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Solving polynomials:
braids, rigidity and dynamics Complex

dynamics

Bifurcations

Lattès examples



An algebraic family of rational maps
is either trivial, Lattès, or has bifurcations.

Rigidity

SOLVING THE QUINTIC BY ITERATION 

f 
Fig. 2. Newton ' s  me thod  can  fail for cubics.  
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Tp is critically finite, and by Theorem 3.3, almost every initial guess converges to a 
root. 

Rigidity of the algorithm Tp is easily verified, using the affine invariance of 
Newton's method. 

(3) Solving the cubic. The roots ofp(X)=X3+aX+b can be reliably determined by 
applying Newton's method to the rational function 

r(X) - (X3 +aX+b) 
(3aX 2 + 9b X -  aZ) " 

The critical points of Tp coincide with the roots of p, and are fixed, so again Theorem 
3.3 may be applied to verify convergence. 

(4) Insolvability o f  the quartic. Since the roots of two quartics are generally not 
related by a M6bius transformation (the cross-ratio of the roots must agree), the roots 
of polynomials of degree 4 (or more) cannot be computed by a generally convergent 
algorithm. 

A more topological discussion of the insolvability of the quartic, using braids, 
appears in [11]. 

4. Towers of algorithms 
Let V be a variety, k its function field. From a computational point of view, k is the set 
of all possible outputs of decision-free algorithms which perform a finite number of 
arithmetic operations on their input data. The graph of an element of k in VxC 
describes the output of such an algorithm. 

Let T be a generally convergent algorithm with output WcV• Assume for 

new guess for √2  = average of x + 2/x

How to compute √2  

1, 1.5, 1.41666, 1.414215, 1.4142136, ....

Outline Square roots Newton’s method.

Basins of attraction.

After describing Newton’s method, Cayley writes, concerning a
polynomial with roots A,B,C... in the complex plane:

The problem is to determine the regions of the plane

such that P, taken at pleasure anywhere within one

region, we arrive ultimately at the point A, anywhere

within another region we arrive at the point B, and so for

the several points representing the root of the equation.

The solution is easy and elegant for the case of a quadric

equation; but the next succeeding case of a cubic

equation appears to present considerable di�culty.

This paper of Cayley’s was the starting point for many future
investigations.

Shlomo Sternberg

Lecture 1 Newton’s method .

Outline Square roots Newton’s method.

Basins of attraction.

Arthur Cayley (August 16, 1821 - January 26, 1895)

Shlomo Sternberg

Lecture 1 Newton’s method .

Sternberg, 2010

How to compute the cube root of 2  



The space of cubics 



There is no purely iterative algorithm
to solve polynomials of degree 4 or more.

Unsolvability of the quartic

f(z) = (z4 + 2z)/(2z3+1)

S3 symmetry

What about cubics?

= (Tate) Newton for

How to solve cubics 



The braiding of the attractor in a stable
family of rational maps is either

• reducible, 
• finite, or 
• it fixes a point of the attractor.

Braids
Every algorithm fails somewhere along 

this loop in the space of degree 4 
polynomials

Location of failures

Solving equations through the ages
Various authors

Solving the quadratic, circa 2000 BC

Solving the cubic, circa 1500 AD

Solving the quartic, circa 1500 AD

Solving polynomials through the ages

Insolvability of the quintic 1824 

A field extension can be computed by a tower
of purely iterative algorithms iff

its Galois group is within A5 of solvable.

Towers of algorithms



Solvability of the quintic

The quintic can be solved by a
tower of algorithms, but the sextic cannot.

A4

S4

A5

SOLVING THE QUINTIC BY ITERATION 

E D 

f(D) f(E) f(A) 
Fig. 4. Geometr ic  cons t ruc t ion  o f  a rational map.  
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the resulting iteration, 

p(z)p ' (z)  Np(z) = z -  
p'(z)2- 89 

is 'projectively natural', in the sense that Npoy(yz)=~oNp(z) for any M6bius transfor- 
mation 7. Thus Aut(Np) contains F whenever p(z) is F-invariant (and such p are easily 
constructed). 

II. Geometric constructions. Consider, for example, the case of the icosahedral 
group. Tile the Riemann sphere by congruent spherical pentagons, in the configuration 
of a regular dodecahedron (the dual to the icosahedron). Construct a conformal map 
from each face of the dodecahedron to the complement of its opposite face, taking 
vertices to opposite vertices. (See Figure 4.) The maps piece together across the 
boundaries of the faces, yielding a degree 11 rational map flz) with fixed points at the 
face centers and critical points at each vertex. Since the notions of 'opposite face' and 
'opposite vertex' are intrinsic, the map commutes with the icosahedral group. 

This construction has many variants. For example, it can be applied to the 20 faces 
of the icosahedral triangulation, giving a rational map of degree 19, or to the tiling by 30 
rhombuses, giving a map of degree 29. (This last tiling, which may be unfamiliar, is by 
Dirichlet fundamental domains for the 30 edge-midpoints of the dodecahedron. Each  
rhombus marks the territory which is closer (in the spherical metric) to one of the 30 
points than to any other.) 

Rational maps with A5 symmetry
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derived in [10], are: 

f =  x 11 y+ 1 lx6 y6-xy I1 

H = -x2~176176176 

T = x 3~ +y3O + 522(x25 yS_x 5 y25)_ 10005(x 2~ y IO +y 1o y2O). 

Every other orbit has cardinality 60, and corresponds to a linear combination of the 
degree 60 invariants fs ,  H 3 and T 2 (which satisfy the relation T 2= 1728 f S -H3) .  Thus 
every homogeneous polynomial inoariant under the binary icosahedral group is a 
polynomial in f,  H and T. 

PROeOSITION 5.3. There are exactly four rational maps o f  degree <31 which 
commute with the icosahedral group. These four maps, o f  degree 1, 11, 19 and 29 
respectioely, are: 

f , ( z )  = z 

z H +66z 6-1 lz 
fH(z) = _ 1 lzl~ 1 

-57zlS+247zl~ 171z5+ 1 
f l9(Z)  = _ZI9  + 171z14-247z9-57z 4 

87z 25-3335z 2~176 5+ 1 
f29(z) = _ z29_ 435z 24 + 6670z 19 + 3335z 9 + 87z 4" 

Proof. An invariant rational map of degree <31 corresponds to an invariant 1-form 
of degree <32. The only invariant homogeneous polynomials of degree <32 are f, H 
and T. Since no two of their degrees differ by 2, we conclude from Theorem 5.2 that the 
invariant 1-forms of degree <32 are proportional to either g(v)2 or dg(v), where g is 
equal to f, H or T. The rational maps corresponding g(v)2 are the identity, while those 
corresponding to df, dH and dT are the other three maps computed above. [] 

Remark. One may glean from the footnote on page 345 of [9] that these maps were 
known as well to Klein. 

Proof o f  Lemma 4.5 (Existence o f  an icosahedral algorithm). Consider the map 
f11(z). We claim the critical points offl~ reside at the 20 vertices of a spherical regular 
dodecahedron, and are each mapped to their antipodal vertices under one iteration. 
This is clear from the geometric construction of 3~ (method II above). 

It can also be verified by counting. 3~ has 20 critical points, which must be a union 
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Vertices, face centers, edge midpoints



deg 11 deg 19

deg 29 Degree 6

Can polynomials of degree 6 be solved
using algebraic functions of just one 

variable?

Hilbert’s 13th problem

z → algorithm → f(z) :  multivalued,
                           algebraic


