
Billiards and curves in moduli 
space

Curtis T McMullen
Harvard University

Avila, Hubert,  Kenyon, Kontsevich, Lanneau, 
Masur,  Smillie,  Yoccoz, Zorich, ...

A Little History 

Z
dxp
1� x

2
= sin�1

x

Z
dx

3
p
1� x

3
=

3 3

q
x�1

1+ 3p�1
+ 1 3

q
x�1

1�(�1)2/3
+ 1(x� 1)F1

⇣
2
3 ;

1
3 ,

1
3 ;

5
3 ;�

x�1
1�(�1)2/3

,� x�1
1+ 3p�1

⌘

2 3
p
1� x

3

F1 = Appel hypergeometric function

Z
dx

Q(x)

Z
dx

Q(x)1/d

Q(x) a polynomial

Z
dx

Q(x)1/dA Little History 

Z
dxp
1� x

2
= sin�1

x

(X,ω)  =   (The curve yd = P(x),  the form dx/y)

periods of (X,ω) =   {∫ ω }
C

� Riemann surfaces, homology, Hodge theory, 
automorphic forms, ... TOTALLY unsymmetric

Moduli space

-- a complex variety, dimension 3g-3

{ }

The exceptional triangular billiard tables
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Mg  = moduli space of Riemann surfaces X of genus g

f : H2 �Mg

Teichmüller metric:  every holomorphic map

is distance-decreasing.



How to describe X in Mg ? 

g>1:   X = ? Uniformization Theorem

Every X in Mg can be built  from a polygon in C

g=1:   X = C/Λ

P

X = P / gluing
       by translations

How to describe X in Mg ? 

g>1:   X = ? Uniformization Theorem
Every (X,ω) in ΩMg can be built  from a polygon 

in C

g=1:   X = C/Λ

P

(X,ω) = (P,dz) / gluing
       by translations

Mg

Moduli space ΩMg

SL2(R) acts on ΩMg

Dynamical:

Polygon for A ⋅ (X,ω) = A ⋅ (Polygon for (X,ω))

Complex geodesics   f : H ⟶ Mg

τ1

τ2

f(τ1) f(τ2)

Teichmüller curves

SL2(R) orbit of (X,ω) in ΩMg projects to a

 complex geodesic in Mg: 

V = H / SL(X,ω)

H
f

Mg

SL(X,ω) lattice ⇔ f : V → Mg is an algebraic,

isometrically immersed Teichmüller curve.

stabilizer of 
(X,ω) 



Rigidity Conjecture  

The closure of any complex geodesic 
f(H) ⊂ Mg

is an algebraic subvariety.

Celebrated theorem of Ratner (1995) ⇒ 

true for H ⟶  locally symmetric spaces

X = K\G/Γ 

Complex geodesics in genus two

Theorem

Let f : H→ M2 be a complex geodesic. 
Then f(H) is either:

• A Teichmüller curve,
• A Hilbert modular surface HD, or
• The whole space M2.

dim
1
2
3

Recent progress towards general g
Eskin -- Mirzakhani 

Classification Problem

What are the  Teichmüller curves  V →M2?

Billiards in polygons

Neither periodic nor evenly distributed



Billiard theorists Optimal Billiards

Theorem.  In a regular n-gon, every billiard path is either
periodic or uniformly distributed.

(Veech)

Billiards and Riemann surfaces

P

X has genus 2
ω has just one zero!

(X,ω) = P/~

Theorem (Veech, Masur):

If P is a lattice polygon, then billiards in P is optimal.

P is a Lattice Polygon

⇔ SL(X,ω) is a lattice

⇔ (X,ω) generates a Teichmüller curve

(renormalization)



Optimal Billiards

Corollary
Any regular polygon is a 

lattice polygon.

Example:  if X = C/Λ,  ω=dz, then

SL(X,ω) ≃ SL2(Z)

Theorem (Veech, 1989):    For (X,ω) = (y2 = xn-1, dx/y), 
             SL(X,ω) is a lattice.

�

Explicit package:  Pentagon example

F igure 4. T he golden L-shaped table can be reassembled and then stretched
to obtain a pair of regular pentagons.

The relationship between the two polygons can be seen directly, as indicated
in Figure 4.

Explicit uniformization. The proof that SL(X,  ) is a lattice when its
trace field is irrational is rather indirect. To conclude this section, we de-
scribe a direct algorithm to generate elements in SL(X,  ). This algorithm
allows one to verify:

Theorem 9.8 The Teichmüller curve generated by P (a, a), a = (1+
√

d)/2,
has genus 0 for d = 2, 3, 5, 7, 13, 17, 21, 29 and 33.

To describe the algorithm, assume (X,  2) generates a Teichmüller curve
V = H/SL(X,  ). Let GL(X,  ) denote the image of the full a  ne group
A  (X,  ) under the map  "→ D  . Note that GL(X,  ) contains SL(X,  )
with index at most two.

To begin the algorithm, we must first choose an initial reflection R0 ∈
GL(X,  ). Then the geodesic  0 ⊂ H fixed by R0 either covers a closed
geodesic on V , or it joins a pair of cusps. Assume we are in the latter case,
and let c0 be one of the cusps fixed by R0.

From the data (R0, c0) we inductively generate a chain of cusps and
reflections (Ri, ci), as follows.

1. Choose a parabolic element Ai ∈ SL(X,  ) stabilizing ci.

2. Set Ri+1 = AiRi.

3. Let  i+1 ⊂ H be the axis of Ri+1.

4. Let ci+1 be the cusp joined to ci by  i+1.

Note that Ri+1 is indeed a reflection, since AiRi = RiA
−1
i .

31

V = H/SL(X,ω) ⊂ SL2(√5)

(X,ω) = (y2=x5-1,dx/y)

g·(X,ω) 

�

   = ⟨a, b⟩

Mg

⇒ Direct proof that SL(X,ω) is a lattice

20th century lattice polygons

Tiled by squares

triangle groups

~ SL_2(Z)

SL_2(Z)

Various triangles

Regular polygons

Square

~ (2,n,   ) triangle group8

20th century lattice billiards

Problem

Are there infinitely many primitiveTeichmüller
curves V in the moduli space M2?

Genus 2

� Regular 5- 8- and 10-gon



Jacobians with real multiplication

Theorem
 (X,ω) generates a Teichmüller curve V⇒

Jac(X) admits real multiplication by OD ⊂ Q(√D).

Corollary
V lies on a Hilbert modular surface

V � HD �M2

=

HxH /SL2(OD)

WD = {X in M2 :  OD acts on Jac(X) and its
                                      eigenform ω has a double zero.}

Theorem.   WD is a finite union of Teichmüller curves.

The Weierstrass curves

1

1

γ

γ = (1 + √d)/2

Pd
Corollaries

• Pd has optimal billiards
for all integers d>0.

• There are infinitely many
primitive V in genus 2.

The regular decagon

Theorem.   The only other primitive Teichmüller curve in 
genus two is generated by the regular decagon.

Torsion divisors in genus two

-2 -1 1 2

-4

-2

2

4

Torsion divisors in genus two

P

Q

Theorem (Möller)   (X,ω) generates a Teichmüller curve 
⇒  [P-Q] is torsion in Jac(X)



Teichmüller curves in genus 2

Theorem 

The Weierstrass curves WD account for all the 
primitive Teichmüller curves in genus 2 -- 

-- except for the curve coming from the
    regular decagon.

Mysteries

• Is WD irreducible?
• What is its Euler characteristic ?
• What is its genus ?
• Algebraic points (X, ω) in WD ?
• What is Γ = SL(X,ω) ?   

WD = H/Γ,     Γ ⊂ SL2(OD)

The Weierstrass curves W 0
17 and W 1

17

The Weierstrass curves W 0
17 and W 1

17

(spin)

W17
0

W17
1

Classification Theorem

WD is connected 
except when D=1 mod 8, D>9.

M, 2004 Euler characteristic of WD

Theorem (Bainbridge, 2006)

χ(WD) = −
9

2
χ(SL2(OD))

Proof:  Uses cusp form on Hilbert modular surface with 
(α) = WD - PD,  where PD is a Shimura curve

Compare:  χ(Mg,1) = ζ(1-2g)  (Harer-Zagier)

= coefficients of a modular form



Elliptic points on WD

Theorem (Mukamel, 2011)

Proof: (X,ω) correponds to an orbifold point ⇒
X covers a CM elliptic curve E ⇒
(X,ω), p: X →E and Jac(X) can be described explicitly.

The number of orbifold points on WD is given 
by a sum of class numbers for Q(√-D).

Genus of WDA.2 Homeomorphism type of WD

D g(WD) e2(WD) C(WD) �(WD)

5 0 1 1 � 3
10

8 0 0 2 �3
4

9 0 1 2 �1
2

12 0 1 3 �3
2

13 0 1 3 �3
2

16 0 1 3 �3
2

17 {0, 0} {1, 1} {3, 3}
�
�3

2 ,�
3
2

⇥

20 0 0 5 �3

21 0 2 4 �3

24 0 1 6 �9
2

25 {0, 0} {0, 1} {5, 3}
�
�3,�3

2

⇥

28 0 2 7 �6

29 0 3 5 �9
2

32 0 2 7 �6

33 {0, 0} {1, 1} {6, 6}
�
�9

2 ,�
9
2

⇥

36 0 0 8 �6

37 0 1 9 �15
2

40 0 1 12 �21
2

41 {0, 0} {2, 2} {7, 7} {�6,�6}
44 1 3 9 �21

2

45 1 2 8 �9

48 1 2 11 �12

49 {0, 0} {2, 0} {10, 8} {�9,�6}

D g(WD) e2(WD) C(WD) �(WD)

52 1 0 15 �15

53 2 3 7 �21
2

56 3 2 10 �15

57 {1, 1} {1, 1} {10, 10}
�
�21

2 ,�
21
2

⇥

60 3 4 12 �18

61 2 3 13 �33
2

64 1 2 17 �18

65 {1, 1} {2, 2} {11, 11} {�12,�12}
68 3 0 14 �18

69 4 4 10 �18

72 4 1 16 �45
2

73 {1, 1} {1, 1} {16, 16}
�
�33

2 ,�
33
2

⇥

76 4 3 21 �57
2

77 5 4 8 �18

80 4 4 16 �24

81 {2, 0} {0, 3} {16, 14}
�
�18,�27

2

⇥

84 7 0 18 �30

85 6 2 16 �27

88 7 1 22 �69
2

89 {3, 3} {3, 3} {14, 14}
�
�39

2 ,�
39
2

⇥

92 8 6 13 �30

93 8 2 12 �27

96 8 4 20 �36

Table 3: The Weierstrass curve WD is a finite volume hyperbolic orbifold and for D > 8
its homeomorphism type is determined by the genus g(WD), the number of points of order
two e2(WD), the number of cusps C(WD) and the Euler characteristic �(WD) of each of its
components. The values of these topological invariants are listed for each curve WD with
D < 250 as well as several larger discriminants. For reducible WD, the invariants are listed for
both spin components with the invariants for W 0

D appearing first.

52

Corollary

WD has genus
0 only for 

D<50

(table by Mukamel)

Algebraic points on WD

y2 = x5-1

y2 = x8-1

D=5

D=8

D=108       96001 + 48003 a + 3 a2 + a3 = 0

....

D=13 y2 = (x2-1)(x4-ax2+1)

a = 2594 + 720 √13

Mukamel

X ∈ M2

0

i

√11-11+√11 -√11

Example D=12. The Riemann surface L
12

has genus zero, three cusps and one
orbifold point whose orbifold order is two. Using our algorithm, we enumerated the
components of L

12

[n] for n � 2. The set L
12

[3] consists of three di↵erentials up to
scale, L

12

[n] is empty for n � 4 and L
12

[2] has five components.
We also computed a pair (S

12

, �
12

) encoding a fundamental domain and generators
for PSL(X
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The domain D(S
12

) is depicted in Figure 4.

Example D=13. The Riemann surface L
13

has genus zero, three cusps, one orbifold
point whose orbifold order is two. Using our algorithm, we enumerated the components
of L

13

[n] for n � 2. The set L
13

[3] (see Figure 4) consists of three di↵erentials up to
scale, L

13

[n] is empty for n � 4 and L
13

[2] has five components.
We also computed a pair (S
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) encoding a fundamental domain and generators
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The domain D(S
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) and the stratification L
13

=
S

n�1

L
13

[n] are drawn in Figure 4.

Example D=44. The Riemann surface L
44

has Euler characteristic �21/2, genus
one, nine cusps and three orbifold points each of which has orbifold order two. The set
L

44

[n] is empty for n � 4, the set L
44

[3] consists of 21 points, and the set L[2] has 33
connected components.

The pair (S
44

, �
44

) listed in Table 1 encodes a fuandmental domain and generators
for PSL(X

44

, q
44

). The domain D(S
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8
>>><

>>>:

�11 +
p

11, � 11
2 , �

p
11, 1

3

⇣
�11 +

p
11

⌘
, 1

7

⇣
�11 � 2

p
11

⌘
, 4

7

⇣
�11 + 2

p
11

⌘
, 1

5

⇣
�22 + 3

p
11

⌘
,

3
10

⇣
�11 +

p
11

⌘
, �2, 1

5

⇣
�33 + 7

p
11

⌘
, 1

4

⇣
�11 +

p
11

⌘
, 1

7

⇣
�22 + 3

p
11

⌘
, 1

5

⇣
�11 +

p
11

⌘
, 0, 1

5

⇣
11 �

p
11

⌘
,

1
4

⇣
11 �

p
11

⌘
, 1

5

⇣
33 � 7

p
11

⌘
, 2, � 3

10

⇣
�11 +

p
11

⌘
, 1

5

⇣
22 � 3

p
11

⌘
, 1

3

⇣
11 �

p
11

⌘
,
p

11, 1

9
>>>=

>>>;
.

17

V=

Figure 1: The Riemann surface L
44

⇠= H/ PSL(X
44

, q
44

) of genus one has nine cusps and three
orbifold points of order two. The convex hull of V ⇢ @H (top) is an ideal 23-gon (middle) and a
fundamental domain for PSL(X

44

, q
44

). Our algorithm computes a fundamental domain and generators
for PSL(X

44

, q
44

) by performing a breadth first search on the graph (bottom) whose vertices correspond
to points in

S

n�3

L
44

[n] and whose edges correspond to components of L
44

[2].

3

Computing WD

D=44

Mukamel



Conjecture:
There are only finitely many Teichmüller curves in Mg

with deg(trace field SL(X,ω)) = g = 3 or more.

Higher genus?

[Rules out quadratic fields]

(avoids echos of lower genera)

•  Jac(X) admits real multiplication by K,  
•  P-Q is torsion in Jac(X) for any two zeros of ω.

Methods:  Variation of Hodge structure; rigidity 
theorems of Deligne and Schmid; Neron models; 

arithmetic geometry

Theorem (Möller, Bainbridge-Möller)
Finiteness holds...
          for hyperelliptic statum (g-1,g-1)
          for g=3, stratum (3,1)

Theorem

There exist infinitely many primitive 
Teichmüller curves in Mg  for genus g = 2, 3 and 4.

However...

The exceptional triangular billiard tables
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Exceptional triangular billiards



Prym systems in genus 2, 3 and 4
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Prym systems in genus 2, 3 and 4

WD for g=3,4: Lanneau--Nguyen but still quadratic fields

Question.
Are there only finitely many primitive Teichmüller curves 

in Mg for each g ≥5? 

Higher genus?

What about the Hilbert modular surfaces
HD ⊂ M2 ?

H×H
↓

HD  ⊂  M2

foliated by complex
geodesics

WD
~

each leaf is the graph of
a holomorphic function

F: H → H

HD
~

Holomorphic pentagon-to-star map

F

Pentagon-to-star map

W5
~ = graph of F



Action on slices of HD

ρ = ∫ab ω = relative period

Slice {τ1}×H

{τ1}×H

q = (dρ)2  quadratic differential

SL(H,q) = SL2(OD)
acts on slice

gives picture of action of SL2(R) on  ΩM2

HD
~

golden table

points of WD

points of PD

Slice of HD

Slice of Hilbert modular surface

!10 !5 0 5 10

2

4

6

8

10

12
D=5 q = Q | {τ1}×H

Exotic leaves



We have ϑm(τ, z) = ϑ(τ, z) for all m ∈ M .
The 16 points [m] ∈ 1

2M/M define spin structures on X. The 10 even
spin structures are those which satisfy

∑
4[m,ai][m, bi] = 0mod 2

with respect to a symplectic basis for M ; the other 6 are odd. The odd spin
structures coincide with Weierstrass points on X, and the even ones give
the possible locations for a node. Choosing a representative m ∈ 1

2M for
each spin structure, we define a meromorphic form on H × H by

Q =

(
∏

m odd

dϑm

dz2
(τ, 0)

/
∏

m even

ϑm(τ, 0)

)

dτ−1
1 dτ2

2 . (5.3)

This form is invariant under SL(OD ⊕O∨
D), and we have:

Theorem 5.4 (Möller-Zagier) The divisor of Q on XD is given by (Q) =
WD − PD, and its restriction to a slice

{τ1}× H ∼= A(L))

gives a nonzero multiple of the relative period form q(L), L = OD ⊕O∨
D τ1.

For more on the differential Q, see [Mc5, §8] and [Ba, §10]. A general
reference for ϑ-functions is [Mum].

6 Dynamics of SL2(OD)

In this section we continue the study of eigenforms for real multiplication,
with the normalization

LD = OD ⊕OD i

(corresponding to τ1 = i
√

D). The symplectic form on LD is given by
[a + ib, c + id] = TrK

Q (D−1/2(ad − bc)), and we have

SL2(R)LD = SL2(OD).

We establish Theorems 1.6 on the orbits of SL2(OD), and analyze the ge-
ometry of A0(L).

The standard splitting. As in §5, let ξ = (e+
√

D)/2 where e ∈ {0, 1} has
the same parity as D; then OD = Z[ξ]. A symplectic basis for LD is given

29

Möller-Zagier formula

products taken over spin strs m
(6 odd, 10 even)

     (Q) = WD - PD on the Hilbert modular 
surface XD = H×H /SL2(OD)

Billiards in a pentagon,
reprise


