Appendix G: Solving Systems of Equations

Often, you will be able to solve a problem that you are interested in by finding a solution for
a single equationMore complicatedproblemsmay requireyou to solve more than one
equation.

Example G.1

A shoe company manufactures runngigpesandwalking shoes. Each day, theompany
orders in enougmaterials to make 8pairs of shoes, and has 100 person-hourslmr
available. Running shoes and walking shoes take the same amount of materialsaghch.
pair of walking shoes takes 1 hour assemble,eauth pair ofunning shoesakes 2hours

to assemble.

a) Represent this information using one or more equations.

b) If the company wants to use all of the materials and all of the labodagchow many
pairs of running and walking shoes should they manufacture?

Solution:

a) LetRrepresent the number of pairs of runngigesthat the company makes each day
andW represent the number of pairs of walking shoes that the company makes each day.

The company has enough materials to make 80 pairs of shoes, or in other words the number
of pairs of running shoes plube number ofpairs of walking shoes shoulédd up to
ninety. Expressing this as an equation:

R+ W = 80.

Each pair ofrunning shoesakestwo hours toassemble, andach pair of walkingshoes
takes one hour to assemble. Each day, there are 100 hours of labor available, so:

2R +W = 100.
b) In order to findthe number ofpairs ofeach type ofshoethat the companghould

manufacture, we have to find a numerical valuR @nd a numericalalue of W. We want
to find numerical values that satisfy both of the equations:

R+W=80 .. (1)
and,
2R + W = 100. .. (2)

One way to proceed is to maRéthe subject of Equation (1),
W=80-R

and to substitute this faW in Equation (2):

2R + (80- R) = 100.



This gives an equation thainly involves R and allows the numericaklue for R to be
determined:

2R + (80- R) = 100.
R = 100- 80.
R=20.

Knowing the numerical value f&t, you can substitutthis back intoeither Equatior(1) or
Equation (2) to find the numerical value\wf

20 +W = 80.
W= 80- 20.
W = 60.

The final conclusion tohis problem ighat the companghould manufacture 20 pairs of
running shoes and 60 pairs of walking shoes.

The collection of equations that you wish to solvealied asystem of equations. In order
to be certain that you will obtain a solution, you neeldaeethe same number of equations
as variables. In Example G.1, thevere two variablesR andW) andtwo equations (one
for materials and one for labor). In Example G.1, all of the equatiens linearequations.
The equations in a system of equationis often be linear equations, but they do hawe

to be.

Example G.2
Strontium-90 is a radioactive substance. Strontium-90 is sometimes released during nuclear
accidents and is regarded ageay dangerous substance because it becomes incorporated

into bone tissue.

The mass, of strontium-90 remaining in @erson’s bonesafter T years is described by
an exponential decay formula:

M = M,B",

whereM, is the mass of strontium-90 that was absorbed intpeéhson’s bones/hen they
were exposed to radioactivity, aBds a number.

Bone samples frorthe personindicated that 13earsafter exposure, thperson had 0.75
grams of strontium-90 itheir body, and 3@earsafter exposure, thperson had 0.488
grams of strontium-90 in their body.
a) What is the value of the const&?

b) How much strontium-90 dithe personhave intheir body justafter beingexposed to
the radiation?



Solution:

Before attempting to answer questions (a) and (b), it carséiel to identifythe important
information in the problem, and put it all together.

We are told that wheh = 12,M = 0.75. Putting this together with the equation gives:
0.75 =M ,B* .. (1)

Likewise, we are told that whd@n= 30,M = 0.488, so that:

0.488 =M B> .. (2)

There are two equations (Equations (1) and (2)), and two unknblyasdB.

a) The strategy in Exampl8.1 was to try to combine thévo equations in order to
(E/Ili(:psi:nate one of the variables. This can be accomplished here by division toaanbel

0488 M,B* _B® . s
075 mBZ B2 ° B
. 0

(The Lawsfor Exponentsvereused tocombine the powers @ - see Appendix A.) We
are left with an equation that includes only one of the unknown quariities,

B'® = 0.65

B = (0.65}'® = 0.9764.

b) In Example G.1, once the numerivalue of one of the quantities waenown, the
numericalvalue ofthe other quantity could bund by pluggingback into one of the
original equations. To findhe numericalvalue of M,, we canplug B = 0.9764into
Equation (1) and solve fdd,:

0.75 =M, [(0.97645

0.75

(0.9764)" =M

M, = 0.9989.

So,just afterexposure tahe radiation, theerson had 0.9989 grams of strontium-90 in
their bones.

Exercises for Appendix G

For Problems 1-5, solve the system of linear equations.

1. X+y=2.
X—-y=-2.



2. 3p + 29 = 10.
p-q=0.

3. r—2s=1.
S+r =4,

4, Xx=8y+09.
X+ 2y =29.

5. t=4w+ 9.
t=37.

For Problems 6-10, solve the system of equations.

6. X2 +y?=1.

x-y=0.
7. Alg* = 10.
Al* = 20.
8 r=4-¢
s+r=1
9. y=2.
y =2
10. p:i.
q+1
p-q=1.

Answers to Exercises for Appendix G

1. x=0andy=2.
2. p=2andg=2.
3. s=1land r=3.

4. x=25and y=2.

5. t=37and w=7.

6. There are two solutions: (x, y) = (1/V2, 1/V2) and (x, y) = (-1/V2, -1/V2).

7. A =5 and k = In(2)/2 = 0.34657359.

8. This system of equations has no solutions.

9. There are two solutions: (x, y) = (1, 2) and (x, y) = (2, 4).

10. There are two solutions to this equation: (p, q) = (1, 0) and (p, q) = (-1, -2).






