperature provides an additionnl example of an interval
scale. One of the standardized intervals commonly used is
a Celsius degree. Suppose that last Monday's high tempera-~
ture was 16° Celsius, Tuesday's high was 20°C, and Wed-
nesday's high was 10°C. We can rank the days in order of
warmth and we can also sensibly compare temperature differ-
ences, The difference between Monday's and Wednesday's



warmth (6°C) is greater than the difference between
Monday's and Tuesday's warmth (4°C).

A comparison that is tempting to make, for the temper-
atures given above. is to say that last Tuesday was twice
as warm as last Wednesday. Thie comparison is pgot meaning-
full The difficulty occurs because the 0° point on the
Celsjus scale does not indicate the absence of all warmth.
The temperature is s Celsius is simply a reference point on
the measurement scale. It is the temperature at which
water freezes. Negative temperatures also are possible;
for example, 0°c designates a warmer day than does -14°.

Suppose John is 20" taller than his little brother Al
and his sister Cindy 1s 10" taller than Al. We cannot con-
clude from this information that John is twice as tall as
Cindy, since the heights are given with reference to Al's
height. The case of comparing Celsius temperature iE anal-
ogous to this.

2.4 Ratio Scales

When we assign numbers to objects it is desirable to
be able to identify a situation that has none of a particu-
lar characteristic and to assign to it the numerical value
zero. 1In assigning temperatures this is accomplished by
use of the Kelvin scale. On the Kelvin scale, temperature
measures begin at a point referred to as "absolute zero, "
This is the temperature at which all particles whose motion
constitutes heat would be at rest. TIts location is approx-
imately 273° below zero on the Celsius scale. The temper-
ature 0°K describes the absence of all heat. Thus it is
meaningful to say that an object whose temperature is 209X
is "twice as warm" as one whose temperature is only 10°k.

When we have an interval scale with the additional
property that the absence of the measured characteristic is
assigned the value zerc, then the scale of measurement we
obtain is called a Latio scale. The Kelvin temperature
scale is a ratio scale.

Use of ratio scales is not limited to the scientific
laboratory, however. There are a number of common ratio
scales, Heights and distances are usually measured using
ratio scales, Earlier we mentioned John, Al and Cindy.
Using the inch as a unit of measure, we may measure and
find that John is 60" tall, Cindy is 50" tall and Al is 40"
tall. Our choice of a fixed unit of measurement, the inch,
gives us an interval scale. Our implicit use of zero to
designate no height makes our scale a ratio scale. (Note
the contrast here with the earlier case when Al's height
was used as the bage for comparison.) The following state-
ments are meaningful: John is 1 1/2 times as tall as a]l.



If Al grows to be twice as tall as his present height, his
adult height will be 80". When ratio scales are used it is
gsensible to form ratios or multiples of measurements.

3. _HISTORICAL DEVELOPMENT OF A MEASUREMENT SCALE

Temperature provides an illustration of how measure-
ment can progress from simple to more complex and useful
scale types. We can conjecture that early societies pro-
bably distinguished only between cold and warm, thus using
only a nominal scale, Later, comparisons were introduced.
Days were described as warmer or colder than other days.
Fire was warmer than sunshine-produced temperatures.
Nights were cooler than days. Temperature measurements
like these used an ordinal scale, Later, during the 17th
and 18th centuries, the need to record and compare the
results of scientific experiments led to the invention and
perfection of thermometers, which employ an interval scale
of measurement with units called degrees. In the 19th
century the British Physicist William Thomson (Lord
Kelvin), in his work in thermodynamics, introduced the
absolute scale of temperature that now bears his name. As
noted above, the Kelvin Scale is a ratio scale.

4. WHY ALL THE INTEREST IN MEASUREMENT SCALES?

For most of us, measurement seems to be something we
can do effectively without knowing what type of measure-
ment scale we're using. We question the worth of discus-
sion of scale type, "If it works, use it.," is our common
reply,

While not refuting the guoted reply, the following
reagon suggests caution in the interpretation of numerical
measures:

Many consumers of numerical information try to
deduce more information from measurement scales than
is actually given,

For example. suppose the City Council is considering
three alternative desegregation plans. For convenience,
these three proposals have been labeled Plan 1, Plan 2 and
Plan 3. Plan 1 may receive greater favor because of its
label - which could be {subconsciously, perhaps) treated as
a ranking instead of simply a name.

A well know phenomenon in elections is the effect that
the order of names on the ballot has on the outcome of an
election. If a primary ballot listed four candidates for
the office of mayor and all were equally known and liked,
it would be expected that the person whose name appeared
first would get the most votes and the person whose name
appeared last would get the second highest number. Voters
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who are not committed to a particular candidate seem to
treat ballot position as an ordinal scale that ranks the
candidates.

In 1977. The Peoples' Almanac asked 35 U.S. sports
writers: "In your opinion, who were the 15 greatest male
athletes from 1900 to 19772 The results, ranked in order,
were:

1. Jim Thorpe

2, Babe Ruth

3. Muhammad Ali
4. Jack Dempsey
5., Jack Nicklaus
6. Ty Cobb

7. Bobby Jones
8. Joe Louis

9. Jesse Owens
10. Red Grange
1. ©.J. Bimpson
12. Jackie Robinson
13, Hank Aaron
14. Arnold Palmer
15. Mark sSpitz

It is tempting to draw unjustified conclusions about this
ordering. For example, one might comment that Mohammad Ali
is "near the top." However, a further examination of the
experts' ranking revealed that Jim Thorpe recieved 287
points, Muhammed Ali received 157 points and Mark Spitz 40
points. Thus, in terms of points tallied, Ali proved near-
er to Spitz than to Thorpe. (To tabulate the results of
this survey, vote counters assigned 10 points to each first
choice, 9 to each second choice, and 80 on -- with athletes
ranked below 10 getting no points for that ranking.}

When numbers are assiqred to people, objects, or phe-
nomena, it is tempting toc apply what we know about numbers
in other situations -- and to reach wrong conclusions.
Often, in fact, it requires a great deal of fortitude to
avoid this.

Alert consumers of numerical information do not allow
themselves to read more information from a measurement
scale than is actually given. They remind themselves that
one can't "make a silk purse from a sow's ear” or "get
blood from a turnip.® Numbers are not magical devices that
bring truth from the void!



3. COMPARING MEASUREMENTS

A popular way of denying the validity of a certain
comparison ig to say, "It's like comparing apples and or-
anges.” Suppose we are asked the question, "Which is more
-- three apples or two oranges?" A good response to this
question is to ask, "On what basis are they being com~
pared?”

We-gan compare three apples and two oranges if we com—
pare them in terms of a particular unit of measure, We can

weigh them and find out which is heavier -- using the ounce
as our unit of measure. Or we can find out which costs
more —— using centg as the common measure. Other measures

also are posgible, A medium orange (2 5/8 inches in diame-
ter) yields 65 calories of food enerqgy and 66 milligrams of
Vitamin C, while a medium apple (2 3/4 inches in diameter)
yields 80 calories of food enerqy and 6 milligrams of
vitamin C. Thus in caloric content three apples provide
"more®” than two oranges. 1In Vitamin C content, the reverse
is true.

In summary, the apple~oranges controversy yields the
following rule for comparing measurements:

Measurements may be meaningfully compared when
expressed in terms of the same units.

€. USING MEASUREMENT SCALES IN DECISION MAKING ~ UTILITY
The technical term used in assessing the value, satis-
faction, or happiness that a particular outcome brings is
sometimes called utility. Alternatives are compared by es-
timating how many "utils" of happiness are associated with
them.
For example:

Teresea is choosing between two part-time jobs.
Job A pays $4 per hour but is relatively dull, Job B
pays $3 per hour but is more fun. She ponders, "Which
job shall I choose?"

A restatement of Teresa's problem is thig: to
measure the dollar value and the enjoyment value in
similar units so that the two jobs may be compared
(otherwise it is the old problem of whether three
apples or two oranges is "more™). Utils provide the
common measurement unit,

Let us suppose that Teresa has given the problem
some thought and has decided on & unit of happiness.
She can't describe it to us exactly, but we all agree
to call it a "util."

Teresa examines her values and decides that 51
(the money difference between the two jobs) is worth 2
utils of happiness. whereas the boredom difference



between the jobs is 3 utils. As a consequence of her

analysis, Teresa chooses Job B.

Clearly. our own individual assessment of the
relative value af money and fun need not agree with
Teresa's, In fact., Teresa's own assessment may change
over time. Faced with a college tujtion increase or
other inflationary pressures, Teresa may adjust her
utility assignments.

Assignment of utilities to outcomes is a confusing
process. Some argue, "How can I aseign utility values un-
less I know my preference already? And if I know my pref-
erence clearly, what good are utils in making my decision?”®

To answer these questions, we may say simply that the
exercise of trying to assign numerical values to prefer-
ences is an effort that requires us to think clearly about
those preferences and to prioritize them. Striving to
measure the utility of various alternatives —-- that is, de-
fining a util and measuring our likes and dislikes in terms
of it -~ is disciplined thinking. Thus it is of value.

1, SUMMARY

We have discuseed four types of measurement scales:

Nominal -- a measurement scale on which each object is as-
signed a number that serves as a hame or label for the
cbject.

Qrdinal -- a measurement scale on which objects are ranked
in a certain order. Each object is assigned a number
that indicates its position in the ranking.

Interval -- a measurement scale for which there is a fixed
unit of measurement. The numbers assigned to objects
are multiples of that fixed unit. With an interval
scale, not only are objecte ranked, as with an ordinal
scale, but alsc differences in rankings may be mean-
ingfully compared.

Ratioc -- a measurement scale for which there is a fixed
unit of measurement and on which the number zero
denotes the absence of the characteristic being
measured, Objects are assigned numbers that are
multiples of the fixed unit. With a ratio scale,
objects can be ranked (as with an ordinal scale),
differences in rankings may be meaningfullly compared
{as with an interval scale) and, in addition, ratios
of rankings may be meaning-fully compared,

When an individual introduces a new type of measure-
ment, it is common to start -- as Lynn did, in evaluating
her dates -- with an ordinal scale. As more information
gathering and analysis are put into a particular measure-
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ment effort, it is usual to try to define a unit of meas-
urement and thus develop an interval or ratio scale. For
example, if Lynn were able to define for herself a unit of
pleasure or “"util,” then she could rate each date (both
past and future) in terms of the number of "utils" that she
gained from the experjence.

Efforts at detining a "util®™ can be especially benefi-
cial for individuals who face a choice between alternatives
whose characteristics are not all measured in terms of the
same unite -- as the example of Teresa's job choice indi-
cates.

In group decision making, however, it is far more dif-
ficult to find ways of accurately incorperating individual
preference intensities into the determination of a consen-
sus. To define a "util®” that has the same meaning for more
than one individual is an extremely difficult, if not im—
possible, task. Typically, this difficulty is gimply ig-
nored. Elections are usually conducted by permitting
voters to cast only one vote for a candidate regardless of
the strength of their preference for the candidate. If
Mark strongly supports one candidate while Nancy mildly
prefers another, they both indicate their preference by
casting a single vote -- and the election results produce
no evidence of the amount of their support.

In a number of decision situations that involve rank-
ing of alternatives —- for example, the gports poll dis~
cussed above - voting participants assign points to their
ranked choices. Again, such a scheme cannot be expected to
provide an accurate measure of intensities of preferences.
One voter may feel a strong distinction between his First
and second choices, for example, while another voter may be
nearly ambivalent.

Despite the weaknesses that are readily apparent in
decision making methods, since decisions must continually
be made, imperfect methods must be used.

B._. EXERCISES

1. (a) If runners in a marathon are "measured" according to the
position in which they finished (i.e., firat, second, ...),
what type of measurement scale is being used?

(b) If runmers in a marathon are "measured" according to the
length of time it took them to complete the race, what type
of measurement scale is being used?

(c) If Ted finished 200th in the 1980 Boston Marathon and Roger
finished 400th, would it be nmeaningful to say that Ted ran
the Marathon twice as fast as Roger?

{d) If Janet finished the Boston Marathon in 3 hours and Paula
finished it in 6 hours, would it be meaningful to say that



Janet ran the Marathon twice as fast as Paula?

(e) Explain why the answers to (c) and (d) differ.

Karen, Leon and Murray just learned of their scores on the math

test they took last Friday. Karen's score was a 95 out of 100

pogsible poirts, Leon's was 70, Murray's was 35. Which of the

following are reasonsble conclusions to draw from this
information?

{2) Leon knows twice as much mathematics as Murray does.

(b) Karen got more test answers correct than Leon did.,

(c) The amount of mathematics that Leon knows is closer to the
anount that Karen knows than it is to the smount Murray
knows,

{d) Think about: just what does a mathematics test (or any other
test for that matter} measure? How weaningful are tests as
measures of what an individual knowa?

{a) When grades (such as A,B.,C,D,F) are asgigned to a student at
the end of & course, what type of messurement scale is
involved? 1Is there a difference if numerical values (such as
4,3.2,1.,0) are used?

(b) Is the grade point average a meaningful quantity? Discuse.

A mother, administering a punishment to her child, was heard to

say, "This hurts me more than it hurts you.' What assumptions is

the mother making sbout measurement scales for pain when she says
that? Is her statement a meaningful one?

An argument against the "one-man-one-vote! principle is that the

vote allows no indication of strength of preference. One candi-

date can be elected over a second if 51% of the voters mildly
prefer the first while 492 vigorously dislike the first and
etrongly prefer the second, Discuss this problem, What, if
anything, can be done sbout it?

Under what conditions (if any) is it meaningful to say:

(a) I like you twice as much as I like him?

(b) It's twice as wamm today as it was on December az

(¢) Albert is smarter than Thomas?

(d) The Celtics are a better basketball team than the 76ers?

What units of measurement would be appropriate to use to compare:

(a) Distances by sir from Washington, DC to other cities,

(b) Popularity of US Presidents.

(¢) Excellence of baseball temms.

(d) Size of persons,

(e} Intelligence of peraons.

Average per capita income in Florida was $3700 in 1970 and $6700

in 1977. 1Is it valid to conclude that the average Floridian was

better off in 19777 Discuss briefly.

Conaider the following exmiple of a "clever" host who is about to

entertain two guests. NHe wishes to serve either coffee or tea --

whichever the pair of guests prefer -- but not both., As he plans
ahead. it occurs to him that one guest might prefer coffee, the
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10.

11.

12,

other tea, and he would not know which to serve. He devises the
following scheme. He will ask both guests to rank the following
seven beverages; on the basis of their rankings he will choose
between tea and coffee. The seven beverages are:

Coffee Coke

Milk Hot Chocolate
Seven-Up Orange Drink
Tea

When the guests arrive, they indulge the eccentricities of
their host and provide the following preference lists (with
preferred beverages higher on the list):

Quest A = Guest B
Tea Coffes
Coffee Coke

Hot Chocolate Seven-Up
Milk Orange-Drink
Orange Drink Milk
Seven-Up Hot Chocolate
Coke Tea

When the host surveys the pair of preference lists, he decides to
serve coffee. On what besis does he make that decision?
Formulate a valid criticism of his method. Can you find & better
way to solve his dilemma of whether to serve coffee or tea?

A school committee of five members is evaluating desegregation
plans labeled A, B and C. Individuals rank the plans as follows:

Member 1 Kamber 2 Mexher 3 Member & Member 5

A B c C A
B c A B C
c A B A B

Based on the given information, which plan does the committee aa

a whole prefer? How did you decide on their preference?

List the courses you are taking thie semester.

{a) Interssting. Rank these courses in order from the most to
the least interesting.

(b) Worthwhile. Rank these courses in order {best to worst)
based on the criterion "worthwhile for the future,”

(c) Easy. Rank these courses in order from the easiest to the
most difficult.

(d) Use the results of (a). (b) and (¢) to order your courses in
an overall ranking from "best” to "worst.”" What problems are
encountered as you try to form this overall ranking?

Ag you complete the following items, note the guestions that

arise and the difficulties that you encounter:

11



13.

(a) List at leest five activities that you really like to engage
in,

{b) Order the list, with the more preferred items near the top
and less preferred items near the bottom.

{¢) Define a ynit of measure of "liking" -- you could call it a
"ytil" -- and give the "size" of each item on your list as
measured in terms of your unit of measure.

what difficulties did you encounter im completing (a). (b) and

{c)? How did you overcome them?

Consider the following four problems:

(a) selecting a caresr

(b) obtaining a collage degree

{c) formuleting a budget

{d) managing time,

Select one of these problems that is interesting and important to

you. Make a list of choices that are aveilable within the prob-

lem. Also list the criteris you will use to select the best
thoice.

Compare this with Teresa's problem: Her choices were
Job A and Job B, her criteria were money and fun.

1f. for exmaple, you are focusing on the problem of
obtaining 8 college degree, your first hurdle may be to
decide on a major subject. Your alternstives might be:
Accounting, Biclogy and Mass Communications. Criteria for
judging these alternatives might be: the difficulty of the
course work and the probability of finding a good job after
obtaining a degree in that field.

To start your analysis it would be best to consider
only two or three choices and two or three criteris. Omce
these heve been analyzed you will see more clearly how to
work with expanded lists of choices and criteria.

Develop a subjective unit of measure -- call it a "util”’. Eval-
uate each of your possible choices according to the total number
of utils thet it provides. Rank the choices in priority order.
Reflect on the results. What have you learned from your
analysis? How can you improve it?

9, SOLUTIONS TO EXERCISES

(a) An ordinal scale,

(b) A ratio scale.

{c) The given statement is pot meaningful. We could, however,
say that Ted ran the Boston Marathon faster than Roger did.

(d) The uee of the hour as a unit of measure gives us a ratio
scale. Thus, we could say that Janet finished the Marathon
in half the time that Paula did. From this, since both ran
the same distance, we may conclude that Janet ran, on aver-
age, twice as fast as Paula did.
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