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The Hecke groups Gq

Gq = <S,T>,  where  

S =

 
0 1

�1 0

!
and T =

 
1 2 cos⇡/q

0 1

!
.
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Intellectual merits III:
Golden fractions and modular symbols for Teichmüller curves

Abgesehen von den vier Fällen q = 3, 4, 6 und 1, ... ist so etwas wie ein
Koe�zientengesetz der Matrizen zu Gq noch nicht bekannt. 2

—Leutbecher, 1974.

Our most recent work has revealed interactions between the arithmetic of Hecke
groups, multicurve systems, billiards in the pentagon, modular symbols and contraction
of the period mapping. Its many facets include a new proof of the Veech dichotomy,
with e↵ective estimates.

This work continues developments in [Mc3] and [Mc7] and was also inspired by a
question of Davis and Lelièvre (answered by Theorem 2.13 below).

The Hecke groups. To state our results, let us begin with the classical Hecke group
Gq ⇢ SL

2

(R), defined for q � 3 by Gq = hS, T i, where

S =

 
0 1

�1 0

!
and T =

 
1 2 cos⇡/q

0 1

!
.

Geometrically, H/Gq is the (2, q,1) orbifold.
When q = 3, 4 or 6, Gq commensurable to SL

2

(Z), and its matrices are easily
described. Such a description is lacking for all other values of q, as noted by Leutbecher.

For concreteness we will focus on the case q = 5. In this case T =
�
1 �
0 1

�
, where

� = (1 +
p
5)/2 is the golden ratio. The ring O = Z[�] is the maximal order in

K = Q(
p
5), and we can regard Gq as a thin subgroup of SL

2

(O), which itself embeds
as a lattice (Hilbert modular group) in SL

2

(R)2. The embedding is given by g 7! (g, g0),
where g0 =

�
a0 b0
c0 d0

�
is the Galois conjugate of g =

�
a b
c d

�
.

It is known that the cusps of Gq coincide with K [ {1} ⇢ bR [Le]; for a dynamical
perspective, see [Mc3]. . In particular, every x 2 K can be canonically expressed as a
golden fraction x = a/c, with a, c 2 O unique up to sign, characterized by the fact that
(a, c) occurs as a column of a matrix in Gq.

Matrix coe�cients. Let M ⇢ O ⇢ R denote the set of all nonzero matrix coe�cients
of elements of Gq. This is the same as the set of all possible denominators for golden
fractions. Our first observation is that |a0|  |a| for every a 2 M , and equality holds if
and only if a = ±1. Let R = {a0/a : a 2 M} ⇢ [�1, 1]. Proceeding further, we show:

2
Aside from the four cases q = 3, 4, 6 and 1... no rule for the coe�cients of the matrices in Gq is

yet known.
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The golden Hecke group G5

γ = (1+√5)/2

0 γ/2-γ/2

i
ζ10

=(2,5,∞)
triangle 
group

z →z+γ

↺

z →-1/z

Matrix entries in G5

Theorem
Let x = A + B γ be a matrix entry in G5.  

Then AB ≥ 0.  

Complement.
For any g in G5, we have |Tr g′| ≤ |Tr g|

provided the latter is > 2.

Cor.
|x′| ≤ |x|.



γ

γ

1

1

Proofs:  
G5 = SL(X,ω).   Use the golden table! 

Holomorphic pentagon-to-star map

F

Holomorphic pentagon-to-star map

G5 G5′

Cusps of the golden Hecke group

0 γ11/γ

Theorem
The cusps of G5 coincide with K = Q(√5).

Leutbecher, M

Quadratic trace field

Theorem
If SL(X,ω) is a lattice with quadratic trace field K,

then the cross-ratios of its cusps coincide with K ∪ {∞}.  

Consider a form (X,ω) of any genus g.

Example:  g=3, the regular 12-gon;
handles G12.



Simple slopes, long trajectories

s=1

4 segs

s=5/3

1152 segs

s=7/3

80 segs

s=89/55

1013 segs

Effective methods

Theorem

Let s = (a+bγ)/(c+dγ) with |a|,|b|,|c|,|d| < M.

Then the trajectory at slope s 
in the golden L has length at most

exp(c(log M)2).

Sharp for s a Fibonacci number.

The arithmetic of G5

Let R = {a′/a : a ≠0 is a matrix entry in G5}.   

Cor
There is no simple characterization of the

 matrix coefficients of G5.

I.   R is contained in [-1,1].
II.  The closure S of R is countable.

III. S is homeomorphic to ωω+1.

IV. S is equal to the semigroup generated by R.

Theorem

Long periodic trajectories are 
uniformly distributed...aren’t they?



Long periodic trajectories are 
uniformly distributed...aren’t they?

Twists Non-optimality of optimal billiards

Q. of Davis-Lelievre

Let m(s) = probability measure on a
periodic trajectory of slope s in Q(√5).

Theorem (M)

M is homeomorphic to ωω+1.

Let M = {all lim m(sn) for sn →0.}



Coxeter diagrams and  Teichmüller curves

Every Teichmüller curve V can be specified
by a curve system (Ai), (Bj).

Gives hD⌧A, D⌧Bi = � ⇢ SL(X,!).
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Usually of infinite index!

Modular symbols organize all
curves systems attached to V.

`New’ proof of Veech dichotomy


