1 - The Wrapping Phenomenon.

The phenomenon of wrapping for hypersurfaces is best illustrated by a simple example.

We consider surfaces of constant Gaussian curvature in three dimensional hyperbolic space. Using the Poincaré parametrisation, we identify this with the unit ball B in R^3.

For any R > 1, the family of (Euclidian) circles of radius R passing through the north and south poles traces out a complete surface in B of constant Gaussian curvature equal to 1 (see Figure 1.1). N

S B = H^3

Figure 1.1

Letting R tend to +∞, this family converges, in the Hausdorff sense, to the geodesic joining the north and south poles.

This illustrates the phenomenon of wrapping. This is a general phenomenon which describes the only way in which a sequence of convex hypersurfaces of constant curvature may degenerate. Explicitely, in the two dimensional case (see [7]):

Theorem 1.1[Labourie]

Let M be a complete, three dimensional manifold. Let k > 0 be a positive real number, and let (Σ_n, p_n)_{n∈N} = (S_n, i_n, p_n)_{n∈N} be a sequence of complete, pointed immersed surfaces of constant Gaussian curvature equal to k. Suppose, moreover, that (i_n(p_n))_{n∈N} converges to a point q_0 in M. Then:

(i) either there exists a subsequence of (Σ_n, p_n)_{n∈N} which converges to a complete, pointed immersed surface (Σ_0, p_0) of constant Gaussian curvature equal to k;

(ii) or there exists a subsequence of (Σ_n, p_n)_{n∈N} which degenerates by wrapping ever tighter round a complete geodesic.

2 - Special Lagrangian Curvature.

The wrapping phenomenon also occurs in higher dimensions. The most appropriate setting is that of special Lagrangian curvature. This generalises Guassian curvature to higher dimensions, but is only defined for convex hypersurfaces.

Let A be a symmetric, real matrix. Let λ_1, ..., λ_n be the eigenvalues of A. For r > 0, we define SL_r(A) by:

SL_r(A) := Arg(Det(Id + irA)) = n∑ i=1 arctan(rλ_i).

This function arises from the canonical special Lagangian structure of T^∗R^n ∼= C^n. It is an analytic function of A.

We use a function defined implicitely in terms of SL_r(A). If A is positive definite, for all θ ∈]0, nπ/2[, there exists a unique r =: R_θ(A) such that SL_r(A) = θ (see Figure 2.2). Definition of R_θ(A) θ θ = nπ/2

θ

r R_θ(A) θ = SL_r(A)

Figure 2.2

Let M be an (n + 1)-dimensional manifold and let Σ = (S, i) be a hypersurface immersed in M. Let A be the shape operator of Σ. For θ ∈]0, nπ/2[, we define the θ-special Lagrangian curvature R_θ(Σ) of Σ by:

R_θ(Σ) := R_θ(A).

Certain special cases have a very elegant form:

(i) when n = 2 and θ = π/2, R_θ = K^{−2}, where K is the Gaussian curvature, and (ii) when n = 3 and θ = π, R_θ = (K/H)^{−2}, where H is the mean curvature. Importantly, Theorem 1.1 remains true for special Lagrangian curvature (see [9]).

3 - Applications - Quasi-Fuchsian Manifolds.

One application of hypersurfaces of constant Special Lagrangian curvature is to the study of quasi-Fuchsian manifolds.

Let M be a compact, n-dimensional hyperbolic manifold. We interpret Γ := π_1(M) as a subgroup of Isom(H^n).

There is a totally geodesic embedding î : H^n → H^{n+1} which is unique up to isometries of the target space. There is a unique homomorphism ρ : Isom(H^n) → Isom(H^{n+1}) with respect to which î is equivariant. We denote by θ_0 the restriction of ρ to Γ. Define:

M̂_0 = H^{n+1}/θ_0(Γ), i_0 : M → M̂_0 the quotient of î.

i_0 is a totally geodesic embedding. Trivially, M̂_0 is homeomorphic to M × R. We call M̂_0 a Fuchsian manifold (see Figure 3.3).

i_0(M)

M̂_0

Figure 3.3

Let θ be a deformation of θ_0 satisfying certain topological conditions at ∞. Define: M̂ = H^{n+1}/θ(Γ).

The conditions as ∞ ensure that M̂ is still homeomorphic to M × R. We call M̂ a quasi- Fuchsian manifold.

The wrapping phenomenon provides a strong compactness result. Thus, using the continuity method, we obtain (see [10]): Theorem 3.1 Let M̂ be a quasi-Fuchsian manifold. Let θ ∈ [(n − 1)π/2, nπ/2[ be an angle, and let r > tan(θ/n) be a positive real number. Then there exists a unique immersed hypersurface N ⊆ M̂ in the homology class [M × {0}] such that: R_θ(N) = r.

4 - Applications - Hyperbolic Ends.

A hyperbolic end in the sense of Kulkarni and Pinkall is, heuristically, one half of a quasi-Fuchsian manifold.

Kulkarni and Pinkall show in [4] that hyperbolic ends over a compact hyperbolic manifold are in bijective equivalence with flat conformal structures over that manifold. This generalises the construction of Thurston when the manifold is 2 dimensional.

In certain cases, the continuity method may be used to construct unique immersed submanifolds of constant special Lagrangian curvature in the fundamental class of the hyperbolic end. In these cases, we thus obtain an equivalence between hyperbolic ends and equivariant immersed submanifolds in H^{n+1} of constant special Lagrangian curvature.

Since the convergence properties of these submanifolds are well understood (see Theorem 1.1, this should assist the study of moduli spaces of flat conformal structures.

5 - Bibliography.

[1] Ballman W., Gromov M., Schroeder V., Manifolds of nonpositive curvature, Progress in Mathematics, 61, Birkhäuser, Boston, (1985)

[2] Gromov M., Pseudoholomorphic curves in symplectic manifolds, Invent. Math. 82 (1985), no. 2, 307–347

[3] Harvey R., Lawson H. B. Jr., Calibrated geometries, Acta. Math. 148 (1982), 47–157

[4] Kulkarni R.S., Pinkall U., A canonical metric for Möbius structures and its applications, Math. Z. 216 (1994), no.1, 89–129

[5] Labourie F., Problème de Minkowksi et surfaces à courbure constante dans les varié⁀’es hyperboliques, Bull. Soc. Math. France 119 (1991), no. 3, 307–325

[6] Labourie F., Problèmes de Monge-Ampère, courbes holomorphes et laminations, GAFA 7, no. 3, (1997), 496–534

[7] Labourie F., Un lemme de Morse pour les surfaces convexes, Invent. Math. 141 (2000), 239–297

[8] Smith G., An Arzela-Ascoli theorem for immersed submanifolds, to appear in Ann.

Fac. Sci. Toulouse Math., math.DG/0510231

[9] Smith G., Special Lagrangian curvature, arXiv:math/0506230

[10] Smith G., Constant special Lagrangian hypersurfaces in quasi-Fuchsian hyperbolic ends, in preparation