Math Xb Gateway Exam: Algebra and Derivatives - Practice Problems

o You may not use a calculator on this exam.
e Show all of your work. You will be graded on the entire process, not just the final answer.

e Unless stated otherwise, simplify and factor all of your answers as much as possible.

The first ten problems are solved by using the Chain Rule.

1. Find the derivative of f(z) = (22 + x + 3)3.
SOLUTION: 3(z% + = + 3)?(2z + 1)
2. Find the derivative of f(z) = Ver*+.
SOLUTION: & (&%)~ 1/2¢#*+2 (24 4 1)
3. Find the derivative of f(z) = (z!! + ® + %)%,
SOLUTION: 99(z'! + e 4 €)% (11210 + &* 4 2ze™)
4. Find the derivative of f(z) = eVeTrataTT
SOLUTION: eVo e +a= (L) g g = 1) =1/2(706 1 — 42)
5. Find the derivative of f(z) = (52° + 322 +1)7°.
SOLUTION: —5(525 + 322 + 1)=%(252% + 62)
6. Find the derivative of f(x) = Veve,
SOLUTION: i (eVe™)=1/2eVe (1) \/ex
7. Find the derivative of f(z) = (72% + 98z)1000001,
SOLUTION: 1000001 (72 + 982)1000000(693,,95 4 9g)
8. Find the derivative of f(x) = e

SOLUTION: ¢ ¢ ¢®
9. Find the derivative of f(x) = (

8 =
+
w"_‘
N—

&

SOLUTION: —3(1 + )™ (-5 — %)

22 x
10. Find the derivative of f(z) = %(x4 +23+ 22+ + 1P+t vt a2l +1)2+ (2t 2P+
24+ x+1)+ et Frirat ol 4 g
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SOLUTION: ((334 +3 42242+ 1)2+ @+ a4+ 1)+ 14 efﬁ‘l”?’*ﬁ”“) (423 +
372+ 22+ 1)

x 1
7219 < 743"

Find all solutions to:

SOLUTION: The key to these inequality problems is that you usually cannot multiply both
sides by anything involving a variable. The reason for this is because multiplying by a nega-
tive reverses the inequality sign (e.g. 2 < 5, but —2 > —5), and the variable may or may not
be a negative number.

In particular, we might be tempted to multiply both sides of the inequality by 2z 4+ 9. How-
ever, we cannot do this, because we do not know if 2x + 9 is negative. For instance, if x = 1,
2x + 9 is positive, but if x = —10, 2z + 9 is negative.

Since we do not know the sign (positive or negative) of 2z + 9 and = + 3, we cannot use
the strategy of multiplying to get rid of denominators. Instead, we will subtract to bring
everything to one side of the inequality:

1
2;—:}-9 T z+3 <0
We can further combine the fractions to get:

z%43z—(22+9)

(22 +0)(x+3) <0
x°+x—9
ety <0

This has the huge advantage of having a 0 on one side of the inequality. This is nice be-
cause 0 is the exact cut-off between the positive numbers and the negative numbers. So
instead of thinking numerically, we can now think about this problem as “which values of z
make the fraction negative.”

To figure out when the fraction is negative, we simply need to determine when each of factors
are negative. Once we have that, we will use the fact that “a negative times a negative is a
positive.” Hence, when we have an odd number of factors of the fraction being negative, the
entire fraction will be negative. When there are an even number of factors being negative,
then the fraction is positive.

9

So let’s look at the factors. 2z + 9 is positive if z > 3, and negative if z < %. So % is

the cut-off point.

The factor « + 3 is positive if x > —3 and negative if + < —3. So 3 is the cut-off point
for x + 3.

Finally, we will consider 22 + 2 — 9. It would be great if we could factor this into two
linear factors, because then we could readily see where the factors are positive and negative.
However, this is not easy. Instead, we will use our knowledge of parabolas.
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13.

14.

15.

16.

The graph of 224z —9 is a parabola that opens upward, since the coefficient on the quadratic

term is positive. Therefore, it is going to be positive most of the time. We can determine

1+
the roots of the parabola to be z = ! 2\/377 by using the quadratic formula. The only

way to graph a parabola that opens up with these roots is to have the graph be negative if
SLBT o SLVST

1 \F

, and positive elsewhere. So 22 4+ x — 9 goes from positive to negative

at , and from negative to positive at 1+2f'

We know that if x < —%, then 2 + 9 and z + 3 will be negative, and 2> + 2 — 9 will be

o . . 240 .
positive. Then we have a positive number in the numerator of %, and two negative

numbers being multiplied together in the denominator. The two negatives cancel to give a

JF 79 . oy . 9
positive number, so we know that W is positive if z < —3.

_1\/*

Between —% and , the only thing that changes is that 2z + 9 becomes positive. Then

22429 ) is negative on this interval.

we have two positives and a negative, which means that 0 59)(243)

—1-— \F

Between and —3, the only thing that changes is that z? +  — 9 becomes nega-

tive. Then we have one positive and two negatives, which means that % is positive
on this interval.

1+W

Between —3 and , the only thing that changes is that x + 3 becomes positive. Then we

z24+z—9

have two positives and one negative, which means that 1 is negative on this interval.

(2z+9)(z+3)
If x > —1+\ﬁ , then everything is positive, so the entire fraction is positive.
Pom. W : i e : 9 “
We can now answer the question: “When is 0 59)(243) negative?” In other words, “when

: z2+z—9 2%
18 g0y @y < 0

The answer is:

(=3, =150 U (-3, =H4)

1

Find all solutions to: < =3

5021+4
SOLUTION: (—o0,—4) U (1, 00)
6z _z+l

Find all solutions to: 3 o

SOLUTION: (o0, —2) U (1,00)
Find all solutions to: % > 2x.

SOLUTION: (1, 00)

z+6

Find all solutions to: 743 > T oarl

SOLUTION: (—o0, —3) U (—3,0)

z2+1
z—6 S

Find all solutions to:

olR
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22.

SOLUTION: (—oo, 6)

5x 1
z24+x+1 < T 3z+5°

Find all solutions to:

SOLUTION: (o0, —5) U [13=v153 —134/153)

2x+1 < 41

Find all solutions to: == < 555

SOLUTION: (3,1)

3x+2 6z—1
z+2 2 r—6 °

Find all solutions to:

SOLUTION: [=2T=21149 " 9) [y [-37 4 /11496, 6)

a4l 5 =z
x

Find all solutions to: > =T

SOLUTION: (—o0, —1) U (0, 00)

Find the derivative of g(x) = (10022 + 9)~%(52* — 32z + 3)°.

SOLUTION: To find the derivative, you simply use the product rule:

(—9)(10022 + 9)~10(200z) (5z* — 32z + 3)° + 5(52* — 322 + 3)*(2023 — 32)(10022 + 9) Y.

Next, we need to simplify this derivative by using algebra. Note that we can factor this.
The way we do this is we pull out of each term that factor with the smallest exponent, which
might be negative. For instance, in 2%y 4+ 2~ %z, you would factor out an z°, since —5 is
less than —4. This leaves you with 275 (y +x2). We get a single z in the second term because
—4 — —5 =1, or because 7° - = ™%, which is the factor with which we began.

Using this reasoning, we will factor out a 20, (10022 4 9)71°, and a (52 — 32z + 3)* from
both terms (in the process, we factor a 4 out of 202% — 32, which combines with the 5 to give
us 20). This leaves:

20(10022 + 9)~10(52% — 322 + 3)*((—9) (52t — 322 + 3)(10z) + (10022 + 9)(523 — 8)).

Now we expand and multiply to get:

20(100z2 + 9)~'9(52* — 32z + 3)* (—4502° + 288022 — 270z + 500z° + 452% — 80022 — 72)
By combining like terms, this becomes:

20(10022 + 9)10(524 — 32z + 3)* (502° 4 452° + 208022 — 270z — 72)

We might try to factor the last factor, but it is a quintic (fifth degree polynomial). We
do not expect you to factor this on the gateway exam.

Find the derivative of g(x) = (2z + 1)?(528 + 27)3.



SOLUTION: (2z + 1) (52® 4 22)? (2(1302® + 602" 4 10z + 3))

(5x%+2224e7)?

. Find the derivative of g(x) = m

SOLUTION: (1722 +2~1)~4(52% 4+ 222 +€%)3(30602° — 5102 + 40823 + 19522 4+ 42 + 153x%e* —
102ze® + 9z~ e + 3x2e%)

. Find the derivative of g(x) = (z* +1)73(2® — 2)7 1.
SOLUTION: (2 + 1)~*(2% — 2)72 (23(172° — bz + 24)

. Find the derivative of g(z) = (21210 + 112° 4 3)°(z* + 22 + 1)".

SOLUTION: (2120 + 112° + 3)5(2* 4+ 22 4+ 1)7(2(16382 12134420 + 105028 + 583z + 42925 +
27523 + 8422 + 42)

(ez+ez2)2

. Find the derivative of g(z) = (EFreap"

SOLUTION: (e + % )2(e® 4 %) ~3 ((4x —3)e™ T 4 (4 + 3)e™ T — €27 4 5)

. Find the derivative of g(z) = @ 1)22'

SOLUTION: (x + 1)%(x — 1)~190 (—~198)

. Find the derivative of g(z) = (52 + 2° + 2)7(525 + 2% + 1)~7.
SOLUTION: (52% + ° + 2)%(52% + 2 + 1)7% (—=7(302° + 5a*))

. Find the derivative of g(z) = (23 + 2% + 2 + 1)3(e3% + €2 + &% + 1) 2.

SOLUTION: (2% 4+ 2% + o + 1)%(e3® + €2® + €% + 1)73(3(23 + 922 + 3z + 2)e3® + (223 +
1122 + 8z + 5)e?* + (23 + 1022 + Tz + 4)e® + 3(32% + 2z + 1))

. Find the derivative of g(z) = (92° + 62° + 323 + 1) 75(2% + 1) 3.
SOLUTION: (92°462%432341) "7 (2241)~* (—62(902° + 8127 4 4225 + 362* + 1223 + 9z + 1)

. Find % if z +y = zy?. You do not need to simplify your answer.

d 21
SOLUTION: ﬁ = ly_%y

. Find % if xy + y = x. You do not need to simplify your answer.

Ldy 1=
SOLUTION: % = 1-v

. Find % if 22 4+ 2y? = y. You do not need to simplify your answer.

Ldy _ 2z+y?
SOLUTION: ﬁ = 1f2;/y
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Find % if y + 2% = = 4+ 2%y. You do not need to simplify your answer.

SOLUTION: % = 142zy—9aBy

1429 —=2

Find % if z + 22 4+ y = 23y?. You do not need to simplify your answer.

_2,2,2
SOLUTION: g = 12500

Find % if 27 4 2%y = ze¥. You do not need to simplify your answer.

SOLUTION: 4 — Te"+8aTye?

re¥—18

Find % if ey = ze¥. You do not need to simplify your answer.

SOLUTION: % = &u=¢

re¥—e®

Find % if xy = w;iy. You do not need to simplify your answer.

Cdy _ 1-3z2y—y?
SOLUTION: §¢ = 1=31-u-

Find % if zy 4+ zy? + 2%y = 0. You do not need to simplify your answer.

dy . 1-32%y—y?
SOLUTION: % = —%gxyy

Find % if y + y* + 1 = . You do not need to simplify your answer.

Ldy 1
SOLUTION: 4 = -1,

Solve for z: 22 = %

SOLUTION: z =0or z = %

23
Solve for z: 64x/3 =1

. _ _ In 6
SOLUTION: x =0 or z = £ 3?n4

Solve for z: 2% — 63% = (.

SOLUTION: z =0

2
Solve for z: 372 =1.
(&4

SOLUTION: x =0 or z =2In3
Solve for x: logy 2% — 2logy Vo — 2 = 3.

SOLUTION: z =4

Solve for z: In3x3 — In ;12 =3.

SOLUTION: z = {/¢
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Solve for z: logs 2 — logs(z + 1) = —1.
SOLUTION: z = §

Solve for z: loggx + logg(x +1) =1
SOLUTION: z = 2 (x = —3 is NOT a solution).

Solve for z: logs 3z —logs 2z = 7.

SOLUTION: No solution.

Solve for z: logs x = log, 2.

SOLUTION: z = 2705



