
Figure 2. A mixing map on the torus.

The action of T is not diagonal in this basis; rather, it satisfies T (ev) =
eT ⇤v, where T ⇤ is the adjoint of T |R2. We are thus led to study the action of
T ⇤ on Z

2.
Suppose T is hyperbolic. In this case we find:

Every orbit of T ⇤ on Z
2 � {(0, 0)} is infinite.

Indeed, if T ⇤ were to have a periodic orbit, then T |R2 would have an eigen-
value which is a root of unity, which it does not.

Now each infinite orbit of T ⇤ gives a subspace of L2
0(X) isomorphic to

`(Z), on which T acts by the shift. The direct sum of these subspace is the
whole Hilbert space. This shows:

Theorem 2.9 The action of a hyperbolic element T 2 SL2(Z) on the torus
has Lebesgue spectrum of infinite multiplicity.

Corollary 2.10 All hyperbolic toral automorphisms are unitarily conjugate.

It is an interest challenge to show they are not all spatial conjugate. Here
a useful invariant is the entropy, introduced by Kolmogorov for exactly this
purpose.

We will later see that hyperbolic toral automorphisms are mixing. These
are also called Anosov maps. The image of a round disk under of T i for
T = ( 0 1

1 1 ) and i = 0, 1, 2, 8 is shown in Figure 2.

Parabolic and elliptic maps. If T 2 SL2(Z) is parabolic then it preserves
a foliation of X = R

2/Z2 by closed circles, and any function constant on
these leaves is invariant. If T is elliptic then X/T is a nice space and hence
there are abundant invariant functions. In either case T is not ergodic.
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