
Course Outline

Complex Manifolds
Math 241, Spring 1996, Berkeley CA

C. McMullen

Texts:

Forster, Lectures on Riemann Surfaces, Springer-Verlag
Griffiths and Harris, Principles of Algebraic Geometry, Wiley

Also recommended:

Cornalba et al, Lectures on Riemann Surfaces, World Scientific
Griffiths, Lectures on Algebraic Curves, AMS

1. Holomorphic functions in one and several variables. Definition of a
complex manifold. Canonical splitting of the complexified tangent and
cotangent space.

TR ⊂ T ⊗ C = T ′ ⊕ T ′′,

where TR is the real tangent space at a point, T ′′ = 〈∂/∂zi〉 annihilates
holomorphic functions and T ′ = 〈∂/∂zi〉 annihilates antiholomorphic
functions. On C,

Df(w) =
∂f

∂z
w +

∂f

∂z
w.

Quasiconformal maps. Stone-Weierstrass theorem: a continuous func-
tion can be approximated by a polynomial in z and z.

2. Examples of complex manifolds: domains in Cn, branched coverings,
Cn/Λ, (Cn − 0)/(z 7→ λz), Pn, maximal analytic continuation of a
germ in C, hypersurfaces such as xn + yn = 1 in C2, surfaces in space
(more generally Riemannian surfaces), Fuchsian and Kleinian groups.
Minimal surfaces: a surface Σ ⊂ R2 is minimal iff it is nonpositively
curved and the Gauss map is holomorphic.

3. Cauchy’s integral formula:
∫

γ
f(z)dz. Intrinsic point: ω = f(z)dz is a

closed 1-form, since dω = (df/dz)dz ∧ dz = 0. Removable singularities
theorem.

4. Completing Riemann surfaces: if every end of X has a neighborhood
isomorphic to ∆∗, then there is a canonical compactification Y of X
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such that Y −X is finite. Use removable singularities to prove comple-
tion is canonical.

Example: two-sheeted branched covers over Ĉ.

5. When can a Riemann surface be embedded in the sphere? A: whenever
it has no handles. Example: the Schottky construction of planar cov-
erings; Schottky uniformization. Example: a classical Schottky group
(using reflections in disjoint circles).

6. Solution to the ∂ equation in C; φ = (1/2πi)(−1/z) satisfies ∂φ =
δ(z)dz in the sense of distributions, so

f(z) = g ∗ φ =
1

2πi

∫

C

g(w) dw ∧ dw

w − z

satisfies ∂f = g(z)dz, for any smooth compactly supported g(z).

7. Mappings between Riemann surfaces; basic structure theorem (f is
constant or w = f(z) = zn for appropriate charts). Two proofs: (a)
apply Riemann mapping theorem to preimage of a small ball under
f ; (b) use f(z) = znh(z), h(0) = 1, to define f(z)1/n and show it is
invertible.

8. Corollaries: f : X → Y (if nonconstant) is open, with discrete fibers.
If X is compact, then f is surjective. A bounded holomorphic function
on C extends to Ĉ and is therefore constant. Thus C is algebraically
closed (consider 1/p(z)).

9. Hartog’s phenomenon, Weierstrass preparation theorem, functions on
Cn as parameterized functions on C. Riemann extension theorem in
one and several variables.

10. Meromorphic functions on complex manifolds (locally given by (Uα, fα, gα).
The example of z2/z1 on C2; blowing up. K(Pn) = C(Z1/Z0, . . . , Zn/Z0)
(proof for n = 1).

11. The residue theorem: if X is compact, ω is a meromorphic 1-form, then∑
P ResP (ω) = 0.
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12. General theory of covering spaces, branched coverings, proper maps.
Coverings of the punctured disk.

Theorem: given X compact, E ⊂ X finite, and G ⊂ π1(X − E) of
finite index, there is Riemann surface Y and a proper holomorphic map
π : Y → X, unique up to isomorphism over X, such that Y − π−1(E)
is isomorphic to the covering space of X − E corresponding to G.

13. Universal coverings of Riemann surfaces are isomorphic to H, C or Ĉ.

14. The category of compact Riemann surfaces and the category of fields
finite over C(z). The trace or pushforward tr : K(Y ) → K(X) for a
finite extension K(Y )/K(X), and for a proper map f : Y → X.

15. The resultant R(f, g) of two polynomial f(z) and g(z) of degrees d and
e is a polynomial in the coefficients that vanishes iff there are monic
polynomials r(z), s(z) of degree e− 1 and d− 1 such that rf + sz = 0.
It is given by a determinant by looking at the span of zif and zjg. The
discriminant D(f) = R(f, f ′) vanishes iff f has a multiple root.

16. Constructing X from K(X): express K(X) as k(f), where k = K(Ĉ) =
C(z). Let P (f, z) be the irreducible polynomial satisfied by f ; then X

can be obtained by completing {(y, z) : P (y, z) = 0} ⊂ C × Ĉ. By
considering pushforwards one finds deg K(X)/K(Y ) is always at most
deg(X/Y ), so K(X) = k(f).

17. The Fermat curve X(n) described by xn + yn = 1. Projection by x to

Ĉ is branched over xn = 1, and since y = n
√

1 − xn each branch point
has multiplicity n − 1. For large x, we have xn ≈ yn, so there are n
sheets over infinity. Thus χ(X(n)) = 2n − n(n − 1) = 3n − n2.

18. Theorem: if f : X → Y is nonconstant, then g(X) ≥ g(Y ). Corollary:
The Fermat equation fn + gn = 1 has no solutions in C(z) except with
f and g constant, if n > 2. It also has no entire solutions for n > 2,
and no meromorphic solutions for n > 3, since the universal cover of
X(n) is then the disk.

For n = 3 there are meromorphic solutions coming from the Weierstrass
℘-function. For n = 2 you can take f(t) = t2−1, g(t) = 2t, h(t) = t2+1.
Geometrically this corresponds to projecting the circle to the vertical
axis from the point (−1, 0).
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19. Sheaves. Basic examples: O, O∗, M, M∗ (holomorphic and meromor-
phic functions), Ωp (holomorphic forms), C∞, Ap (smooth p-forms), Zp

(closed p-forms), Z, Q, C (locally constant functions).

Presheaves that are not sheaves: B (“boundaries” — exact forms),
Hp(U) (cohomology groups).

20. A section of a sheaf is determined by its germs. L’espace etalé |F| of a
presheaf F .

21. Analytic continuation. Any germ of an analytic function f ∈ Fa on
X has a unique maximal analytic continuation g : Y → C, with π :
(Y, b) → (X, a) a holomorphic local homeomorphism sending gb to fa.

22. Elliptic functions: if X = C/Λ, then K(X) = C(℘, ℘′) ∼= C(x)[y]/(y2 =

4x3 + ax + b). Proof: ℘ : X → Ĉ presents the sphere as the quotient
of X under the involution z 7→ −z. Thus any even function on the
torus descends to a function on the sphere, where is becomes a rational
function of ℘. Since ℘′ is odd, and any function is a sum of and even
one and an odd one, we find ℘ and ℘′ generate K(X).

23. The uniformization of elliptic curves. Theorem: given any degree two
covering X → Ĉ branched over 4 points, there is a lattice Λ such that
X = C/Λ. In fact Λ is generated by the periods of

ω0 =
dz√

(z − a)(z − b)(z − c)

if the branch points are {a, b, c,∞}.
Proof: It suffices to find a nowhere zero holomorphic 1-form ω on X.
For then we get a map δ : X̃ → C by integrating its lift to the universal
cover; this map is an isometry from |ω| to |dz|, so it is a covering map;

therefore it is an isomorphism. The action of π1(X) on X̃ is clearly
conjugate under δ to the action of translation by the periods, so the
latter are linearly independent over C and we are done.

But the multivalued form ω0 becomes a single-valued form ω on the
2-sheeted cover of Ĉ branched over a, b, c,∞, so we are done.

Caveat:

℘−1(p) =

∫ p dz√
(z − a)(z − b)(z − c)

.
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This is the origin of the word ‘elliptic integral’

24. Trigonometric functions can be thought of as arising by a similar proce-
dure. For example, we wish to show the universal cover of the (2, 2,∞)-

orbifold is the plane. That is, we want to show X̃ ∼= C where f : X̃ → C

is a regular, infinite-sheeted branched covering, branched with order 2
over −1 and 1. To this end consider the form

ω0 =
dz√

(1 − z)(1 + z)
.

When pulled back to X̃ and integrated it establishes the desired iso-
morphism, and we have

sin−1(p) =

∫ p dz√
(1 − z)(1 + z)

.

However one should be careful: for coverings of noncompact surfaces,
the integral of ω does not automatically give an isomorphism to C; e.g.
consider ω = ezdz on C.

25. Puiseux series: the germ of an algebraic function near z = 0 can always
be expressed as a Laurent series in ζ = z1/d, where d is the degree of
the function.

As a corollary one can see that the links of singularities of hypersurfaces
in C2 are iterated torus knots. The point is that the knot can be
parameterized by x = ζd0, y =

∑
∞

1 aiζ
di, where gcd(d0, d1, . . .) = 1.

The successive jumps in gcd(d0, . . . , dk) give the iterations.

26. Avec les séries de Puiseux,

Je marche comme sur des oeufs.

Il s’ensuit que je les fuis

Et me refugie dans la nuit...

—A.D.

Variante pour le dernier vers:

Il s’ensuit que je les fuis

Comme un poltron que je suis.
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27. The cotangent space in terms of stalks: it can be written T ∗
p X =

mp/m
2
p, where mp are the germs of smooth functions vanishing at p.

Then (df)p = (f − f(p)).

28. A holomorphic 1-form is closed, and a closed (1,0)-form is holomorphic.

The Hodge ∗ operator. On an oriented n-dimensional real vector space
V with an inner product, the operator

∗ :

p∧
V →

n−p∧
V

is defined so that
α ∧ ∗β = 〈α, β〉vol.

Here an orthonormal basis for the p-forms is obtained by wedging to-
gether elements of an orthonormal basis for V .

On the complexification of V one has a Hermitian inner product, and
the complex linear extension of ∗ satisfies

α ∧ ∗β̄ = 〈α, β〉vol.

From this we obtain a hermitian inner product on p-forms on an ori-
ented Riemannian manifold by

〈ω1, ω2〉 =

∫

X

ω1 ∧ ∗ω̄2.

29. The composition of Hodge ∗ with complex conjugation gives ∗̄. On
a Riemann surface, the ∗̄ operator interchanges Ω(X) and Ω(X), the
spaces of holomorphic and antiholomorphic forms, and ∗2 = ∗̄2 = −1
on 1-forms on a surface.

30. Harmonic forms on a compact manifold. A p-form is harmonic if (dd∗+
d∗d)ω = 0, where d∗ is the adjoint to exterior d with respect to the inner
products introduced above. Equivalently, ω is harmonic if it is closed
(dω = 0) and co-closed (d ∗ ω = 0). This is because d ∗ ω = ± ∗ d ∗ ω
(as can be seen by integration by parts), and

〈ω, (dd∗ + d∗d)ω〉 = 〈dω, dω〉+ 〈d ∗ ω, d ∗ ω〉.
A closed form is harmonic iff it formally minimizes its L2-norm in its
cohomology class; this is because d ∗ ω = 0 if and only if 〈ω, df〉 = 0
for all (p − 1)-forms f .
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31. The Hodge Theorem asserts that for a compact oriented Riemannian
manifold, we have an isomorphism

Hp
∆(X) ∼= Hp

DR(X),

between the space of harmonic forms for the Hodge Laplacian ∆ =
dd∗ + d∗d and the de Rham cohomology of X. The arguments already
given show this map is injective, since a harmonic form satisfies ‖ω +
df‖ ≥ ‖ω‖.

32. The harmonic 1-forms on a Riemann surface are exactly Ω(X)⊕Ω(X),
and any such is locally ω = df with f a harmonic function.

33. Periods: a 1-form is exact if and only if all its periods vanish. A
harmonic function is determined by its periods. Thus we have

Ω(X) ⊕ Ω(X) →֒ H1(X) = H1(X)∗,

so if X has genus g then dim Ω(X) ≤ g. Example: X = C/Λ; equality
holds since Ω(X) contains dz.

So as soon as we can exhibit g holomorphic forms on X, we have:
dim Ω(X) = g; and every cohomology class is represented by a har-
monic form.

34. Linear differential equations. F : X → Cn satisfying dF = M · F ,
where M is an n × n matrix of holomorphic 1-forms. This can also
be thought of as a holomorphic connection (gln-valued 1-form) on the
trivial bundle X × Cn; since dM = 0 it is flat. If M is contained in a
subalgebra of gln then the structure group is suitably reduced.

Example: f ′′ + φf = 0 corresponds to M =
(

0 1
−φ 0

)
and F = (f, f ′).

Since tr M = 0 we see the Wronskian fg′ − f ′g of any pair of solutions
is constant, correspond to the fact that the determinant is preserved
(M ∈ sl2).

35. Local solvability. From dF = M ·F on the disk D(0, 1) ⊂ C we get the
recursion relations for power series:

Fi+1 =
1

i + 1

∑

j+k=i

MjFk.
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Given the initial condition F0 the above recursively determines Fi.

Now assume ‖Mj‖ ≤ M for all j (which is true if M is holomorphic on
a slightly larger disk). Then we claim for any λ = (1+ǫ) > 1, there is a
C such that ‖Fi‖ ≤ Cλi. To see this, choose δ so δ(λ0+. . .+λi) < λi+1,
choose I so M/(i + 1) < δ for i > I, and choose C so ai ≤ Cλi for
i ≤ I. Then by induction we have

|Fi+1| ≤
M

i + 1
(|F0| + . . . + |Fi|) ≤ δC(λ0 + . . . λi) ≤ Cλi+1.

36. Monodromy of differential equations. In general the equation dF =
M ·F has global solutions only on the universal cover X̃, and we get a
monodromy representation ρ : π1(X) → GL(V ), where V is the (finite-
dimensional) space of solutions.

Example: on X = ∆∗ consider the equation f(z)−zf ′(z)+z2f ′′(z) = 0.
It has a basis of solutions f1(z) = z and f2(z) = z log z. Analytically
continuing once around the puncture we find these are transformed to
g1 = f1 and g2 = f2 + 2πif1, so the monodromy matrix is ( 1 0

2πi 0 )

37. The Schwarzian derivative of a conformal map f between regions on the
sphere is a holomorphic quadratic differential given by Sf = Sf(z)dz2

where

Sf(z) =

(
f ′′(z)

f ′(z)

)′

− 1

2

(
f ′′(z)

f ′(z)

)2

.

It is connected to differential equations by the fact that Sf = φ if and
only if f = g1/g2, where g1, g2 are solutions to the equation

g′′(z) +
1

2
φ(z)g(z) = 0.

For example if φ = 0 then gi(z) = aiz + bi and f is a Möbius transfor-
mation. In general Sf measures the deviation of f from being Möbius.

38. Cocycles. The Schwarzian can be compared to the log derivative Df(z) =
log f ′(z), and the nonlinearity Nf(z) = (f ′′(z)/f ′(z))dz. All three are
cocycles; that is,

D(f ◦ g) = Dg + g∗(Df)

and similarly for Nf and Sf ; here it is crucial to think of these objects
as forms.
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39. Uniformization of the triply-punctured sphere. Let π : H → X =
Ĉ − {0, 1,∞} be the uniformizing map. Then π−1 is well-defined up
to composition with a Möbius transformation, so φ = Sπ−1 is a holo-
morphic quadratic differential on X. Near the punctures, π−1 behaves
like log(z), and S log(z) = (1/2)dz2/z2, so we can deduce (using S3

symmetry of X) that

φ =
z2 − z + 1

2z2(z − 1)2
dz2.

Compare [SG, §14.5]. The monodromy of the differential equation g′′+
(1/2)φg = 0 on X determines an isomorphism ρ : π1(X) → PSL2(Z).

40. Weyl’s Lemma: A weak solution to ∂φ = 0 or ∆φ = 0 is actually
smooth.

Proof: suppose φ ∈ D(U) satisfies ∂φ = 0. That is,
∫

φ∂f = 0 for
all f ∈ C∞

0 (U). Let φǫ, fǫ, etc. be obtained by convolution with a
circularly symmetric bump function of radius ǫ, so fǫ → f smoothly as
ǫ → 0.

In brief the proof is (a) φǫ is smooth and (b) φǫ = φ by the mean-value
principle. To prove (b) more precisely we use the fact that fǫ = f if f
is smooth and harmonic, and

∫
(φǫ − φ)f =

∫
φ(f − fǫ),

so it suffices to show f − fǫ = ∂h, where h is compactly supported. To
this end solve ∂g = f on C and set h = g − gǫ. Then g is harmonic
for z outside the support of f , so h is compactly supported (if an ǫ-
neighborhood of the support of f lies in U), and (∂g)ǫ = (∂g)ǫ, so we
are done.

41. Hodge theory on a compact Riemann surface X:

(a) H0,1(X)∗ = Ω(X) (Dolbeault cohomology classes are dual to holo-
morphic 1-forms);

(b) α = d ∗ df ⇐⇒
∫

X
α = 0 (a volume form is in the image of the

Laplacian iff its integral is zero); and
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(c) H1
DR(X) = H1

∆(X) (de Rham 1-forms are represented by harmonic
1-forms).

42. Proof of (41c): if ω is a closed 1-form then to make it harmonic we
need to solve d ∗ (ω + df) = 0 = d ∗ df + d ∗ω, and this is possible since∫

d ∗ ω = 0.

43. Proof of (41a): we have H0,1 = A1/∂A0. If we can show ∂A0 is closed
in the C∞ topology then we are done, since then (H0,1)∗ = (∂A0)⊥ =
Ω(X) by Weyl’s lemma (a distributional 1-form which is perpendicular
to the image of ∂ is holomorphic.)

We claim ‖df‖Cr ≤ Mr‖∂f‖Cr+1. If not, there exist smooth functions
fi with ‖dfi‖Cr = 1 and ∂fi → 0 in Cr+1. We can also normalize so
fi(p) = 0 at some basepoint, so then fi is uniformly bounded. Locally
we can write

fi = (∂fi) ∗
1

z
+ hi,

where hi is holomorphic; by assumption the convolution term tends to
zero in the Cr+1 sense, and the hi are bounded, so we can extract a
Cr+1 convergent subsequence (using the fact that bounded holomorphic
functions have smoothly convergent subsequences). Then in the limit,
∂f = 0 but ‖df‖ = 1, contradicting the fact that f is constant.

From this inequality we see that if ωi → ω in C∞ and ωi = ∂fi, then
‖dfi‖Cr is bounded for every r, so (after normalizing so f(p) = 0) there
is a convergent subsequence, and the limit f satisfies ∂f = ω.

44. Proof of (41b): The proof for the Laplacian is similar: ∆(A0) is smooth
closed, and the quotient A2/∆(A0) can be identified with the space of
weakly harmonic distributions. But these are just constants, so the
image is the forms of integral zero.

45. Dolbeault cohomology groups. In general Hp,q

∂
(X) is the space of ∂-

closed (p, q)-forms, modulo those of the form ∂f , where f is a (p, q−1)
form. For example on a Riemann surface H1,0

∂
(X) = Ω(X). One also

defines the de Rham group Hp,q as the closed (p, q)forms modulo exact
ones.

The Hodge decomposition for a compact Kähler manifold states:

Hn(X) ∼= ⊕Hp,q(X) ∼= ⊕Hp,q

∂
(X).
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46. Vanishing theorems: H0,1

∂
(∆) = 0. The proof is to write a general

(1, 0)-form ω on the disk as ω =
∑

ωi where each ωi has compact
support and the supports tend to infinity. Then solve ∂fi = ωi as
usual. Finally, for any r < 1 and i large enough, we have ∂fi = 0 on
∆(r), so we can approximate fi there by a polynomial Pi. For suitable
approximations f =

∑
(fi − Pi) converges uniformly on compact sets,

and ∂f = ω.

More generally, H0,1

∂
(X) = 0 on any noncompact Riemann surface X.

47. Sheaf cohomology Hp(X,F) = lim Hp(X,F ;U). We have Hp(X,F ;U) →֒
Hp(X,F) for any covering U .

48. Examples:

(a) H0(X,F) = F(X);

(b) Hp(X,F) = 0 if p > dim X (using a covering with all n + 2-fold
intersections equal to zero).

(c) Hp(X, E) = 0 for p > 0, where E is the sheaf of smooth functions.
For p = 1: if gij ∈ E(Ui∩Uj) is given, and Ui is a locally finite cov-
ering with a subordinate partition of unity ρi, then fj =

∑
ρigij

defines an element of E(Uj) (note that fii = 0), and

fj − fk =
∑

ρi(gij − gik) =
∑

ρigkj = gkj.

49. A vanishing theorem: H1(∆,O) = 0. Proof: Given a cocycle fij ∈
O(Ui ∩ Uj), first write fij = gj − gi with 〈gi〉 smooth. Then ∂gi = ω
gives a global (0, 1)-form on the disk; solve ∂g = ω, replace gi with
hi = gi − g, and we have hi ∈ O(Ui) with hj − hi = gij.

50. The long exact sequence. A short sequence of sheaves

0 → A → B → C → 0

is exact if it is exact on the level of stalks. From such a sequence we
get a long exact sequence on cohomology,

0 → H0(A) → H0(B) → H0(C) → H1(A) → H1(B) → . . .

For example,

0 → O → E ∂→ E (0,1) → 0
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is exact, and we find quite generally that

H1(X,O) ∼= H0,1

∂
(X).

The special case X = ∆ is what we treated above.

51. The de Rham theorem: Hp
DR(X) ∼= Hp(X, C), the latter group be-

ing the sheaf or Čech cohomology of X. Proof: from the short exact
sequence

0 → Zp → Ep d→ Ep+1 → 0

we deduce Hp
DR(X) ∼= H1(X,Zp−1), and H i(X,Zj) ∼= H i+1(X,Zj−1);

so we can get down to Hp(X,Z0), and Z0 = C.

52. Leray’s Theorem: Hp(X,F) = Hp(X,F ;U) if U = 〈Ui〉 is an acyclic

covering, meaning Hp(Ui) = 0 for p ≥ 1.

Example: Ĉ = U1∪U2 where U1 = C, U2 = Ĉ−{0} is an acyclic covering
for O; from Laurent series we see any f12(z) ∈ O(U1∩U2 = C∗) is given

by g1 − g2, gi ∈ O(Ui), so H1(Ĉ,O) = 0.

53. Dolbeault’s theorem: H1(X, Ω) ∼= H1,1

∂
(X) ∼= C when X is a compact

Riemann surface. The first isomorphism comes from the exact sequence

0 → Ω → E1,0 ∂→ E1,1 → 0,

and the second from the fact that ω = ∂∂f iff
∫

ω = 0.

54. The Riemann-Roch theorem:

dim H0(X,OD) − dim H1(X,OD) = 1 − g + deg D.

Here D is a divisor and OD is the sheaf of meromorphic functions such
that (f) + D ≥ 0. Proof: (i) true for D = 0. (ii) The left-hand side is
the same as

χ(OD) =
∑

(−1)p dim Hp(X,Od)

(since the exact sequence

0 → OD → ED
∂→ E0,1

D → 0
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shows Hp(X,OD) = 0 for p ≥ 2). (iii) As a general principle, if

0 → A → B → C → 0

is exact, then χ(B) = χ(A) + χ(C), as can be seen from the long exact
sequence and the fact that exactness of

0 → V1 → V2 → V3 → · · ·

implies
∑

(−1)i dim Vi = 0. (iv) Now from the exact sequence

0 → OD → OD+P → CP → 0,

where CP is the skyscraper sheaf at P , and the easy fact χ(CP ) = 1,
we see Riemann-Roch holds for D iff it holds for D + P . (v) Since
Riemann-Roch is true for D = 0, we have it now for any divisor.

Remark: we do not actually need to know the vanishing of Hp(X,O)
for p > 1 to prove Riemann-Roch, because H1(X, Cp) = 0.

55. The Riemann existence theorem: X admits a nonconstant holomorphic
map f : X → Ĉ with deg(f) ≤ g + 1. Corollary: X has genus 0 iff

X ∼= Ĉ.

56. Canonical divisors K = (ω); by Riemann-Roch, deg(K) = 2g − 2. Ex-
amples on hyperelliptic surfaces. Alternative proof of Riemann-Hurwitz
by pulling back a meromorphic 1-form.

57. Serre Duality: for X a compact Riemann surface,

H1(X,OD) ∼= H0(X, Ω−D)∗.

We have already seen the special case H1(X,O) ∼= Ω(X); the general
case follows in exactly the same way, using distributions and duality.

58. Riemann-Roch, restatement:

dim H0(X,OD) = 1 − g + deg D + i(D),

where
i(D) = dim H0(OK − D) ≥ 0

is the index of speciality of the divisor D.
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59. Examples of Riemann Roch, just using the fact that i(0) = g, i(K) = 1
and i(D) = 0 if D > K.

Genus 0:

dimOnK(X) =





0 for n > 0,

1 for n = 0, and

1 − 2n for n < 0.

Note dimO−K(X) = 3 = the dimension of Aut(X).

Genus 1:
dimOnK(X) = 1

for all n since K = 0. Hence dim Aut(X) = 1.

Genus 2:

dimOnK(X) =





0 for n < 0,

1 for n = 0,

g for n = 1,

(2n − 1)(g − 1) for n > 1.

60. More on genus 1: since K = 0 we find dim H0(X,OD) = deg D for
any divisor of degree D > 1. In particular dim H0(X,OnP ) = 0, 1 or n
according to whether n < 0, 0 ≤ n ≤ 1 or n ≥ 2.

61. Hyperelliptic surfaces. A Riemann surface is hyperelliptic if it admits a
proper map of degree 2 to P1. We have seen that hyperelliptic surfaces
of all genus exist, and that any surface of genus 0 or 1 is hyperelliptic.

62. Theorem: Every surface of genus 2 is hyperelliptic. Proof: consider the
map defined by ω2/ω1 where ω1 and ω2 give a basis for Ω(X).

Thus a surface of genus 2 admits a canonical hyperelliptic involution.

Corollaries: 2P is a canonical divisor iff P is a critical point of the
hyperelliptic map f : X → P1. These point can also be characterized
by i(2P ) = 1; they are called the Weierstrass points of X. (In particular
X is not homogeneous!)

Note that i(2P ) = 1 iff there is a meromorphic function with a double
pole at P and holomorphic elsewhere.
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63. The canonical map f : X → PΩ(X)∗ can be defined by sending x to the
point-evaluation of ω at x; the latter linear functional on Ω(X) depends
on a choice of coordinate at x, but only up to scale. Alternatively, f(x)
is the hyperplane in Ω(X) of 1-forms vanishing at X. In coordinates,
f(x) = [ω1(x), . . . , ωg(x)].

Note: for genus 2 it is easy to see for all x there is an ω with ω(x) 6= 0;
else we can choose a basis vanishing at x, and then ω1/ω2 is a degree
one map to P1.

64. Theorem: For a surface of genus two, the canonical map is the unique
degree two map X → P1.

Proof: If f is a degree two meromorphic function, then it has a branch
point, so we can assume it has a double order pole at some P ∈ X.
Then i(2P ) = 1 so there is an ω1 ∈ Ω(X) with a double order zero at
P . Then ω2 = fω1 is holomorphic, and f = ω2/ω1 is a canonical map.

65. Cor: The hyperelliptic involution I is central in Aut(X) for genus 2.
In fact I is central in Mod(Σ2); compare this to the center of SL2(Z) =
Mod(Σ1).

66. Moduli space Mg for g = 0, 1, 2. We have

M0 = a single point,

M1 = P1 − {0, 1,∞}/S4,

and
M2 = ((P1)3 − ∆)/S6,

where the ‘discriminant’ ∆ consists of (x1, x2, x3) such that xi = 0, 1
or ∞, or xi = xj for some i 6= j.

67. Kodaira-Spencer: the space of infinitesimal deformations of complex
structures on X is H1(X, Θ), where Θ is the sheaf of holomorphic
vector fields on X. For a Riemann surface, Θ ∼= O−K , and thus

H1(X, Θ) ∼= H1(X,O−K) ∼= H0(X,O2K) ∼= Q(X),

the space of holomorphic quadratic differentials φ(z)dz2 on X. Note
that for g ≥ 2,

dimMg = dim H0(X,O2K) = 3g − 3,

in agreement with the explict case of g = 2 above.
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68. The Mittag-Leffler problem: constructing a meromorphic function with
prescribed principal parts.

On C this can always be done, for any sequence of principal parts Ln(z)
specified at points pn → ∞. The solution can be given in the form

f(z) =
∑

Ln(z) + Pn(z),

where Pn(z) is a polynomial chosen so that |Ln(z) − Pn(z)| < 2−n on
Kn, where K1 ⊂ K2 ⊂ · · · is an exhaustion of C by compact sets.

69. On a compact Riemann surface the principal parts are a global section
of M/O. We have

H0(M) → H0(M/O) → H1(O) ∼= Ω(X)∗,

and the obstruction to obtaining given data f = (fi, Ui) is exactly that
∑

X

ResP (fω) = 0

for all ω ∈ Ω(X).

To see this, note that gij = fi − fj = δf ∈ H1(X,O) is corresponds to
the cohomology class of η = (∂fi) in H0,1

∂
(X), and since ∂(1/z) is the

delta function the residue formula above gives the pairing 〈η, ω〉.

70. Mittag-Leffler and Riemann-Roch. Now consider the problem of finding
all functions f in H0(OnP ), n ≥ 0. Such an f is determined up to an
additive constant by its principal part at P , namely

f(z) =
an

zn
+

an−1

zn−1
+ · · ·+ a1

z
+ something holomorphic.

Given a holomorphic 1-form expressed near P as

ω(z) = (b0 + b1z + · · · bn−1z
n−1 + O(zn))dz,

we see that
ResP (fω) = b0a1 + · · ·+ bn−1an.

Thus the vector (bi) determines a linear constraint on the vector (ai);
the 1-forms giving no constraint have a zero of order at least n at P ,
and thus the number of constraints is

dim Ω(X) − dim Ω−nP (X).
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Therefore for D = nP the dimension of the solution space is:

dim H0(OnP ) = dim(constants + Laurent tails − constraints)

= 1 + n − g + dim Ω−nP (X)

= 1 − g + deg D + i(D),

in agreement with Riemann-Roch.

71. Vector bundles, line bundles and divisors. A holomorphic vector bundle
E → X of rank n is a smooth bundle of complex vector spaces that is
locally biholomorphic to U ×Cn in such a way that the linear structure
on the fibers is preserved. Thus E can be specified by a covering Ui

and charts
E|Ui

φi→ Ui × Cn.

The transitions functions

gij = φi ◦ φ−1
j : Ui ∩ Uj → GLn(C)

(where composition is taken in the fibers) satisfy gijgjk = gik and gii =
id. Conversely holomorphic maps gij of this type determine gluing
equations for a vector bundle.

A section of E is a map s : X → E; it can be given in local coordinates
by maps

si : Ui → Cn

satisfying
si = gijsj .

72. Theorem: If E → X is a holomorphic vector bundle over a compact
complex manifold, then the space of holomorphic sections s : X → E
is finite-dimensional.

Proof: Use charts or a metric on E to measure the size ‖s‖ of a section
s. Since bounded holomorphic functions have bounded derivatives, the
unit ball in this norm is compact. Therefore the space of sections is
finite-dimensional.

73. Operations on vector bundles: the transition functions for E∗, E ⊕ F ,
∧nE are given by (g−1

ij )t, gij ⊕ hij and det gij. These functors preserve
the holomorphic structure. One also has the complex conjugate bundle
E corresponding to gij.
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74. Examples: for any complex manifold, the holomorphic tangent bundle

T ′X ⊂ TX ⊗C is a holomorphic vector bundle (unlike TX ⊗C, which
is only a smooth bundle of complex vector spaces). We have (T ′X)∗ =
T 1,0X and T ′X = T ′′X = (T 1,0X)∗.

75. The canonical bundle KX is by definition K =
∧n(T ′X)∗, the top

exterior power of the holomorphic cotangent bundle. Its holomorphic
sections are locally given by ω(z) dz1 ∧ · · · ∧ dzn.

76. Line bundles. We let Pic(X) denote the group of holomorphic line
bundles L → X, up to isomorphism over X, with tensor product as
the group operation. Note that L ⊗ L∗ ∼= C.

Theorem: Pic(X) ∼= H1(X,O∗).

77. Line bundles and divisors. We now show (a divisor D on X) cor-
responds bijectively to (a line bundle LD → X plus a meromorphic
section s such that (s) = D). The section s is determined by D up to
multiplication by an element of O∗(X).

In one direction: a divisor D is given locally by D|Ui = (si), where si

is a meromorphic function; then LD is determined by gij = si/sj, and
s = (si) is a meromorphic section of LD.

Conversely, if s is a section of L, then D = (s) determines both L and
s up to multiplication by an invertible holomorphic function.

In terms of sheaf cohomology, the map D 7→ LD is deduced from the
exact sequence

0 → O∗ → M∗ → M∗/O∗;

the connecting homomorphism yields:

Div(X) = H0(M∗/O∗) → H1(O∗) ∼= Pic(X).

78. Line bundles on Pn. The tautological bundle τ → Pn is defined so
τℓ = ℓ, where ℓ is a line in Cn+1. The total space of τ is isomorphic to
Cn+1 with the origin blown up.

Theorem: The only global holomorphic section of τ is the zero section,
if n > 0.

Proof: such a section gives a holomorphic map Pn → Cn+1 mapping ℓ
into ℓ; this map must be constant, so it takes values in the intersection
of the lines ℓ which is the origin.
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79. Definition: O(d) = (τ ∗)d.

Theorem: H0(Pn,O(d)) is canonically isomorphic to the space of ho-
mogeneous polynomials of degree d on Cn+1.

Proof: a section of O(d) give an element s(ℓ) ∈ (ℓ∗)d for each ℓ ∈ Pn.
Thus we can define a holomorphic map f : Cn+1 − {0} → C by setting

f(v) = s(ℓ)(v)

for v ∈ ℓ. By Hartog’s, f is analytic at the origin. Since f(λv) = λdv,
by expanding f in a power series v = 0 we see it is a homogeneous
polynomial.

Cor: O(d) corresponds to the divisor dH , where H is a hyperplane.

80. Theorem: KPn
∼= L−(n+1)H .

Proof: Consider the form ω = dz1∧. . . dzn on Cn. Changing coordinates
to another affine chart (w1, . . . , wn), we have z1 = 1/w1, zi = wi/z1,
and thus

ω =
−dw1

w2
1

∧
(

dw2

w1
− w2 dw1

w2
1

)
∧ · · ·

(
dwn

w1
− wn dw1

w2
1

)

=
−dw1 ∧ · · · ∧ dwn

wn+1
1

.

This shows (ω) = −(n + 1)H .

81. Linear systems. The space PH0(OD) is the same as the projective space
of global holomorphic section of LD; each such section s is determined
by its divisor (s), which is effective since s is holomorphic; the set of all
such divisors is denoted |D|. It is the complete linear system associated
to D, and it can be described directly as the space of effective divisors
linearly equivalent to D.

A linear system is a linear subvariety E ⊂ |D|. Here E is isomorphic
to a projective space Pk ∼= PE ′, where E ′ is a (k+1) dimensional linear
space of global holomorphic sections of LD.

82. The base locus B of E = (Eλ)λ∈Pk is the set of points common to all
the divisors; equivalently B = E0 ∩E1 ∩ . . .∩Ek, where Ek are divisors
corresponding to points in general position in Pk.

If B = ∅ we say E is basepoint free.
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83. Theorem: On a compact complex manifold, there is a canonical corre-
spondence:

nondegenerate holomorphic maps f : X → Pn, up to Aut(Pn)
⇐⇒

basepoint-free linear systems E on X.

Proof: To f we associate the linear system f−1(H), where H ranges
over all hyperplanes in Pn. This is basepoint free because given x
there is an H disjoint from f(x); and f−1(H) is a divisor because f is
nondegenerate.

Conversely, to a linear system we associate the map X → PH0(OD)∗,
where D is a divisor in E; this map sends x to the linear space of
divisors in E passing through x.

Equivalently x corresponds to the subspace of sections vanishing at x;
it has codimension 1 because E is basepoint free. With respect to a
basis 〈e0, . . . , en〉 of the space of sections of LD corresponding to E, we
can write f : X → Pn as f(x) = [e0(x) : · · · : en(x)].

84. Examples.

(a) On a Riemann surface X, |KX | is the system of all canonical
divisors. For a surface of genus two these are just the fibers of the
canonical map X → P1.

(b) On Pn, |dH| is the linear system of all hypersurfaces of degree d.
For example |H| ∼= (Pn)∗ is the space of hyperplanes.

(c) On X = P1, |2H| maps X to a conic in the plane; |3H| to the
twisted cubic in P3; |nH| to the rational normal curve in Pn.

(d) On P2, |2H| is the family of conics; it gives the Veronese surface
P2 → P5 so that every conic becomes a hyperplane section.

(Compare Euclid and the theory of ‘conic sections’ !)

85. Degree and first Chern class. From the exponential sequence we get a
natural map

Pic(X) ∼= H1(X,O∗) → H2(X, Z);
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it sends a line bundle L to its first Chern class c1(L). For a Riemann
surface, c1(LD) = deg D. In general c1(LD) = [D], the cohomology
class represented by the zeros and poles of any section.

The degree of a k-dimensional subvariety V in Pn is the intersection
number V ·Hn−k with a hyperplane of complementary dimension. For
a curve this is just V · H . If the embedding of V is associated to the
divisor D, then the degree is just [D]k in cohomology. This can be
computed as

∫
V

c1(LD)k.

86. From the exponential sequence we also have an isomorphism between
Pic0(X), the divisors of degree zero, and H1(X,O). On a Kähler
manifold, H1(X,O) ∼= H1,0(X) ⊂ H1(X, C), so when X is a simply-
connected Kähler manifold, line bundles are classified by their first
Chern class.

In particular Pic(Pn) ∼= Z.

87. Adjunction formula. On a divisor X ⊂ Y we have 4 line bundles: KX ,
KY , LX , and NX = TY/TX. What relations do they satisfy? From
the exact sequence

0 → T ∗X → T ∗Y → N ∗

X → 0

we get KY
∼= KX⊗N ∗

X . Now a function f vanishing on X is determined
by its differential df , which is a section of TX⊥ ∼= N ∗

X ; thus N ∗
X

∼=
L−X

∼= L∗
X . Summing up we get the adjunction formula:

KX = KY ⊗ LX .

88. On the level of divisors, this means KX = (KY + X)|X. Example: for
X ⊂ P2 a curve of degree d, we get KX = −3H + X, so

2g(X) − 2 = deg(KX) = X · (−3H + X) = −3d + d2,

which shows g(X) = (d − 1)(d − 2)/2.

89. Embeddings of a compact Riemann surface X in projective space.

H0(X,OD) is basepoint-free iff for all P ∈ X,

dim H0(OD−P ) = dim H0(OD) − 1.
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(Equivalently, OD is generated by global sections.) H0(OD) gives an
embedding iff for all P, Q ∈ X,

dim H0(OD−P−Q) = dim H0(OD) − 2.

(The case P = Q insures the differential of the map to Pn is an isomor-
phism at P ).

90. The canonical curve. Theorem: For g ≥ 1, the complete linear system
|K| either gives an embedding X 7→ Pg−1 as a curve of degree 2g − 2,
or X is hyperelliptic and the canonical map sends X to the rational
normal curve of degree g − 1 in Pg−1.

Proof: by Riemann-Roch,

dim |K| − dim |K − P − Q| = 2 + dim |∅| − dim |P + Q|.

Since dim |∅| = 0, we can only fail to have an embedding if there exists
a P and Q such that dim |P +Q| ≥ 1, in which we have a linear system
of degree two and dimension one, so X is hyperelliptic.

91. Genus 3: Every curve of genus 3 is either hyperelliptic or isomorphic
to a smooth plane curve of degree 4.

Conversely, by the adjunction formula, O(1)|C ∼= KC for any plane
curve of degree 4; thus M3 = H3 ∪ C4. Here:

H3 is the moduli space of hyperelliptic curves of degree 3,
isomorphic to 8-tuples of points on P1. We have

dimH3 = 8 − 3 = 5

since 3 = dim PGL2(C).

C4 is the moduli space of smooth plane curves of degree 4;
we have

dim Cd =

(
d + 2

2

)
− 8

since 8 = dim PGL3(C). In particular dim C4 = 6 so the
generic genus 3 surface is not hyperelliptic.
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92. Geometric interpretation of Riemann-Roch: if D is an effective divisor,
then i(D) = dim H0(X,OK−D) measures the number of holomorphic
1-forms vanishing on D; but these are the same as hyperplanes in Pg−1

passing through the points D under the canonical embedding. Thus if
the linear span of D is a Pk, then i(D) = g − 1 − k (its codimension);
and Riemann-Roch becomes:

dim H0(OD) = deg D − dim span D.

Example: on a smooth plane quartic curve X, if D = P + Q + R lies
on a line L, then its span is 1-dimensional, so there is a meromorphic
function of degree 3 with polar divisor D. (Since X is neither rational
nor hyperelliptic, the degree cannot be 1 or 2.) This function can be
given explicitly as projection from S, the remaining point in L ∩ X.

In particular, i(3P ) = 1 at the flexes of X, the points where the cur-
vature of X vanishes. These are the Weierstrass points in genus 3.

93. The Jacobian variety. Theorem: integration over 1-cycles determines
a map from H1(X, Z) to a lattice in Ω(X)∗. Proof: if not, then the
image of H1(X, Z) is contained in a real hyperplane; then there is an
ω 6= 0 such that Re

∫
α
ω = 0 for all cycles α. But f(q) =

∫ q

p
Reω is a

global harmonic function, hence constant, so ω = 0.

We define Jac(X) = Ω(X)∗/H1(X, Z); it is a compact complex mani-
fold of dimension g, homeomorphic to a torus.

94. Theorem (Abel-Jacobi): The space Div0(X) of divisors of degree zero,
modulo linear equivalence, is canonically isomorphic to Jac(X), via the
map that sends D =

∑
Pi − Qi to the linear functional

φD(ω) =
∑∫ Pi

Qi

ω.

To make the integral more precise, one chooses a 1-chain α with ∂α =
D; then φD(ω) =

∫
α
ω. Any two choices of α differ by a 1-cycle, so a

different choice only changes φD(ω) by the periods of ω.

The proof of the Abel-Jacobi Theorem comprises 3 steps: (a) showing
φD = 0 for a principal divisor; (b) showing φD = 0 implies D = (f)
(Abel’s Theorem); and (c) showing the map Div0(X) → Jac(X) is
surjective (Jacobi Inversion).
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95. Proof of (a): Suppose D = (f). Choose any smooth path β from 0 to
∞ on P1, and let α = f−1(β). Then ∂α = D and

∫

α

ω =

∫

β

f∗ω = 0

since f∗ω = 0, being a holomorphic 1-form on P1.

96. Abel’s Theorem: Suppose ∂α = D and
∫

α
ω = 0 for all ω ∈ Ω(X).

Then there is a meromorphic function h such that D = (h).

Proof of Abel’s Theorem (and Step (b)). Note that the goal can be
stated equivalently as saying we want to show LD is the trivial bundle,
since LD somes equipped with a section such that (s) = D.

97. The first step is to find a smooth nonvanishing section f of LD. This
means, in terms of divisors, that we find a section of E∗

D, i.e. a function
that is locally of the form g(z)/zn, g smooth and nonzero, near P with
D(P ) = n.

To see f exists, first consider the case of D = P − Q in C; then
f(z) = (z−Q)/(z−P ) works. Since f tends to 1 at ∞ we can smooth
it off to be constant outside a neighborhood of P and Q, then transplant
it to X. This shows there exists weak solutions to (f) = D whenever
Pi and Qi are close on X. Now moving Pi in steps to Qi we get a weak
solution for any divisor of degree zero.

(One can also use the fact that line bundles on a surface are classified
topologically by their degree, so LD is smoothly trivial).

98. The second step is to note that for any closed 1-form η on X,
∫

α

η =
1

2πi

∫
df

f
∧ η.

It suffices to check this in the local picture for D = P −Q on C. There
df/f is compactly supported, so we can write η = dg on the region of
integration. Also

df

f
=

dz

z − Q
− dz

z − P

near P and Q. We find

1

2πi

∫
df

f
∧dg = − 1

2πi

∫
d

(
df

f

)
∧g = g(P )−g(Q) =

∫ P

Q

dg =

∫ P

Q

η,
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using the fact that ∂(1/z) = −2πiδ(z) as a distribution.

99. The final step is to modify f so it becomes holomorphic. To this end
note that for a smooth g,

∂(e−gf) = e−g(∂f − f∂g).

So if we can find g such that ∂g = ∂f/f = η, then we have completed
the proof, since h(z) = e−g(z)f(z) is then a meromorphic function with
divisor D.

But from the isomorphism H0,1

∂
(X) ∼= Ω(X)∗, we know the equation

∂g = η has a solution if and only if
∫

η∧ω = 0 for all ω ∈ Ω(X). Since

∫

X

η ∧ ω =

∫

X

df

f
∧ ω =

∫

α

ω = 0

by the hypothesis of Abel’s theorem, we are done.

100. Theorem (Jacobi Inversion). The map Div0(X) → Jac(X) is surjective.

Proof of Jacobi Inversion (and Step (c)): Clearly there exist x1, . . . , xg

such that (ω(xi) = 0 for all i) =⇒ ω = 0. (Choose the xi by induction
and use the fact that dim Ω(X) = g.)

Fixing any (Q1, . . . , Qg), consider the map F : Xg → Jac(X) given by

(P1, . . . , Pg) →
∑ ∫ Pi

Qi

ω.

Now the adjoint of the derivative of this map, (DF )∗, sends Ω(X) →
T ∗Xg; it is given by (DF )∗(ω) = 〈ω(Pi)〉. Thus DF is surjective at
(Pi) = xi, since (DF )∗ has no kernel. Therefore F (Xg) is open; it is
also closed, since Xg is compact, so F is surjective. But F is part of
the map on divisors, QED.

101. The case g = 1; here X = C/Λ. We have Ω(X) = 〈dz〉, with periods
Λ; thus Jac(X) ∼= X and D =

∑
Pi − Qi ∈ Div(X) is principal iff the

group-theoretic sum
∑

Pi − Qi ∈ X vanishes.

Examples: (a) The zeros z1 and z2 of ℘(z) satisfy z1 = −z2. (b) If
D = P − Q maps to zero in the Jacobian, then P = Q, which implies
D = 0. Thus there is no degree one map X → P1.
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102. Sheaf theory approach: from the exponential sequence we get

H1(X, Z) → H1(X,O) ∼= Ω(X)∗ → H1(X,O∗) → H2(X, Z) ∼= Z.

Thus Pic0(X), the subgroup of H1(X,O∗) with vanishing first Chern
class, is isomorphic to Ω(X)∗/H1(X, Z), and the latter is another de-
scription of Jac(X).

103. Jacobian embedding and the canonical map. Fix Q ∈ X, and consider
the derivative of the map X → Jac(X) given by P 7→ LP−Q. The
tangent space to any point of Jac(X) is naturally identified with Ω(X)∗,
so we get a map X → PΩ(X)∗. This is exactly the canonical map.

104. Geometry of the Jacobian for g > 1. For g = 1 we have Jac(X) ∼=
C/(Z ⊕ τZ), where Im τ > 0. In general Jac(X) ∼= Cg/(Zg ⊕ TZg),
where Tij is a symmetric matrix and Im Tij is positive-definite. The
proof of these facts (Riemann’s bilinear relations) relies on Poincaré
duality.

105. Poincaré duality. Let αi, βi, i = 1, . . . , g be a canonical basis for H1(X, Z).
Then the alternating unimodular intersection pairing on homology is
given by αi · βi = −βi · αi = 1; the other intersections are zero. From
this we have Poincaré duality, H1(X, C) ∼= H1(X, C).

106. Product on forms. Given elements ω, ω′ ∈ H1
DR(X, C) the alternating

pairing

(ω, ω′) =

∫

X

ω ∧ ω′

is defined. We claim that via Poincaré duality this pairing on de Rham
cycles is the same (up to sign) as the intersection pairing on homology.
To see this, we define the Poincaré dual of A ∈ H1(X) to be the form
A∗ such that ∫

B

A∗ = A · B.

Let α∗
i , β

∗
i be de Rham cycles dual to a canonical basis for H1. The form

α∗
i , for example, is supported on a collar neighborhood of αi isomorphic

to [0, 1] × αi, and it is locally given by the pullback of any bump form
ω on [0, 1] with

∫
ω = 1. Then taking into account orientation and

supports, we find
(α∗

i , β
∗

i ) = αi · βi = −1
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and more generally
(A∗, B∗) = A · B.

107. Product on period matrices. We can also record an element ω in
H1

DR(X) by its periods Π ∈ H1(X)∗, that is by the complex numbers
ai =

∫
αi

ω, bi =
∫

βi

ω. Letting Π′ denote the periods of ω′, and

(Π, Π′) =
∑

i

aib
′

i − a′

ibi,

we have (Π, Π′) = (ω, ω′).

108. Example: On the torus X = C/Z⊕Zi, we have cycles α, β correspond-
ing to the x and y axes; then α∗ = dy, β∗ = −dx, and we see

(α∗, β∗) =

∫
−dy ∧ dx = 1 = α · β.

Also the periods of α∗ on (α, beta)

Π = (0, 1) = (a, b) = (α · α, α · β),

and
Π′ = (−1, 0) = (a′, b′) = (β · α, β · β),

so we can check that

(Π, Π′) = ab′ − a′b = 1 = (α∗, β∗).

109. There is a nice geometric proof of this formula on a torus X; since
g = 1 we will drop the subscript i. Then cutting along α, β we obtain
a square S bounded, in counterclockwise order, by α+, β+, α− and β−.
(The signs indicate the relation between the orientation induced by S
and by the cycle on X.) Given ω, ω′ we can write ω = dη on S, and
then by Stokes’ theorem:

∫

X

ω ∧ ω′ =

∫

∂S

η ∧ ω′.

27



Under the natural identification on X, we have dη|α+ = dη|α−, so
η|α+ − η|α− = C. What is this constant C? We can find it by inte-
grating dη from a point on α− to the corresponding point on α+. But
β− provides such a path, so C =

∫
β−

dη = −
∫

β
ω = −b. Therefore

∫

α+∪α−

η ∧ ω′ =

∫

α

−bω′ = −ba′.

Similarly,

η|β+ − η|β− =

∫

α+

dη = a,

so ∫

β+∪β−

η ∧ ω′ =

∫

β

aω′ = ab′.

Thus (ω, ω′) = ab′ − b′a = (Π, Π′).

110. On a general surface of genus g, we can choose a canonical basis such
that αi ∪ βi and αj ∪ βj are disjoint for i 6= j. Then cutting along
these curves we obtain a surface with boundary S, such that ω has a
primitive η on S. (Even though S is not a disk, all cycles on S are
null-homologous on X). Then the argument above can be applied to
the g boundary components of S, showing

(ω, ω′) =
∑

aib
′

i − a′

ibi.

111. Riemann’s bilinear relations. We claim that there is a unique basis of
Ω(X) such that

∫
αi

ωj = δij , and that with respect to this basis, the
remaining periods

bij =

∫

βi

ωj

satisfy (I) bij = bji and (II) Im(bij) > 0. Condition (II) means the real
matrix is positive definite.

Note that (II) generalizes the fact that τ ∈ H for g = 1.

First, to prove there exists a normalized basis, observe that if ai = 0
for an ω ∈ Ω(X) then

‖ω‖2 =
i

2

∫

X

ω ∧ ω̄ =
∑

aib̄i − āibi = 0.
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Thus Ω(X) is determined by its α-periods, and since dim Ω(X) = g
there exists a dual basis.

Now for (I) we use the fact that

0 =

∫
ωj ∩ ωk =

∑

i

aijbik − aikbij = bjk − bkj .

For (II) we use the fact that for cj ∈ R, not all zero, we have

0 < ‖
∑

cjωj‖2 =
i

2

∫ ∑

j,k

cjckωj ∧ ω̄k

=
i

2

∑

i,j,k

cjck(aij b̄ik − āikbij)

=
∑

j,k

i

2
(b̄jk − bkj)cjck

=
∑

j,k

(Im bjk)cjck,

which says exactly that Im bjk is positive definite.

112. Theorem (Belyi). A Riemann surface X is defined over a number field
iff it admits a map to P1 branched over no more than 3 points.

Proof, in one direction. Suppose X is defined over a number field. Then
it is branched over a finite set B of algebraic points. We then find a
composition of polynomial maps P : P1 → P1 such that P (B)∪ (the
critical values of P ) is {0, 1,∞}.
First, if x in B is of degree d over the rationals, then we can find a
rational polynomial P of degree d vanishing at x. The critical values
of P have degree at most d− 1 over the rationals, so we can eventually
arrange that B lies in Q.

Second, consider the polynomial P (z) = azn(1−z)m. This has a critical
points only at 0, 1, ∞ and n/(m+n), and by choosing a appropriately
we can arrange that the critical values are 0, 1 and ∞. Thus P reduces
the number of points in B by one, by removing the critical value at
n/(m + n). Eventually we reduce to B = {0, 1,∞}.
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Proof, the other direction. X and its branched cover can be defined over
some finitely generated extension of Q. Think of the transcendentals in
this extension as variables parameterizing a family of Riemann surfaces.
Since the triply punctured sphere is rigid, the isomorphism type of X
is constant in any component of this family. So by specializing these
values to algebraic numbers, we obtain a curve defined over a number
field.

113. Remark: Belyi’s theorem shows that X is defined over a number field iff
it can be built out of equilateral triangles. One direction is by pulling
back a triangulation of the triply-punctured sphere; the other is by
making a barycentric subdivision if necessary, then “folding up” to get
P1.
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