Math Xb Spring 2002

Homework Assignment 9. Solutions

1. The suggested interpretatifor the expectedalue ofthe total of two dice igjiven
below. (Remember that in Homework 5, the expectdoe ofthe total of two dice
was calculated and found to be equal to 7.)

Suppose that you threw the dice many times and recorded the toyauhgdteach
time. If you were to average all of theumbersthat you hadrecorded, then you
would get an average that was very close to 7.

Translating this intdhe context of anaval aviatorattempting to land on an aircraft
carrier, you might give an interpretation like this:

Supposethat the pilot (over theourse of his or hecareer) made many carrier
landings and that the number of attempts that he or she needed to land was recorded
each time. lfyou were to average all of theumbersthathad been recorded, then

you would get a resulthat is veryclose to the expectedhlue ofthe number of
attempts to land that the aviator needs to make.

Although you were not required to do so, you could also express this expaiced
with an equation resembling:

Total Number of _Attempts_in_Career
Total _Number of Landings_in_Career

Expected value =

Giventhis interpretation othe expectedialue, 1 would imagine that the expected
valuewould be a finite number. Theeasonshat | havefor imagining thatthis
would be the case are:

» Even if the naval aviator has a very long career, f[shewill makeonly a
finite number of carrier landings. (This might be a prettyrhighber,but it
will be finite nevertheless.)

* Even aminimally competent carrier-qualifieaviatormanages to land on
his or her first few attempts in thvastmajority of cases. (Remember from
Homework 5 that there was7&% chance of landing on tHest attempt, a
93.75%chance of landing on tHest two attemptsetc.) Thereforegvery
time a naval aviatoattempts to land on a carrier, | would expect them to
successfully land after at most several (but never a lot) of attempts.

Therefore, | would imagine that the totmimber of attempts to larthat anaval
aviator makes during his or her career would be a finite number. Provided that he or
she hasactually made at leasihe successful landing duritngs or hercareer, the
guotient of the number of attemptser thenumber of landingsvill be a finite
number.



In terms of the behavior of the infinite series:

i k [0.75) [{0.25)™*

| would anticipate thafif this infinite series does seasonable job of representing
the situation of landing on an aircraft carrier) as this infinite sermgigosed to be
the expected value of the number of attemptartd, then the infiniteseries should
add up to a finite result and therefemverge

One way to mathematically demonstrate that the infinite series:

i k [{0.75) [{0.25)**

converges is to use tii&atio test When you apply theatio test,you can organize
your work into the following four steps. This is sometimes helpful to keep you sure
of what you're doing, and tomake sure that you don’t accidentallyforget an
important step in the application. The four steps are:

Step 1: Identify the “general term” of the series.
Step 2: Find the quotient of subsequent “general terms.”
Step 3: Calculate the limit of this quotient &s- co.
Step 4: Interpret the limit using the table given below.
Value of the Limit Interpretation
O<Limit<1 The Infinite series converges.
Limit>1 The Infinite series diverges.
Limit=1 The ratio test Is inconclusive, so you neeq
to try something else.

Performing these steps with the infinite sergsk [{0.75) [{0.25)* :

1

Step 1: The general term of the series is{{0.75) [{0.25)™*
Step 2: The quotient of subsequent general terms is:
(k+1)0.75)0.25)" _ (k+1)[{0.25)" _ (k+1){0.25) _ 0.25[k +0.25

k [{0.75) [{0.25)"™* k[{0.25)" k k



Step 3: The limit of this quotient ak — o« can be determinedsing exactly
the same kind of reasoning that ywould haveused in Math Xa to
decide whether a rational function had a horizontal asymptote or not.
That is,you can compare the highest powerskoin the numerator
and denominator. If the powers are equal theriieask — oo is
just the ratio of these highest powers. In this case, the highest
of k in the numerator ik' and the highest power df in the
denominator is alsk’. Therefore the limit of the quotient is:

0.25[k
k

= 0.25

Limit of Quotient

Step 4: As the limit of thequotient is greater than or equal to zero ksd
than 1, the interpretation is that the infinite series:

i k [{0.75) [{0.25)*

converges.

In this problem, the infinite series that you were asked to investigate was:

- L
2k
where the symbd! represents the product afl of the positiveintegers from 1 up

tok. Thatis:
ki = 12300k - 1)K

Whentrying to analyze theonvergence/divergence of an infingerieslike this,
your best firstline of defense is probablthe n™ term testfor divergence. Put
simply, then™ term testfor divergenceassertsthat if the“general term” of the
series approaches a non-zero limikas o then the infinite series must diverge.

. .1 . .
In this case the general term of the serlesl?ls: Ask - o, the denominator of this

) 1 .
fraction becomes enormous, ?(? -~ 0 ask —» . Remember thahis does not

mean that the infinite series cohverges. After allnthierm testfor divergence is a
test fordivergencenot convergence - the™ term testdoes notell you anything at
all about the convergence of an infinite series.

Perhaps the next beste of defense is to try to apply thatio test to the infinite
series. The steps in doing this are shown below.

e .1
Step 1: The general term of the infinite serles?(slz



Step 2: The quotient of two subsequent general terms is given below.

Wy Ko 1zoL.Ok-1)x 0 1
L (k+1 1230.0k-)kik+1) (k+1)
Step 3: The limit of the quotient (as — ©) is equal to zero.
Step 4: The interpretation ofthis limit (zero) is that the infinite series
converges.

[

Therefore, the final answer to this problem is that the infinite Sgl?(? converges.
=] -

4, In this problem, the infinite series that you were asked to investigate was:
© (1.01)
Zl 1+k?
There aretwo ways thatyou could analyzethis infinite series to try todecide

whether it converges or diverges. yju aregood atcalculating limits ak - oo
then you could establish that the limit of the “general term” is:

Lim (1.02)"
= +o00,
k — 00 1+ k2
With this result, then™ term testfor divergenceestablisheghat the infiniteseries
o k
Z% must diverge.
= 1+Kk

A secondway thatyou could havetackledthis problem would be toisethe ratio
test. Very briefly, thestepsinvolved in performing the ratio tedor this infinite
series are as follows.

k
Step 1: The “general term” of the infinite series i 11:)?2 .
Step 2: The ratio of subsequent general terms is:

(1.o1)<**

byt L (0D [14K) (L+K’) _1o1+1010

(1+k3)
G (1 (+ 1)) (LODF = (1.02) T+ (k+1) = (1.02) [

1+k?

2+2[k+k2) 2+ 2K +k?



Step 3: The limit of this ratio a& — o will be the ratio of the powers ¢
in the numerator and the denominator. Therefore:

2
Limit of quotient = ﬂ
k
= 1.01
Step 4: As the limit of the quotient is greater than 1, the infisi@ies must

diverge.

In this problem, the infinite series that you were asked to investigate was:

=k
leuku'

Testing the‘general term” ofthe serieswith then™ term test as th#irst line of
defense” gives that:

Lim k
K-> 02k+1

1
>

As the “general term” othe infinite series approaches a non-zénat ask — oo,

00

the infinite seriesz 5 K

=1

must diverge.

Onefinal note regarding Problem 5You might havebeen tempted tekip the n™
term test and apply the ratio test to this series immediatejyoulhad doneso, you
would have obtained that the limit of the quotient is equal toK. -ase. In such a
case the ratio test is inconclusive and tgtlsl nothingabout the convergence or
divergence of the infinitseries. Despit¢he fact that the ratio test isseless for
deciding whether this particular series convergedimrges, tha™ term test easily
shows that the series diverges.



