Appendix E: Manipulating Fractions

The rules for manipulating fractions thavolve algebraicexpressionsre exactly the same
as the rules for manipulating fractions that involve numbers.

The fundamental rules for combining and manipulating fractions are listed belowusdhe
of these rules are illustrated more completely later in this appendix.

a) Adding fractions

§+9:am+b®
c d c[d

b) Subtracting fractions
E_E:am—bﬁ

c d cld

c) Multiplying fractions
agp_ab

cd cld

d) Dividing fractions

k_a Bq = atd “Invert and multiply.”
o

b c b bl

Numerator and denominator
Fractions express a ratio of two quantities. For example, the fraction

a

b

expresses the ratio of quantdyto quantityb. The quantity thaappears on the top of the
fraction is called the numerator. In this case, the numerasor e quantity thaappears
on the bottom of the fraction is called the denominator. In this case, the denomibator is
Finding a common denominator

Adding and subtracting fractions usually requires a common denomithaitois, all of the
fractions involved have the same denominator.

Example E.1

Find common denominatorgor the following collections of fractions. Express the
fractions using this common denominator.



1 1
X2 +2x+1 x +1°

Solution:
a) The common denominator i%.2 The twofractions can bexpressed bynultiplying

both numerator and denominator (top and bottormyvbgteverfactor is needed toonvert
the denominator to the common denominator.

1_1x. i

5 2 X
1_12_2
X X 2 2X

b) A common denominator can always be obtainedulsy multiplying each of the
denominators together. A possible common denominator is

X — X) =X = X2,

Expressing the two fractions using this common denominator:

Note, however, that - x-x[(b< 1). The significance of this observation is that sixice
— as factors. So, ¥’ — x is already a
common denominator for both of these fractlons and could be used instéadkof

c) Oneway toobtain a common denominator is to just multifflg denominators of the
two fractions

1 1
X2 +2x+1 x +1

together. Howevex? + 2x+ 1 = k + 1F. Sincex + 1 is a factor ok® + 2x + 1,x* + X +
1 can be used as a common denominator. Expretgngvofractions usinghe common
denominator® + 2x + 1:

1

X2 +2x +1



1 1 E?Hl— x+1
Xx+1 Xx+1 x+1 x2+2x+1

The advantage afsingx’ + 2 + 1 as a common denominator (rattemn, say, the more

obvious Kk + 1) + 2 + 1) =X + 3 + 3x + 1) is that the fractions that you obtain using

the common denominator are usually the simplest possible.

Adding and subtracting fractions

Fractions can only be added and subtractechen the twofractions have the same

denominated. If théwo fractions do nothave the same denominator, then a common
denominator must be found before the fractions can be added or subtracted. The necessity

of finding a common denominator is why the product of the denominators (i.ebld)
appears in theules expressetielow. Expressed usinglgebraic symbols, theules for

adding and subtracting functions are:

cd dec c[dl

Example E.2

Evaluate and simplify each of the algebraic expressions.

1 1
a) -—.
X+h X
2
b) (x +h) _x
h h
\/; X+1
C) +—.
Xx+1 +/x
r+1 N r+2
r+5r+6 r2+4r+3
Solution:
2) 1 1_x-=(x+h)_ -h
x+h x  x(x+h) x*+xh
b) (x+h)* _x _x®+2hx+h* -x _ x*+(2h-1)x +h?

h ~h h
have the same denominator.)

(The two fractions already



Ux o xr1_ (VJBVX)+(x+ D) Tx+D) x4+ x? +2x+1_ k2 +3x+1
C) + = — = — = :
x+1 Jx (x+1)3/x (x+1)3/'x  (x+1)0/x

r+1  r+2 _ (r+1)  (r+2) _ (r+D7+(r+2)°
rP+5r+6 r2+4r+3 (r+2)r+3) (r+1)(r+3) (r+1(r+2)(r+3)

d)

Some further simplifications are possible in Part (Bhr example,you could multiply out
all of thebrackets. The important point Fart(d), however, isthat byusingthe simplest
(or “least”) common denominator, the algebréazm of the resultwill be assimple as
possible. In the case of Part (d), the simplest common denominater 13(( + 2)( + 3),

rather than the more obvious common denominaterl()( + 2)( + 2)( + 3).

Multiplying fractions

Multiplying two fractions is perhapshe most straight-forward o#ll operations. You
simply multiply the numerators and multiply the denominatdgpressed usinglgebraic
symbols, this rule is:

ap_ab

cd ci

Example E.3

Evaluate and simplify the following fractions as much as possible.

o Iy
y+1l y+2
b) sin(6) + co(6) S n(6) + cos(6)
1+6 1-6
Solution:

y+1 y+2 (y+1)ly+2) y*+3y+2’

sin(6) + cos(6) 5 n(6) + cog(6) _ sin*(6) +2sin(6) cog(6) + cos’(6)

b
) 1+6 1-6 1-6°

Dividing fractions

Many people remember the ruler dividing one fraction by another by rememberihgt
you must “invert the denominator and multiply.” Expressedlgsbraic symbols, the rule
is:



%—qu am
c

b, b bt

Example E.4

Evaluate or simplify each of the fractions given below.

X5
a) (x+2%'

t

b) -
2r
Vi+r?
©) 1+r
1-r?
Solution:
y _Xg 4 2X
x+2/ 2x+2 X+2
t ot At
b) t_l/z—T—tEll——t“.
Jt
2r
/ 2 _r2 _ _r2
C) ]]-':r :‘JLD’lr:sLD‘lr:?“!
AT U142 141 1412 1 14r?

1-r?

Simplifying complicated fractions

Sometimes, fractions wilhaveother fractions in their numerator or denomingtor both).
To simplify andevaluatecomplicated fractionsgvaluatethe numerator and denominator
separately , and then divide the two.

Example E.5

Simplify each of the complicated fractions as much as possible.



1

Xx+h x

[ =

a)

=y

b) (x+y)_“2 +. /X +y

X+y
r 1
1y
r+
°) r’ LT
9-r 9-r
Solution:
1 1 X=(x+h) ~h
a) x+h_;: x [{x + h) _ x [{x + h) _ -h _ "1
h h h hxx+h) xOx+h)
b)
L ey Bxeyfixey)
(ory) 2 axry ey VT xky L Lexay _ lexty
X+y X+y X+y (X"‘y)EUX+y (X+y)3/2
r 1 r2+1
C) r+1+F :rEﬂr+1): "+l Dg_r = (f2+1)m9—r) :—r3+9r2—r+9
r2 + r I'2+I’ r[ﬂr+l) r2+|' r[qr+1)EQr2+r) r4+2r3+r2

9-r 9-r 9—r

Exercises for Appendix E

For Problems 1-10, evaluate the quantity without using a calculator.

1.



N
QO
|w

For Problems 11-20, perform the operation indicated. Simplify your answers as much as
possible.

11. L+w+ L )
L+w

12. a———.

13.

14.

15.

16. -+

17. —+




X2 +2xy+y?

P ey
a—z + a—3
1+at
1+ 2 [8in(6) [tog(6)
sin() +cog(8)

19.

20.

For Problems 21-25, decide whether each of the statements are true or false.

11 2
—t - =

21. .
X y X+y

22.

23.

2
24. X = 2X.

2a’ +2ab +b?

—_ 2
a? +2ab +b? slva

Answers to Exercises for Appendix E

13/21.

1/6.

1/4.

(16 + 3y%)/(24y).
(14a - 3)/(7x).
(2a)/(63D).
7/(x°).

b/3.

. (332)/2.

10. y/(3 - y).

11. (L* + 2wL + w* + L)/(L + w).

NN A o A



12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22,
23.
24.
25.

a(a® - 2b)/(a® - b).
2x.

b(2b + 1)/(7b* + 1).
(g-D/(g+1).

(9x - 8)/(7x - 28).
£+ 2+ £/t - 1).
1/x.

1/a’.

sin(0) + cos(H).
False.

True.

False.

False.

False.



