Math Xb Spring 2002

Homework Assignment 2: Solutions

1. The slope field for the equation: ~ N'(T) = -0.65 [[N(T) — 43,200).

is given below. Clearly, thelopefield given here was drawnvith the aid of a
specialized computer programSo long as your sloffeld resembles thipicture
in its qualitative features, your answer will be perfectly acceptable.
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2. The solution curve thgiasses througthe point(1, 29400) is shown (in green) on
the slopefield given below. Again, this graphwas producedwith the aid of a
computer prograf So long as your graph is consistevith the qualitative
features of the picture shown below, your answer will be perfectly acceptable.
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! The program used for this picture was the computer algebra system Maple 6. If you are familiar with
Maple 6, the specific commands used to produce the picture were:
[> with(DEtools):

[> dfieldplot(diff(N(t),t)=-0.65*(N(t)-43200),N(t),t=0..6,N=0..60000,
arrows=line);

2 The Maple 6 program was also used to produce this plot. The commands for this plot were:
[> with(DEtools):

[> DEplot(diff(N(t),t)=-0.65*(N(t)-43200),N(t),t=0..6,N=0..60000,
[[N(1)=29400]],linecolor=green,arrows=line);



The equilibrium solution(s) of the equation:
N'(T) = -0.65 {IN(T) — 43, 200).
are the places where the derivativgT) is equal to zero. Settiny’(T) =0 gives:
-0.65{N(T) - 43200) = 0
N(T) - 43200 = 0
N(T) = 43200.

Therefore there is only one equilibrium solutio@raphically, it is a horizontdine
at a height of 43200.

To classify an equilibrium solution, it is usually best to contdislopefield and
read the slope field from left to right.

* If the little line segments appear to latracted towards the equilibrium

from aboveand frombelow then the equilibriunsolution is astable
equilibrium .

« If the little line segments appear to be repelle@dyfrom the equilibrium

(both above and below) then the equilibriursolution is anunstable
equilibrium .

« If the little linesegmentsare attracted oone side othe equilibrium but

repelled on the otheside, then the equilibriursolution is asemi-stable
equilibrium .

The slopefield for the equation:N'(T) = -0.65 [{N(T) — 43,200) is given below.

Near the height ofN(T) = 43200, thdittle line segments appear to |latracted
towards the equilibrium. Therefod(T) = 43200 is a&table equilibrium.
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The answer is{c).
How could you discern that the answer should be (c)? Here is one approach:
* If you have a look at the slope field, you can disceme placesvhere there are
probably equilibriumsolutions. The two places thastand outare the horizontal
lines:

yit)=0 and y(t) = 2.

Therefore, the equation thabu selectshouldhaveequilibrium solutions at both of
these locations. Iyou check the equatiorthat you are given,you will be able to
see that all of these equations ha{f¢) = 0 on the horizontal lineg(t) = 0 andy(t)
= 2. Thatdoesn't help much in this particulaproblem, but it might help to
eliminate some possibilities in another problem.

» Next, if you examining theslope field, you can discern the nature oéach of
these equilibrium solutions. They are:

- y(t) = 0 is an unstable equilibrium
- y(t) = 2 is a semi-stable equilibrium.

In an equation like:

y'(t) = y(t) fiy(t) - 2]

factorsthat areraised to an odghower (1, 3, 5,etc.) usually produce stable or
unstable equilibrium solutions in tlstope field. Factor¢hat areraised to areven
power usually produce semi-stable equilibrium solutions irskbyge field. So you
would expect the slope field of an equation like

y (1) = y(t) fiy(t) - 2|°
to showeither a stable or an unstable equilibriumy@ = 0 and a semi-stable
equilibrium aty(t) = 2. This observations narrows thessible choicedown to the
equationga) and(d).

* Finally, if you have alook atthe slopefield, you can sedhat wheny(t) = 3, the
little line segmentsare pointingupwards. This indicatethat wheny(t) = 3,
y'(t) > 0. If we go ahead and substity(¢) = 3 into equationga) and(d) we get:

Equation (a): y'(t) = y(t) fy(t) - 2] =38-2] =3>0.

Equation (d): y'(t) = -y(t) fy(t) - 2] = 3(B-2] = -3 <0.

Therefore,only equation(a) is completelyconsistentwith the appearance of the
slope field that was given in the homework assignment.



The answer is{l).

To see howyou could possibly arrive atthis conclusionyou can gothrough an
analysis similar to that presented in the solution to Question 4.

* Firstly, if you factor the equation then you can obtain:

y'() = v y(t)* =1 = y(t) dy(0) + 4 () - 1.

The derivativey'(t) will be equal to zero whey(t) = 0,y(t) = -1 andwheny(t) = 1.
This suggestghat therewill be three equilibrium solutions, antthat they will
resemble horizontal lines located la¢ights 0,-1 and 1. This observation
immediately eliminates slope fiel@$) and(lll) from contention.

* Next, from the fact that the power of each factor in the equation:

y'(t) = y(O fy(t)* =1 = y(O) ty(t) +1] fiy(t) -1

is equal to 1, you would expect each of the equilibrium solutions to be a stable or an
unstable equilibrium. Inspecting the slope figllsand(1V) reveals that all of the
equilibrium solutions on these slope fields are either stable or unstaltites point

does not help you to decide between slope fi@)dand(1V) .

* The final test is to selectvaluefor y(t) and substitute this intthe equation for
y'(t). Let's tryy(t) =2. Then:

y (t) = y(t) fy(t) + 1 fy(t) -1 =22 +] (J2-17 =6 >0.

As the derivative is positive fgft) = 2, you would expect thiétle line segments on
the slopefield to point upwardsvheny(t) = 2. Slopefield (1) doesthis, whereas
slope field(IVV) does not.



