Appendix H: Interpreting and Working with Inequalities

The goal of interpreting inequalities

The goal of solving an equation was usuallyfitml one or more numbetthat could be
plugged into the equation. The goal of interpreting an inequality is to determine a range of
numerical values that work in the inequality.

Example H.1

Use words talescribe the range of numericallues that work in each of the following
inequalities.

a) 2<x<T7.
b)-2 <x<7.
c) 100 >r =4,
d) —o<y<9.
Solution:

a) The range of numericaalues is all reahumbersbetween-2 and 7, including both2
and 7.

b) The range of numericahlues is all reahumbersbetween-2 and 7, but not including
either-2 or 7.

c) The range of numerical values is all real numbers between 4 and 100, including 4, but not
including 100.

d) The range of numerical values is all real numbers less than 9, not including 9.

Manipulating inequalities

Inequalities may be manipulated in the many of the same ways as equations can be
manipulated. The main difference between manipulation of inequalities and manipulation of
equations lies in the effects of the distributive law.

Suppose tha, b andc are all real numbers, and tleat b. Then:

a+tc<b+c
a-c<b-c
cla<ch, provided that is a positive number.

cla > clb, provided that is a negative number.



The lasttwo rules indicate how manipulating inequalitiegiffers from manipulating
equation. If you multiply (or divide) an inequality bynagative numbethen this reverses
the direction of the inequality.

Working with linear inequalities

Linear inequalities are like linear equations, except that the eq(slitis replaced by an
inequality (<, ><, or>). Linear inequalities may be manipulated in exactly the saayeas
linear equations, except that multiplyitgr dividing) by a negativanumber reverses the
direction of the inequality.

Example H.2

Use words talescribe the range of numericadlues that work in each of the following
inequalities.

a) 2x+9<x-7.

o) X5 4
=2

C) 2<X+1<11.

Solution:

a) If you were solving the linear equation
—2X+9 =x-7,

a reasonable strategy would begimup like terms,and thenmake x the subject of the
equation. The working to implement this strategy would look something like this:

—2X-Xx=-7-9 Group like terms.

-3x=-16 Simplify by adding the like terms together.
-16 16 . - .

X = -y = % Makex the subject by dividing both sides b§.

The working to interpret the inequality smilar, except thayou have torememberthat
multiplying (or dividing) by a negative number reverses the direction of the inequality.

—-2X-X<-7-9 Group like terms.

-3x<-16 Simplify by adding the like terms together.
-16 16 . - .

X = ey = X Makex the subject by dividing both sides b§.

The direction of the inequality is reversed.



The range of numericalalues thatsatisfy the inequality is the set afiumbersthat are
greater than or equal to 16/3.

b) Multiplying both sides of the inequality by will get rid of thefraction, but it will also
reverse the direction of the inequality.

X+ 1<-8.
Subtracting one to each side of this inequality will maktee subject of the inequality:
X< -9.

The range of numericaklues thasatisfy the inequality is the set efumbersthat areless
than or equal te9.

¢) When manipulating the inequality,
2<X+1<11,

you need to be careful to perform the manipulations on the left side, the middle and the right
side of the inequality. Like the previous cases, the objective is to isolate

Subtracting one:

2-1<X<11-1

1<X<10.

Dividing by 3:

1ex<t,

The range of numericalalues thatsatisfy the inequality is the set afiumbersthat are
greater than 1/3, but less than 10/3, including neither 1/3 nor 10/3.

More complicated inequalities

Manipulating inequalities mainvolve raising both sides of aimequality to a power, or
manipulating fractionsthat have x in the denominator.  Manipulating these more
complicated inequalities is possible with the following rules.

Suppose tha andb are positive real numbers wigh< b. Then:

a<b’

1. 1
s

a b

Oneway to remember theecond rule ishat whenyou “flip” fractions,you reverse the
direction of the inequality, i.e. if



Example H.3

Use words tadescribe the range of numericallues that work in each of the following
inequalities.

a) 0< <4.

X+3
b) 1<43-x<2.

C) X;3 >1.
VX

Solution:

a) There ard@wo things to be careful of here. Firstly, in orderisolate x, it will be
necessary to “flip” the fraction,

1
x+3’

and youwill need to remember thallipping” a fraction reverses the direction of the
inequality. Secondly, the left side of the inequality is zero. This canridlifigged,” as it
impossible to have zero in the denominator of a fraction.

To get around this, you can break this into two inequalities and consider them separately.

To ensurghat 0 <

i3 it is enough to ensutbat 0 <x + 3, and this is accomplished
X

whenx > —3.

< 4, “flip” both sides of thisnequality and reverse the direction of

To ensureghat !
X+
the inequality:

X+ 3= 1/4

X = 13/4.



, . . 1
So, the range of numerical values that work in the mequalityT3 < 4 are allnumbers
X
that are greater than or equal to 13/4.

b) Sinceall of thenumbers and quantitiesvolved inthe inequality argoositive,squaring
the numbers and quantitiesill not alter thedirections of the inequalitiesSquaringall of
the parts of the inequality:

1<3-x<4

-2<-x<1

2>x>-1.

(Note that multiplying through byl has reversed the directions of the inequalities.)

So, all numerical values betweeh and 2 will work in the inequality.

c) As a first manipulation designed to get rid of fitaetion, you could multiply bothsides
of the inequality by/x:

X —3>Vx.

This isvalid, solong asthe square root igositive. The next manipulation would be to
square both sides of the inequality to eliminate the square root:

(x— 3y >x.

Next, multiplying out the brackets, collecting like terms gives:
X2 — 6X + 9 >X

X¥=7x+9>0

Thex-values where? — 7x + 9 > 0 can be determined by factoring and studgiach factor
(see later in this appendix), or by graphing

y=x"-7x+9

on a computer or calculator (see Figure H.0 below). The graph shatx$ - 7x + 9 >0
whenx < 1.697 and whex> 5.30277. The original inequality,

X—-3
>

X
is satisfied when > 5.30277.
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Figure H.0: A graph of =x* - 7x + 9.

Determining the sign of an algebraic expression

One ofthe most important applications of calculus is optimization. Optimization is the
science of determining howpaocesscan bemostefficiently, profitably or cost-effectively
run. Part of atypical optimization problenfrom calculusinvolves deciding where an
algebraic expression is positive and where it is negative.

This processan be accomplished by factoring the algebeaipression asnuch as you
possibly can, determining where each factor is posingnegative,and finally combining
this information using the familiar rules for multiplying positive and negative numbers:
(positivgx(positiveg = (positivg

(positivex(negative = (negative

(negativéx(negativé = (positive

Example H.4

Determine where the algebraic expression,
X+ X+ X

is positive, and where it is negative.
Solution:

We begin by factoring® + 3x* + 2x as much as ipossible. Each term irthis expression
has a common factor &f so you can factor that out:

X+ 3+ X=X+ X+ 2).

The brackets contain a quadragxpressiorthat can be factored in thesual fashion (see
Appendix B and Appendix D) to:

XC+X+2=K+ 1))+ 2).
Thus,
X+ 3+ 2X=X(X+ 1)K+ 2).



Next, the places where each of the three factors are positive and negative can be determined.

The first factory, is positive whemx > 0, and negative wher< 0. Thesecondfactor,x + 1,
is positive wherx > -1 and negative when< -1. Lastly, thethird factor,x + 2, is positive
whenx > -2, and negative when< —2.

Number lines can be a usefidvicefor organizing the information about the three factors
(see Figure H.below). The information about thexpressionx® + 3x* + 2 can be
deduced by reading down the numliees, and applying theules formultiplying positive
and negative numbers.

- - 4 - - _- - - - |+ + +
X
- - 4 - _ _ + + + + + +
X+1
- - 4+ + + + + + + + +
X+2
4 + + + - - - |+ + +
Product of
the three
-2 -1 0

Figure H.1: Number lines for determining the signcof 3 + 2.
So, the conclusion is that the algebraic expressierdx® + 2 is:

* positive when-2 <x <-1 and whex > 0, and,

* negative wher < -2 and wher-1 <x < 0.

You can check these conclusions by graphing the algebraic expressior 3x* + 2x on
a computer or calculator (see Figure H.2 below).

-
[

[-2.5, 1K[-1, 2]
Figure H.2: The graph of=x%+ 3 + 2.

In today’sworld whereyou will have ready access to graphing calculators emahputers,
the ability to deduce where an algebraic expression has positive numaitiesindwhere
it has negative numerical values is probably not as importantiasdtto be.After all, you
canjust graph a formula and sé& yourselfwhere thegraph isabove thex-axis (this is
where the formula is positiv@ndwhere thegraph isbelow thex-axis (this iswhere the
formula is negative). Thé&ind of analysis presented here is still importéot three
reasons.



1. If you don’'thave acalculatoravailable toyou for somereason, theryou can still
determine the sign of an algebraic expression.

2. The skills you develop here can help you to buildirmitive” sense ofhow algebraic
expressiondehave. This intuition can help to guidgour efforts toanalyze mathematical
expressions and problems more effectively.

3. Youcan double-check the answelat you obtain with a calculator orcomputer -
especially if the algebraic expression is one that a calculator is not able to display very well.
Interval notation

An easy way to write ranges of numerical values is to ugsdmterval notation. A closed
interval [a, b] indicates all real numbersfor whicha< x< b. Closed intervals include their
endpoints. An open intervad, (b) indicatesall realnumbersx for whicha <x <b. Open
intervals exclude their endpoints. Half-open or half-closed intervals are denogedhpgr(
[a, b). These notations indicate all real numbei® whicha <x < b (that is, open & and
closed ab) anda< x <b (open ab and closed &) respectively.

Caution: The notatio3, 4) can benterpreted as the poi(8, 4) or as thepeninterval
consisting of all numbers strictly between 3 and 4. Context determines the meaning.
Exercises for Appendix H

For Problems 1-10, use words to describe the range of numerical values that will satisfy the
given inequality.

1. x+3>0.
2. -1<2.

1
3x+1

4. yu-1=3.
5. kK <9.

<2

1
6. ?>4.

1-x
X2 +7

<0.

8. W +2w+1<0.
9. -3(p+7)>0.

10. 2+1>0.
X



For Problems 11-20, use words to describe the range of numerical values that will satisfy
the given inequality.

X

11. O< <1

V1+ X2

12. -1<4x+3<1.

13. 1< J1+x? <2.

2
1-2u <3
1+ 2u?

15. O<i—2<1.
X+1

14, -2<

16. 0<t®>+t-2.

—

17. 0< | = <1.
V32
18. -6 <|y +5 <10.

19.%> 1 .
X 4x -4

20. Vx*+1<+1-x.

For Problems 21-25, decide where each of the following algebraic expressions is positive
and where each of the following algebraic expressions is negative.

21. W2 - 4.
22. U -u.
23. €l + 1).

r+2

24. )
r-1

o5 Y *3y+2
y+3



Answers to Exercises for Appendix H
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All real numbers greater than-3.
All real numbers less than 3/2.
All real numbers greater than-1/2.
All real numbers greater than or equal to 10.
All real numbers between-9 and +9 (not including either-9 or +9).
All real numbers between-1/2 and +1/2, excluding-1/2, +1/2 and zero.
All real numbers greater than or equal to 1.
There are no real numbers that satisfy this inequality.
All real numbers less than-7.
All real numbers greater than zero, and all real numbers less than -1/2.

. All real numbers greater than 0.
. All real numbers greater than-1 and less than-1/2.

All real numbers greater than 0 and less than 1.

All real numbers.

All real numbers greater than 1/3 and less than 1/2.

All real numbers greater than 1 and all real numbers less than2.

. All real numbers greater than 0 and less than 32.

All real numbers greater than—15 and less than 5.

. All real numbers less than 1.

All real numbers greater than—1 and less than zero.

. Positive whenw < -2 or whenw > 2. Negative whenr-2 <w < 2.
22.

Positive when-1 <u < 0, and whenu > 1. Negative whenu <-1 and when 0 <

u<l.

23.

24

25.

Positive whert > -1. Negative whert <-1.

. Positive wherr > 1 and whenr <-2. Negative when-2 <r < 1.

Positive when-3 <y < -2 and wheny >-1. Negative whery <-3 and when-2

<y<—1,



