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1. End of Chapter 6, Exercise 5. Calculate the Jacobians of the following functions:
(a) f(z,y) = sin(x? + 33). We have

of _ 2, .3 of _ 2, .3 2
B = cos(z” 4+ y°) - 2z and 9 = cos(z” 4+ y°) - 3y

Thus by Theorem 6.2.2, the Jacobian matrix is

( 2z cos(z? +y3) 3y?cos(z? + %) ).

U
(f) f(z,y) = 2¥T%. We have
g _ y+z—1 a_f _ y+z g _ y+z
9 (y+2)z and 3y (log z) Y™ and 5 (logx) x

Thus by Theorem 6.2.2, the Jacobian matrix is
((y+2)avt* ! (logz)zvt® (logz)x¥t® ).
O

2. End of Chapter 6, Exercise 7. Find the critical points of the following functions and determine
whether they are local minima, maxima, or saddle points.

(a) f(x,y) = x> + 622 + 3y> — 122y + 9.

Solution. The critical points are those points (x,y) for which

%:3x2+12x—12y+920anda—f:6y—12$:0.
oz oy

Therefore y = 2z, which implies 3(z? — 4z +3) = 0, and so = 1 or # = 3. Therefore
the critical points of f are (3,6) and (1,2). The matrix of the Hessian at (x,y) is

6x +12 —12
—12 6 ’



At (3,6) the matrix of the Hessian evaluates to

30 —12
-12 6

and A1 = 30, A = 36. Hence, f has a local minimum at (3,6).
At (1,2) the matrix of the Hessian evaluates to

18 —12
-12 6

and Ay = 18, Ag = —36. Hence, f has a saddle point at (1,2).

f(z,y) = cos 2z - siny + 22.

Solution. The critical points are those points (x,y) for which

of
ox

of

—:2 =
s z=0

0
= —2sin2zx - siny = 0, v cos2x cosy = 0, and
Yy
Clearly, it is always true that z = 0. From 0f/0z = 0, either sin 2z = 0, which implies
x =nm/2, or siny = 0, which implies y = mm. From df /0y = 0, when = = nr/2 we have
cosy = 0, which implies y = (2k 4+ 1) 7/2, and when y = mn we have cos 2z = 0, which
o . " : nt 2k+1)w
implies = (25 + 1) w/4. Therefore the critical points of f are 5 g 0 ) and
((2]' + 1)

1 , T, O), where k, j,m,n € Z. The matrix of the Hessian at (z,y) is

—4cos2xsiny —2sin2xcosy 0

—2sin2xcosy —cos2rsiny O
0 0 2
2k +1
At (%, %, O>, the matrix of the Hessian is
—4cosnmsin ((2k +1)7/2) 0 0
0 —cosnrsin ((2k+1)7/2) 0
0 0 2

—4 ifn+k even
4 ifn+kodd "’
nr (2k+1)7
27 2

It follows that A; = { Ay = 4, and A = 8. Hence f has local

minima at < ,0) if n4+k odd. If n+k even, then Az > 0 implies f cannot

2k +1
have a minimum value at n77r’ %
2k +1 2k +1
Z—W,%,O) But since (712_77’%
points, they are saddle points.

,0), and A; < 0 implies f cannot have

a maximum value at ( ,0> are critical



25+ 1
At <M, mr, 0>, the matrix of the Hessian is

4
0 —2sin((25 +1)7/2)cosmm 0
—2sin ((2§ + 1) 7/2) cosmm 0 0
0 0 2
It follows that Ay = 0, Ay = —4, and A3 = —8. Hence f has saddle points at
2741
(W,mw,()) since Ag < 0. O

3. End of Chapter 6, Ezercise 8. Show that if f : A € R?> — R has a critical point zog € A and
we let

Al OPf (PN
_856181’1 (91’28.%2 axlal’g

be evaluated at xg, then

(a)

A >0 and 0%f/0x10z1 > 0 imply f has a local minimum at .

Solution. From Theorem 6.9.4, f has a local minimum at xq if z¢ is a critical point of
f such that H,,(f) is positive definite. Thus we need only show that H,,(f) is positive
definite if A > 0 and 9%f/0x10x1 > 0. To be sure, we prove the following lemma:

a
b
positive definite if a > 0 and ac — b> > 0. A is negative definite if a < 0 and ac — b* > 0.

Lemma: Let A = ( IC) > be a symmetric 2 x 2 matrix, where a,b,c € R. Then A is

Proof. Let v = (x,%)" be an arbitrary non-zero vector. Then

v Av = (z y)(Z i><§>:ax2+2bxy+cy2

b2 2 b2 2
— a:p2+2bazy+—yf—y+cy2
a a

2 2
= a(:v—l—b—y) +<c—b—>y2
a a

If A is to be positive definite, then v Av > 0 for all v. In particular, for y = 0, we must
have az? > 0, which implies @ > 0. Also, when z = —(b/a)y, (c — b?/a)y? > 0 implies
ac — b> > 0. If A is to be negative definite, then v’ Av < 0 for all v. In particular,
for y = 0, we must have az? < 0, which implies @ < 0. Also, when z = —(b/a)y,
(c —b?/a)y? < 0 implies a(c — b?/a) > 0, which yields ac — b* > 0. O

Since the matrix of the Hessian clearly satisfies the conditions of this lemma, it follows
that H,,(f) is positive definite if A = ac —b? > 0 and 9%f /021071 = a > 0. O

A >0 and 0%f/0z10z1 < 0 imply f has a local maximum at zg.

Solution. Since the matrix of the Hessian clearly satisfies the conditions of the lemma, it
follows that H,,(f) is negative definite if A = ac—b? > 0 and 02 f /0x10z1 = a < 0. O



(¢c) A <0 implies z¢ is a saddle point of f.

Solution. If x¢ is not a local max or min, then it must be a saddle point. Similarly, if it
is not the case that A > 0 and 9f/0x10x1 > 0 or A > 0 and 9%f/0x10x1 < 0, then it
must be true that A < 0. Therefore, A < 0 implies xg is a saddle point of f. O

4. End of Chapter 6, Ezxercise 12. A function f : R™ — R is called homogenous of degree m if
f(tx) =t"f (x) for all z € R" and ¢t € R. If f is differentiable, show that for x € R,

Df (z)x = mf (z), that is, i:%ﬁ =mf(x).

Show that maps multilinear in k variables give rise to homogenous functions of degree k. Give
other examples.

Solution. By definition of the directional derivative,

D (12— o L1101 _ HLE0,

Using the fact that f is homogeneous of degree m, we get

Df(z)z = lim (L+h)" fx) — f(z) = lim (7(1 )" - 1) f(z)
h

h—0 h h—0
M (VB (TVRE 4 (YR —
_ %ir%<1 +(1)h+(2)hh+ + (M)h 1>f(x)

_— (m ; (”;>h . (2) hm_1> f@) = mf(x).

as desired.

k-linear maps are characterized by the property
L(l’l, cey L1, QU+ ﬂw7xi+17 s ,ﬂfn)
= aL($1, sy Li—1, Uy Tjt 15 - -+ $n) + B(LE]_, sy Li—1, Wy Tt 15 - - - 7xn)

If we define g(z) = L(x,...,x), then it follows that
~———

k times
g(tz) = L(tz, ... tx) = t*L(x, ..., z) = tFg(x).

Therefore, maps multilinear in k£ variables give rise to homogenous functions of degree k.

An example of a non-linear homogenous function is f(z,y) = 2% + 2. This is homogeneous
of degree 2 since f(kz,ky) = k? (3:2 + y2) = E2f (z,y). O

5. End of Chapter 6, Fxercise 13. Use the chain rule to find derivatives of the following, where
[y, 2) = 2> + yz, g(x,y) = y* + xy, and h(z) = sina:



(a) F(z,y,2) = f(h(z),9(z,y),2).
Solution. Here f(h,g,z) = h? 4+ gz. The chain rule gives

OF  Ofon 0fdg 0fo0r .
B Bhow " Dgox " 9zox  csmrcosTzy Tl

OF _ 0foh  0fdy  0f0
dy Oh Oy 0gdy 0z0y
oF Of Oh  0f0g  Of 0z

_ - - - = 3
0z on0: " g0, T asa, T+ )

=042y +2)+0

Therefore DF(z,y,z) = ( sin2x +yz wz+3y%z Y +ay )
Alternatively, we can use Jacobean matrices: DF(z,y,2) = DF(f(x)) o Df(x). In this

case
Ccos T 0 0
DF(x,y,z) = (2h z g) . y  3y’4+zx 0
0 0 1
and we get the same answer as before. O

6. End of Chapter 6, Fxercise 15. Let f : R — R be differentiable. Assume there is no x € R
such that f and f’ both vanish at 2. Show that S = {z|0 <z <1, f(z) = 0} is finite.

Solution. Assume that S is infinite. Then by the Bolzano-Weierstrass theorem, S has an
accumulation point ¢ € [0,1]. So there are x,, in S with x,, — ¢. Since f is differentiable, it
is continuous, which implies that lim, .~ f () = f(c) = 0. Then using the definition of the

derivative,
F() = tim L@ =Ly 00

n—00 Tp —C n—oo Ty — C

=0

This last equality follows because x, € S. But this contradicts the assumption that there is
no z € R such that f and f’ both vanish at z. Thus S must be finite. O

7. End of Chapter 6, Exercise 18. Prove that the equation x> + bx + ¢ = 0 where b > 0 has
exactly one solution x € R.

Solution. Let f(x) = x3+bx+c, where b > 0. From the Intermediate Value Theorem, we know
that f must have at least one root since it is an odd polynomial. Since f’(z) = 322 +b > 0,
f is an increasing function for all z € R. We now claim that f(x) = 0 only once. For if there
are x1,xe such that f(zy) = f(z2) = 0, then by Rolle’s Theorem, there exists £ € (x1,z2)
such that f’(¢) = 0, which contradicts the fact that f'(x) > 0 for all z € R. O

8. End of Chapter 6, Ezercise 20. Let L : R™ — R™ be a linear map. Define | L|| = inf {M | || Lz|| < M||z|| for
Show that || - || is a norm on the space of linear maps of R" to R™.



Solution. Let L(R™, R™) denote the space of linear maps from R" to R™. We first show that
|L1]| > 0 for Ly € L(R™,R™). We have

[La]} = inf {M [ [[Lyz]] < M|z} = inf {M |[lyl] < M|}

if we let Lixz = y € R™. From properties of the vector norm, |ly|| > 0 and ||z|] > 0, so it
follows that M > 0 and thus inf M > 0.

Secondly, we show that ||L;|| = 0 if and only if L; = 0. We have

[l = 0 <= inf{M|[[Liz]| < Mllz]]} =0
< ||L1z] <0 for all z € R"
< ||Liz]|=0foral z e R" < L; =0.

Thirdly, we show that for a € R, we have ||aL;|| = |a|||L1||. We have

laLull = inf{M|[aLiz] < Mlall} = inf {M | ay]| < M|}
. M .
_ mf{M| il < Wmn} — int {|a|N | [ay] < Nlz]}

= |a|inf {N [|lay[l < N[} = [a[| L]l

Finally for L1,Ly € ﬁ(Rn,Rm), we show that ||L1 + L2|| < ||L1H + ||L2H Let ||L1|| =
inf {My | ||Lyz| < Myl|z||}, || Lel| = inf {Ma ||| Loz|| < Ma||z||}, and ||L1+La|| = inf {M | ||(L1 + L2)z|| < |
Note that

(L1 + La)z|| | L1z + Loz ||

[Lazl| + [|Loz|| < Milz|| + Mal|z|

IA

For all M; and M> for which the above inequalities || Liz| < Mil||z| and ||Loz| < M|zl
hold, they must be valid for inf M; and inf Ms. So we get

[(Ly+ Lo)a|| < inf {M; [[|Laz| < Mljz]|]} + inf {Ma ||| Loz| < M|}
= | Lall + [[L2]]

It is now convenient to redefine ||L|| = sup{M | ||Lz|| > M||z|| for all z € R"}. Then || L; +
Lo = sup {M |[|(L1 + Ly)z|| > M||z|}. So we now have

Mlz|| < [[(Ly + Lo)z|| < Ll + || L2l
For all M for which the above inequality holds, it must hold for sup M. Thus we have
sup {M [ [|(L1 + La)z| = M|lz|} < [|L1]l + || Lz||

which implies
L1+ Lo|| < [|La]l + [| L2

as desired. O

9. End of Chapter 6, Ezercise 29. Let f, (x) = ze ™ z € [0,00),n=0,1,2,....



(a) Show that f(z) =>"77, fn(x) exists. Compute f explicitly.

Solution. f(x) = > 02 jwe ™ = 235> (e7®)". For z > 0, [e7*| < 1, so we have
a convergent geometric series which sums to 1/(1 —e™®) = e%/(e* —1). Therefore
f(x) =xze"/ (" —1) for z > 0. At =0, f(0) =>7", fn(0) =0. O

(b) Is f continuous?

Solution. No, f is not continuous because

hmwzhm € =1
z—0 x—0 z—0e? — 1

using I'Hopital’s Rule. Therefore f(z) - f(0) as x — 0 and so f is not continuous. [J
(c¢) Find a suitable set on which the convergence is uniform.

Solution. Consider the interval [a,b], where 0 < a < b. Clearly x < b and e™* <
e~ Therefore fp(z) = ze ™ < be™®. If we let M, = be ", then > > M, =
b> >, (e7®)" is a convergent geometric series since a > 0 implies e < 1. By the
Weierstrass M test, we have uniform convergence on the interval [a,b]. But since a
and b are arbitrary positive numbers, we have shown uniform convergence on [a, o),

a > 0. O
(d) May we differentiate term by term?

Solution. The f, are clearly differentiable for z € (0,00), with f/(x) = (1 — nz)e ",
From this, we see that the f; are continuous for € (0,00). We have already showed
that > f,, converges uniformly (hence pointwise) on (0, 00).

We will now show that ) f/ converges uniformly on (0,00). Consider the interval
la,b], where 0 < a < b. We have > > fl(x) = > 2 e " — > >  nxe ™. For
z € [a,b], e™ < 1, and so ) 7 e ™ is a convergent geometric series. In Example
5.1.9, this was shown to imply uniform convergence on [a, b]. For the series Y >~ nze """,
take M,, = nbe~*", similar to part (c). Then > 2 (M, = b)Y ° ne " is seen to be
convergent in [a,b] by an easy application of the ratio test. So by the Weierstrass M
test, > .o o nxe " converges uniformly on [a, b]. Thus, since > 7, f;,(x) is the difference
between two uniformly convergent series, it is also uniformly convergent on [a,b]. But
since @ and b are arbitrary positive numbers, we have shown uniform convergence on

(0, 00). O
Therefore, we conclude that term-by-term differentation is valid.

10. End of Chapter 6, Ezercise 35. Let f : (a,b) — R be twice differentiable. Suppose f vanishes
at three distinct points. Prove that there is a ¢ € (a,b) such that f”(c) = 0.

Solution. Suppose f(x1) = f(x2) = f(x3) = 0. WLOG, let z1 < x2 < x3. Then by Rolle’s
Theorem, there exists ¢; € (x1,22) and ca € (z2,x3) such that f'(c;) = f'(c2) = 0. Using
Rolle’s Theorem again, there exists ¢ € (c1, ¢2) such that f” (¢) = 0. O



