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Dy B o+

P 9k dR _ Ok dQ _ dr

dr T 8Q°' 4 8T’  dt aP 1 Tdx
with Hamiltonian

=1

R4+EP, Q T)=R+pky(P)+p?... (2.2.10)
and angular coordinates Q, T contain the canonical equations with
Hamiltonian (2.2.7). The function (2.2.10) has the form (1.8.1).

An inequality analogous to (1.9.5) and sufficient for the validity of
the results of Ch. I, §8 follows from (2.2.6).

Either of these methods can be used to prove the following proposition.

II. Let (2.2.7) be analytic for |ul < ﬁ in the domain |Im Q, T|< p.

IP —Pols r, where |ko|sM, Ik1 + ) ... !d *ko > 9> 0. Then for

every X > 0 it is possible to find Uo(%, B, r, P, M, 9) > 0 such that if
[ui < o, then the real torus layer F, where |P - Pyl < r, is filled with
invariant tori with an accuracy up to a residual of measure less than
% mes F and the distance of each of these invariant tori from a certain
torus P = const is less than ¥.

Proposition I, and with it also Theorem 1 of 3., easily follows from
Proposition II., by virtue of 4,

§3. Adlabatic invariants of conservative systems

We prove in this section the perpetual adiabatic invariance of
variables of action in conservative systems with two degrees of freedom.

|. Adiabatic approximation. Let us consider a conservative dynamical
system with two degrees of freedom X, Y. We shall assume that a change in
one of these coordinates, for example X, has little influence on the state
of the system. It can then be supposed approximately that there exists a
system with one degree of freedom Y depending on the slowly varying para-
meter uX. The variable of action Iy (see §2, 1.) corresponds to this
system. The magnitude of Iy is shown to be adiabatically invariant in the
following sense,

Let us fix a function of four variables H(...). Let X, Y, Px, Py be
canonically conjugate variables. We consider a dynamical system defined by
the Hamiltonian H(rX, Y; Px, Py). If u is small, then the state of the
system varies little if X varies by a quantity of order 1. We fix the
values of X and Py. Then H is transformed into the function Hy(Y, Py).
denote by Iy(Y, Py) the variable of action in the system with Hamiltonia.n
Hy(Y, Py). The magnitude of Iy depends, however, on the parameters u X, Px.
For the original system with Hamiltonian H(uX, Y; Px, Py) the action Iy
will be an adiabatic invariant in the sense that the variation of

Ivlu X(ty, Y(t); Px(t), Py(t)] during time t ~ é is small together with p. ‘

HuX, Y; Px, Py) can be written in the form H = Hx(uX, Px; Iy). In
order to determine approximately the variation of X, Py with time it is
sufficient to form the canonical equations with Hamiltonian Hym X, Px)
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(dépéntiiﬁg on the constant. parameter Iy). If in this system with one
degree 6f freedom the motion is periodic, then a variable of action

Ix ~ % can be introduced. In the U

adiabatic approximation the motion is l

composed. of rapid oscillations of Y

with frequency wy and slow oscilla-

tions of X with frequency wy of order |

u, Iy and Wy being conserved. ngz:
This approximation will be proved /

below, We shall prove the perpetual u

adiabatic invariance of Iy and pIxon Fig. 10.

on the assumption that the mean value

Yo

—; of the ratio :—)}; depends on Iy for a fixzed total energy h.

2. Example. Let us consider motion in a *‘“potential ditch” pulled
out along the x axis (Fig. 10):

g PEEPY LU, Y)

5 , where U = 0%Y?%, o=1+4+2% z=pX, p<1.
The quantities introduced in 1. take the form
PY+U | Fx YU ~ or 4
= = _L___. == - = —_ 2 = R
Hy 3 o Ty oy OY=0 1+2%2 oy Iy T3
Px 4 2] ya? Py L 9f x2 _
Hy= —+—Yf-+1 P1x=—%3%, ox=p) 2ly.
Y -

%]
Our assumption concerning the dependence of w—; on Iy is fulfilled and

therefore Iy, Iy are perpetual adiabatic invariants.

At the very bottom of the ditch it is possible to roll away to infinity
(Y=Py=Iy=0, Px=v, X=X, + vt). But if Iy # 0, then the mction
takes place in a bounded domain at least for sufficiently small u (Fig. 11).

For let us fix the values of h
'Y and Iy # 0 corresponding to the

\ initial conditions we require
_’_K%\ and then allow U to tend to zero.
/ For sufficiently small i we have

— P — 7y ()= T+ (0| < 0 )
Zmaz for all
—w <t<+oo.
Fig. 11. But since

2

h—Iy (1 1—x)—TX >0,
motion in the x direction is limited by

| Zmax | = ]/——1‘1‘0(!1)

3. Preliminary canonical transformation. We shall reduce the
Hamiltonian of the system to the form (2.2.9). The perpetual adiabatic
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invariance of Iy and uly is easily deduced from the existence of the two-
dimensional invariant tori of the latter system since these tori divide the
three-dimensional level of energy H = h. " '
LEMMA . Suppose that the Hamiltonian H(x, Y; Py, Py) (x = gX) is - -
analytic and for fixed x, Py defines an oscillating system with action-
angle variables Iy(x, Px; h), wy(x, Y, Px, Py). Then there exists an
analytic substitution expressing x, Y, Py, Py in terms of new varigbles
', w', P', I' such that: ,
1) The functions x, Y, Py, Py are of period 2™ with respect to w, As
B 0 the variables x*, w', P', I' turn into x, wy, Py, Iy. ’
2) Along the integral curves of the canonical equations

dPy oH dPy oH 0.4 oH dYy oH -

d¢ — TOX ' &t T Ty ' d&r T by dt ~ 9Py
the canonical equations
dp’ oK  dr’ 9K -
WS T %" W T (2.3.1)

with Hamiltonian K(P’, x'; w'; h) depending on the parameter h are satis-
fied.
3) K is of the form K = —pI', vhere

I"=1s(P', z'; hy+ul, (P, z'; w' h)4-... {2.3.2)

is an analytic function of period 2% with respect to w' and
IoP', z'; ky = Iyz', P'; hy.

PROOF. From the relationship H(x, Y; Py, Py) = h we can express ‘Py in.
the form Py(x, Py, Y; h) and we put 2nly(x, Py; h) =§Pde. This
relationship defines the function h(x, Px; Iy). The generating function
P'X + S(x, P', v, I'y, where

Y
S = g Pylz, P, Y; h(z, P'; I')]dY.

determines the canonical transformation X, Y, Py, Py~ X', ', P', I' with
the help of the formulae

, as . oS : i
X —X+ aPl ’ w -011 *
r s a8 as
Py=p R, PY—W-

We also put ' = uX’. Ssince
Hi{z, Y; P’, Py{z, P, Y; he, P }y=h(, P I,

we have
Hiz, Y; Px, Pylz, P, ¥; h(z, P; I')|}=h(z, P, I')+n g_f%+... 2

Therefore, expressing X, Y in terms of the new variables, we obtain

’ ’ ’ as /;
H(@, Y; Px, Py)=h(z, P 1)+p073%__y%%’+... (2.3.3)
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(2.3.3) can be written in the form (ho = h)
H(z, Y; Px, Py)=H' (&', P, I', w)=ho (', P'; I')+ph(z', P', I', &) +. ..,

(2.3.4)

where phy + ... is an analytic function of period 27 with respect to w'.

We shall measure the time by the phase w'. For this purpose in place
of P', X'; I', w'; t as independent variables in the expression
P'dX' + I'dw’' - Hdt we take, respectively, P', X'; -H, t; v' (see [4]).
We shall consider h as a parameter and v’ as the time. The role of the
Hamiltonian is played by -I'(X’, P’'; w’; h), where I' is determined from
the equation

H' (WX', P', I', w')=h. (2.3.5)

The coordinate t is cyclic; discarding the variables ~H, t we obtain a
non-autonomous system with one degree of freedom. We multiply the co-
ordinate X’ and the Hamiltonian -I' by the constant p: pX' = x/, -pI’' =K,
The derivatives of x’' and P’ with respect to w' are determined by the canon-
ical equations (2.3.1) with Hamiltonian K.

In view of (2.3.5) and (2.3.4) the function I' is of the form (2.3.2)
and this proves the lemma.

%. Proof of the perpetual adiabatic invariance of action. In accord-
ance with (2.3.2) the function K is of the form (2.2.9). (2.2.6) follows
from the condition formulated at the end of 1. Therefore the reasoning of
§2 is applicable. It gives invariant tori and the proof of the perpetual
adiabatic invariance of Iy and ply.

§4. Magnetic traps

In this section we consider the motion of a charged particle in a
magnetic field. It is assumed that the instantaneous radius of the spiral
along which the particle moves is small in comparison with the distances
at which the field changes significantly. This condition is fulfilled if
the field is large or if it is almost constant, or if the velocity of the
particle is small. We shall consider the last case (which does not result
in any loss of generality).

We show that in axially-symmetric magnetic traps the adiabatic in-

w
variant-—z%: is perpetually conserved. It therefore follows that such traps

are capable of retaining charged particles perpetually.
I. Equations of motion. We assume that the magnetic field B is
determined by a vector potential A which, in polar coordinates r, @, z has

only one component Ap = A(r, z). Then the components of the field strength
B are

04 1 ord
Br=—%r Bi=75 -

Therefore the lines of force are determined by the equations

rA=const, ¢=const.
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The Lagrangian of a unit charge of mass 1 with a suitable choice of units
is '

L= % (;" + 22 + r’ci;“) + rAc;;.
From this we find the * impulses ” :

p,=;', D=1z, p¢=r”q.)+rA,
and the Hamiltonian:

1 — rA)
He=y [ pitpra o s ]

Since @ is cyclic, pp = k' is conserved and it remains to investigate plane
motion in the field with potential
) —_— 2

U(r, 2) —_--g”—zrg_A.)_. ’ (2.41)

where M is a fixed constant. '
The function (2.4.1) defines a ¢ potential ditch” with the zero

bottom along the line of force r4 = M. In the neighbourhood of this line
we have

U(r, ) =5 Byt ..., 2.4.2)

where y is the distance from the line of force and B is the magnitude of -
tne magnetic field strength cr the line of force.

2. Change of variables. In order to apply the results of §3, we
introduce curvilinear coordinates x, y into the r, z-plane. We denote by x
the arc length along the line of force rA = M from the fixed point 0 to
the base of the perpendicular from the point r, z onto this line of force.
As in (2.4.2), we shall denote by y the length of this perpendicular (Fig.
12).

Then we have

dr¥4-dz?=[1 4 yk (z)1* dz? + dy?,

where k(x) is the curvature of the line of force at the point x, 0.
Therefore

P==U+yk(@)*z, p, =y,
and hence

H_i(“__pi => U, where U(z, y) =-L B (z) 42
T2\ TFwk@p TPv)+0, T Y)=5B@y*+ ...

V‘

_/ rA=M ra=p

1
Ny

Fig. 12, Fig. 13,
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The case of interest to us is that in which the radius of the Larmor
spiral described by the charge around the line of force is very small in
compariscn with the characteristic dimensions of the field. In the notation
introduced this means that we shall consider values of the constant ¥ and
the total energy h such that the inequality

Ugh
defines a strip of width ~u around the line of force rd = M (Fig. 13). It
is therefore convenient to introduce new variables X, Y, Px, Py by means
of the relationships

r=pX, y=pY, p,=uPx, p,=unPy.

The way in which these variables change with time is described by the
canonical equations with Hamiltonian H' = u~2?H:

H'—i/—i‘—quﬂ)'m U (uX, V)=~ B (uX) Y?
IEANCEEN IS L A pX, V)=5 B (uX)Y?+....

which can be written in the form

2 3 B2l V2
P AP L uHi (3, Y, Px, Py)t oo

i.e. this function has the form H'(uX, Y; Px, Py, W) similar to that con-
sidered in §3. (It is easy to see that the additional dependence on i is
inessential for the applicability of the arguments of §3.)

3. Perpetual adiabatic conservation of the magnetic moment. In con-
aidering the formulation of the resuit tc be cbtained let us define more
exactly what asymptotic properties we shall be concerned with. We fix the
magnetic field B and also the self-conserving quantity M. Then we fix the
initial value® of x and finally choose initial values of ¥, X, y such that
H ~p2 M, £ 1. For this purpose it is necessary to take y, %, y of order u.
We fix Y, X, Y, take y = uY, x=uX, y = pY and then let p tend to O.

The method of §3 gives us the following result:

1. If the magnetic field is analytic and B(x) > 0, B(x) » ® as
|x| » @, then for any x > 0 it is possible to find yy > 0 such that if
|u.| < Wg, then lIy(t) - Iy(O)I <X for all ~® < t < +, where

Py - B2y?
Iy= B

H =

From this it can be seen at once that a particle for which Iy # 0 is
locked in a bounded domain provided the field B increases infinitely as
x » o (a trap with stoppers).

The physical meaning of Iy will become clear if we consider the moment

. 2
when Y = 0. At this moment @ = 0 andi{: WJ_(see §1, 2., III). Therefore
157
p21y=71-- . Thus Proposition I can be formulated as follows:
1I. In an axially-symmetric magnetic trap the magnitude of the mag-

. W, o, o
netic moment B is a perpetual adiabatic invariant.

1 It is sufficient to fix a bounded domain of initial values of x. The same
applies to the fixing of ¥, X, Y and M.



