
CHAPTER 11

A Portrait of Polynomials and Rational F\rnctions

section 11.1 A Portrait of cubics from a calculus Perspective

Problem 1.
Answers will vary; one possibility is: /(o) : x(x * 2)(r - 3)'

Problem 2.
Answers will vary; one possibility is: /(o) : |(o + l)(x - 2)2 '

Problem 3.
Answers will vary; one possibility is: /(r) : -(r - 1)3'

Problem 4.
Answers will vary; two possibilities are:

Problem 5.
Answers will vary; one possibility is:

Problem 6.
Answers will vary; one possibility is:

/(") : Lrxs - a2 and /(c) : (r * l)(a - 2)2 '

l@)  : ( "  -  l ) t  :  13  -3o2  +  3o  -  1 '

" f ( " )  : a 3 + s .

t*ot;nJ";s 
w1r vary; one possibility is: /(c) : -fitr-3)3. As / is always decreasing, / must have exactly

one zero. Hence, / is of the form f (*)! k(t 
jt3):' *he'e k 2 o it " constant' Using J(0):2' we have

that 2 : fr(O - 3)3' from which we obtain X: -*'

Problem 12.

( r )  / ( r )  = , . 3 - 3 c t 1  +  ! ' ( r ) : 3 r 2 -  3 : 3 ( r 2  - 1 )  : 3 ( r + 1 ) ( c - 1 ) ' 0 :  I ' @ )  - " =  
- 1  a n d s : l

a re thec r i t i ca lpo in t s '  Now/ " ( r )  : 6s  g i ves  / " ( -1 )  
-  - 6<0and  / " (1 )  

-6  >  0 '  The re fo re '  t :  - l

is a local ma><imum point and o: 1 is alocal minimum point. Moreover neither of these critical points

are absolute extreme points because 
"lg5/(r): 

oo ard 
,lim*-f(c) 

: -oo'

( U )  / ( r ) : s 3 * 3 r * 1 +  f ' ( " ) : 3 r 2 + 3 : 3 ( r 2 + 1 ) '  0 :  f ' ( , ) + 1 2  =  - 1 '  H e n c e t h e r e a r e n o r e a l  v a l u e s

of " for which 0: .f'(r) and consequently no critical points'

Problem 13.

( " )  / ( r )  = - n 3 - J a z + 9 o * 5  + ! ' ( s ) : - 3 x 2 - 6 c * 9 : - 3 ( c + 3 ) ( c - 1 ) .  N o w 0 : " f ' ( c ) * c : - 3 o r

o : 1 .  N o w  f , , ( s ) : - 6 x - 6 , a n d h e n c e / " ( - 3 )  : L 2 )  0 a n d / " ( 1 )  -  - 1 ' 2 < ! ,  T h u g t h e r e i s  a l o . c a l

minimum at r: -3 and a local mocimum at, s': r. As,l]IL f (r): -oo and 
"]iT-/(s) 

= oo, neither

of the local extrema are absolute extrema'

( u ) / ( ' ) : r 3 + 3 r 2 * 9 o * 8 + f , ( g ) : 3 o 2 + 6 g + 9 : 3 ( r 2 * 2 r t 3 ) . N o w 0 : ! | ( a ) + . a : ' P
Hence there are no real valuesof s for which 0 : I'@) and consequently no critical points'



Problem 2.
Answers will vary; one PossibilitY:

Problem 3.
Answers will vary; one possibility:

Problem 4.
Answers will varY; one PossibilitY:

Problem 5.
Answers will varY; one PossibiiitY:

Problem 6.
Answers will varY; one PossibilitY:

Problem 7.

Answers will vary; one possibility:

one turning Point'

(d) Definitely false. "IT-f{t) 
:

odd number of turning Points'

(e) Definitely true. "IT- 
ftt) :

odd number of turning Points'

P ( o ) : ( r - 1 ) ( r + 3 ) .

P ( r ) : o ( o + 1 ) ( o - 5 ) .

P ( t ) : c a + 5 '

P(c) : @ - rt)n.

P(c )  :  a ( r  -  9 )2 ( t -  3 ) ( r  +  e ) '

( c - z r - 1 ) 3
P ( r ) :

l i ,"i

Problem 8.
Answers will vary; one possibility: P(o) : (r * 3)4 + 2'

Problem 9.
p ( r ) : k ( r - 2 ) z ( r + 3 ) 2 , f o r s o m e / c l 0 . N o w - 2 : P ( 0 ) : k ( a ) ( g ) : 3 6 k = + * : - * ' T h i s a n s w e r i s

unique.

Problem 15.

(r) /(s) :2ss + 2,.2 - 12r : 2s(s+ 3)(s - 2)' The zeros a're tr : -3' 0' and 2'

(b )  g ( " )  :  2a3  +2 r2  + l2 t  :  2 r ( r2+  r  +5 ) '  Now i f  12  +  r *6  =  0 '  t hen  r  =

which are not real solutions' The orriy zero is s = 0'

Problem 17.

( a )  P ( r )  : ' - 3 - ' . 2 - 4 x l _ 4 : ( r 2 - a ) ( ' - 1 ) :  ( r + 2 ) ( x - 2 ) ( r - 1 ) '  T h e z e r o s & r e  r : - 2 ' 1 ' a n d 2 '

( b ) Q ( r ) : 1 ' . 3 - s 2 + 4 r - 4 : ( x - 1 ) ( " 2 * 4 ) ' N o w a 2 + 4 : 0 h a s n o r e a l s o l u t i o n s ; h e n c e ' t h e z e r o i s o = 1 '

Problem 22.

(a) Definitely false. A polynomial that is symmetric about the origin has odd degree'

(b) Definitely true. A polynomial that is symmetric about the origin has odd degree'

(c) Definitely false. A polynomial that is symmetric about the origin has odd degree' and odd-degree

polynomials have at least one zero'

(d) Definitely true. A polynomial that is symmetric about the origin has odd degree, and odd-degree poly-

nomials have at least one zero'

Problem 23.

(a) Definitely false. An even-degree polynomial can be symmetric about the g_a:cis but not the origin.

(b) Possibly true' Ttue if P(r) : oa; false if /(o) = 14 + 13 ' 
^ '-, \

( c ) D e f i n i t e l y t r u e . , I r _ r i r ) : r r g g p ( r ) : f , w h e r e L : ! a . A s P ( 0 ) : 0 ' P ( o ) m u s t h a v e a t l e a s t

"lgf1r) 
= .L, where L : too' which implies that P(c) must have an

"lggf1") 
: L' where L: Lq'which implies that P(c) must have an


