Math Xa Fall 2001

Homework Assignment 15: Solutions

1. To create a functiothat would approximate the populationKénya as a function
of time, | first entered the data into a graphing calculatornaade aSTATPLOT to
see if there were any distinct patterns or trends in the data.

To makethings slightly easiefor the calculator, | enteretyears since 1900” as
the independent variable, rather than just entering the year. You can seentiers
that | enteredand the plotthat the calculatoproduced in Figures 1(a) and 1(b)
below.

Zh=1352000

_Figure 1(a): Some of
the data entered into

Figure 1(b): STAT-

PLOT produced by

the calculator. agraphing calculator.

The overall pattern revealed in the plot is an increasmgave ugunction. Often,

exponential and power functions (where the power is greater than 1) do a reasonable

job of representing these kind of relationships. Trying exponentialpaner
regression on a calculator gave the results shown in Figure 2, below.
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ﬁgure 2(a): Results
of performing a power
regression on the data.

_Figure 2(a): Results
of performing an
exponential regression
on the data.

Even when the data is modiffedo that the poweregression does nencounter a
domain error, the results of power regression are quite disappoi Engexample,
the correlation coefficient ionly about0.84.) Based orthese results, the
exponential function:

! The main thing that is upsetting the calculator with the power regression is the fact hat one of
the data points. A simple modification of the data is to add one to eachxefahees, so that now
represents the number of years since 1899, rather than the number of years since 19Q6: (Gmoe
longer a data point, the calculator will happily perform power regression.



P = 1316498.846%(1.032077091)

(whereP is the population oKenya andT is the number ofears sincel900)
seems to dahe best job of representinghe relationshipbetween time and
population.

The completed table shownbelow. Usingthe functionfound in Question 1, the
difference quotient will be:

1316498.846* (1.032077091)°*" - 1316498.846 * (1.032077091)*
h

whereh is a very smalhumber. Notethat “60” appears in the exponent as the
equation fromQuestion 1 usedyears since 1900” asthe independentariable,
rather than simply just the year.

To complete the entries in the table, you evaluate the difference quiEmiabove
for the values oh.

h -0.1 -0.001 | -0.000001 0.000001 0.001 0.1
Difference 275920.65| 276352.11 276357.4 276355.6 27636083 276793.20
Quotient

at t=1960

The slope of atangent line is equal to thestantaneousate of change of the
function at the pointvhere the tangent line isased (see Figure I®low). The
instantaneousate of change of a function is equal to timiting value of the
difference quotient as — 0.
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Figure 3: The graph of a function and the
tangent line to the function based at the
point (3, 2).



From the table in Question 2, the limiting value of the difference quotient-{a®)
will be somewhere between 276357.4 and 276355.6. Averaging these fya® a
that will be close to the actual value of the limiting value (i.e. close to the atdpal
of the tangent line):

_ 276357.4+ 276355.6

Sope
P 2

= 276356.5.

The equatiorfor atangentline will be alinear function, that is, #unction of the
form:

y=mlT +b.
The slope ofthe tangentine, m, is: m = 27356.5. To findhe intercept of the
tangentline, note that the tangent linast brusheghe graph ofthe population of
Kenya at the poimivhereT = 60. At thispoint, the height of thpopulation graph
is:
P = 1316498.846*(1.032077091)F 8752835.496.

SubstitutingT = 60, m = 276356.5, angt = 8752835.496nto the equatiorior the
tangent line gives:

8752835.496 = (276356.5)*(60)bt
so that: b =-7828554.504 and the equation for the tangent line is
y = 273656.5T — 7828554.504.

A graph showing bothhe exponential function and the tangéne is given as
Figure 4 (below).
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_Figure 4: Exponentia
function representing
population of Kenya
and tangent line based
at T = 60.

For 1920, the appropriate difference quotient will be:

1316498.846* (1.032077091)*" - 1316498.846* (1.032077091)”°
h b

whereh is a very smalhumber. Notethat “20” appears in the exponent as the
equation fromQuestion 1 usedyears since 1900” asthe independentariable,
rather than simply just the year.



To complete the entries in the table, you evaluate the difference quiemiabove
for the values oh.

h -0.1 -0.001 | -0.000001 0.000001 0.001 0.1
Difference 78036.66 78158.689 78160 78159.7 78161.1 78283.44
Quotient

at t=1920

The estimate for thderivative orinstantaneousate of change of population &t=
20 is then:

_ 78160+ 78159.7

Sope = 78159.85.

Performing similar calculationf®r 1940 and 198@ives theresults summarized in
the table given below.

Year T Instantaneous rate of change
or derivative of population

1920 20 78159.85

1940 40 146969.4

1960 60 273656.5

1980 80 | 519652.5

Finally, weend as we began by trying to find an equatmna set ofdata points.
Entering the data (see Figure 5(a)) intcakculator andyraphing (see Figure 5(b))
shows a concave up, increasing relationship betWwesrd the instantaneouate of
change.

Lzi=78159.85
Figure 5(a): Data
entered into calculator.

Figure 5(b): STAT-
PLOT of instantaneous
rate of chage.

As noted previouslyboth exponential and power functions (whiée power is
greater than one)an do a reasonable job in these situations.
and power regression gives the results shown in Figure 6 (below).

Trying exponential
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Figure 6(a): Results _Figure 6(b): Results
of performing exponential of performing power
regression on data. regression on data.

Based on these resulthe exponential functidnseems to do detter job of
representing the relationship because the correlation coefficient is closer to one. So,
the equationfor the instantaneous rate of change as a function of time is:

Instantaneous Rate of Change of Populatmi1566.233*(1.032026464)
with Respect to Time

2 As you will learn in the next few weeks, this is no accident. One of the things that you will learn is that
the derivative of an exponential function is another exponential function.

% 1f you look closely, you will see that the growth factor of this function (about 1.032) and the growth
factor for the population function (also about 1.032) are remarkably similar. Again, this is no accident.



