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Figure 6. The normal distribution of mean zero and standard deviation one.

VIII Unlimited Sequences of Bernoulli Trials

Note. The law of the iterated logarithm implies lim supS∗
n = ∞, i.e. even-

tually an arbitrarily large multiple of the standard deviation is seen. See
problem VIII.7(6).

IX Random Variables and Expectation

Covariances and dice. The covariance of the number of 1s and the number
of 6s in n rolls of a die (problem IX.9(21)) is mostly easily calculated using
the bilinearity of the covariance, the representation of each variable as a sum
over trials, and the vanishing of the covariance for independent variables.

X Law of Large Numbers

Theorem X.1 The strong law of large numbers holds for any sequences of

independent, uniformly bounded random variables Xk. That is, Sn/n−µn →
0 almost surely.

Proof. Assume mean zero. By boundedness and independence, the variance
of Sn is O(n). By Chebyshev’s inequality, P (|Sn| > εn) is O(1/n). So
if we choose a subsequence ni along which

∑
1/ni < ∞, by easy Borel-

Cantelli we have |Sni
| < εni for all i sufficiently large. By boundedness,
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