Math Xa Fall 2001

Homework Assignment 14: Solutions

1. The initial fish population can be calculated by substitutm@ into the equation,
N(t) =a+200(e™.
This gives an initial fish population af+ 200 fishes. Asincreases, the number of
fish in the tankwill decrease You can seethat this is what will happen by
examining the behavior of the equation Ifigt) term by term.

* Firstterma: This is a constant and will be equala@egardless of
what the value dfis.

e Second term, 208" Re-writing thiswithout the negativesign in
the exponent gives:

200Ce™ =200 %5

The numericalvalue ofthe special numbee is about2.72. The really
important fact about the special numbés that it is greater thaone, aghis
means that the second terniNgf) will be a decreasing exponential function.
Therefore, overall,
N(t) = (constant) + (decreasing exponential function)
so in the short term, | would expect the numbers of fish in the tank to decrease from
their initial level of 200 +a fishes.
2. In the long term, the first term bdft) will stay constant, and the secatedm of N(t)
will get closer and closer to zero. Therefore, in the long t&thwill resemble:

N(t) = (constant) + (quantity getting closer and closer to zero)

so in thelong term, 1would expect thdish population to decrease until thexere
approximatelya fish left in the tank. The population should stabilize at this level.



There aretwo reasonably sensible predictiotisat you could make about the
appearance of the graphyot f(x) nearx = 2. Recall that is the function defined
by the equation:

_x3-xP-x-2
x-2

f(x)
Either of these predictions is acceptable, so long as it is accompanied by:
(D An analysis of the algebraic structure of the equatiof(xprand,
(I A graph that is consistent with that analysis.
e Prediction 1: Notice that the denominator of the equatiorf(r,

_x3=-x*P-x-2
X—2

f(x)
includes the factorx(— 2). Thismeans that wher is near 2gevaluatingf(x) will
require division by aery smallnumberthat is close to zeroWhen youdivide a
guantity by a number that is very close to zero, it makes the vesylarge overall.
Based on this analysis,would predict that thgraph ofy = f(x) should show a
vertical asymptote at= 2.

Based on this prediction, the graphyeff(x) could resemble any of the following.

Figure 1(a, b, ¢, d): Possible appearances of the graph pf= f(x) nearx = 2, based on the prediction that
y = f(x) will have a vertical asnptote at x = 2.

* Prediction 2: Notice that the denominator of the equationffey,

_x3-xP-x-2
X—-2

f(x)
includes the factorx(— 2). Thismeans that whenr is near 2gvaluatingf(x) will
require division by arery smallnumberthat is close to zero.However,also note
that whenyou substitutex = 2 into the numerator of the equatian f(x), you get
zero. Therefore, whexis near 2, botlthe numerator and the denominator of the
equation forf(x) are both close to zero. Ordinarilyhenyou divide by something
that is very close to zero, it makes the quotient very large overall. However, when the
numerator of the quotient is also a timymber, theesult ofdividing by something
close to zero may not be too large. Based on this reasoning, | would tvgbebe



graph ofy = f(x) would have ahole in it nearx = 2, butthat there would be no
vertical asymptote.

Based on this prediction, the graptyef f(x) could resemble the following.
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Figure 2: Possible appearance
ofy = f(X) based on prediction
of no vertical asymptote near
X=2.

The graph from a TI-83 is showhelow. This graphclearly showsthat f is not
defined aik = 2 as there is a hole in tigeaph there.There is novertical asymptote

atx = 2. This situation appears to correspond to the second predictiorabuae-

that the effect of the small numerator will compensate for the small denominator, and
the graph of =f(x) will not have a vertical asymptotexat 2.
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Figure 3: Graph of
y = f(X) from TI-83.




Using the fact that:
(x—Z)EQX2 +x+1) =x°-x* —x -2

you can re-write the equation figk) as follows:

¥ =x% =¥ — X —=2)x? +x+1 X — 5
f(x) = N 2=( )(3_2) ):Ex_gmx +x+1).

Whenx is near 2, the value &) will be approximately equal to:

(x-2)

) [fx* +x+1) =10f2° +2+1) = 7.

f(x) =

So, ax approaches 2 from either thedt or the right, thevalue off(x) will be close
to 7. In terms of the appearance of the graipis, meanghat instead ohaving
vertical asymptotes that shoot up toe ar plunge down te-w, the graph ofy = f(x)

will simply get close to a height of 7 aglets close to galue of 2. (Seethe values
of f(x) obtained by tracing the graph below.)

H=CA3-R2-H-2)2 (H-2) H=CA3-R2-H-2)2 (H-2)
%=1.978723Y ¥=6.8940697 . H=2.0242766 ¥=7.1068357 .
Figure 4(a): Result Figure 4(b): Result

of tracing on the graph of tracing on the graph
ofy = f(x) slightly to ofy = f(x) slightly to

the left of x = 2. the rght of x= 2.



