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INTRODUCTION

The motion of a charged particle in the earth’s magnetic field has long been
of interest to mathematicians and physicists in connection with the study
of the polar aurora and cosmic rays. The mathematical formulation of this
problem was given by Stérmer as early as 1907; it is often referred to as
Stérmer’s problem. Recently, this problem received renewed significance
with the discovery of the Van Allen radiation belr. (see Dragt {6]). This is a
region in space that consists of electrically charged particles, which are
assumed to be trapped by the earth’s magnetic field. Some of these particles
were observed to have a lifetime of several years. The purpose of this paper
is to rigorously establish the theory of almost periodic motions for the
Stormer problem, exhibiting thereby the trapping of charged particles as
observed in the Van Allen belt. An additional feature of the theory we shall
develop is that it can easily be generalized to any rotationally symmetric
“mirror field”,

The trajectory of a particle in a magnetic field is generally very complicated
and must be obtained by numerical integration of the differential equations
of motion. In the special case of a uniform static magnetic field B, the trajec-
tories can be obtained explicitly. As is well known, all particles gyrate in a
helix about the magnetic field lines (see Figure 1).

If m denotes the mass of the particle, g its charge, v, the velocity perpen-
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Fic. 1. Particle motions in a constant magnetic field.

dicular to the magnetic field, and B the magnitude of the magnetic field, then
the quantities,

' va_
M= 2B’
_my
a-———qB ,

are constant along any orbit. M is called the magnetic moment of the particle,
and “g” its radius of gyration.

Many mathematicians have concerned themselves with the motion of a
charged particle in a slowly varying magnetic field. A slowly varying magnetic
field is a field which varies slowly in space and time—that is, slowly compared
with the gyration radius and period. Essentially this means that in the course
of one gyration about a magnetic field line, the particle sees an approximately
eonstant field. In a slowly varying field the particle moves approximately in a
circle whose center drifts slowly across the lines of force and moves rapidly
zlong the lines. This is the so-called “guiding center” or “adiabatic’’ approxi-
mnation. It was shown by Alfvén [1] that the magnetic moment is an adiabatic
imvariant in a slowly varying field; that is to say, it is constant to first order in
the radius of gyration. This result is of extreme importance in plasma
physics, where one is interested in confining charged particles in a bounded
region. Suppose, for example, that the magnetic field is a convex function
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along the lines of force. A particle moving along a line of force will be
“reflected” backwards at the point P, defined by

MB(P,) = E

where E is the energy of the particle. Thus, to first order, the guiding center
of a particle oscillates periodically along a line of force, between two “mirror”
points. In this case it has been shown (Northrop [12]) that the quantity

]=§P.d$

is also an adiabatic invariant, where P, is*the guiding center momentum
parallel to the lines of force, and the integral is taken over a complete oscilla-
tion from one mirror point to the other and back again. J is usually referred
to as the longitudinal adiabatic invariant.

However, for virtually every prospective device for the production of
useful energy from controlled thermonuclear fission, it was seen that the
requirement that the particle remain confined for periods of time
encompassing many millions of gyrations could generally be met only if the
magnetic moment were constant to a much higher order. In 1955, Hellwig 91
proved the constancy of the magnetic moment to second order in the radius
of gyration, and in 1957, Kruskal [10] proved the constancy to all orders.
Finally, Gardner [7] showed the constancy of the longitudinal adiabatic
invariant to all orders. Moreover, Gardner presented a general method to
obtain formal asymptotic expansions for all the adiabatic invariants. The
main idea of this paper is to show that the phase space of a particle moving
under the influence of the earth’s magnetic field contains a region, which
includes the adiabatic region, where particles are trapped for all time. This
will be accomplished by using a theorem of J. Moser which guarantees the
existence of almost periodic solutions of the differential equations of motion.
In this manner we will show that particles which are adiabatically trapped are,
in fact, rigorously trapped for all time. This possibility was first pointed out
by Amold [2].

The author wishes to express his deepest gratitude to his thesis advisor,
Professor Jiirgen K. Moser, for his many helpful hints and suggestions and

above all for his patience and understanding while this paper was being
written.

* Gardner [8], in 1962, announced a result like ours for particle trajectories in a
“mirror” field. To the author’s knowledge, a proof of this result was never published
by Gardner.
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1. THE S'rc'im PROBLEM

The earth’s magnetic field is assumed here to be equivalent to the field

produced by a magnetic dipole situated at the center of the earth. Such a
field can be described in cylindrical coordinates p, 2, ¢ by the equations

B =curl A

_Meg (L.1)
B=|B|= %(l + 3 sin? A)1/2
(see Figure 2), where M is the moment of the magnetic dipole, which .points

in the negative z direction, and ¢ is a unit vector in the ¢ direction. The plane
A = O is the equatorial plane, and the magnetic lines of force are given by

r = rycos® A @ng
¢ = const.

From the previous discussion one would intuitively expect that the

2
%
M 1
!
S| ' y
y |
‘\jf !
P ~d
X
FIGURE 2

particles with small energy will gyrate about the guiding field line with the
(so-calfied cyclotron) frequency
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where ¢ and m denote the charge and mass of the particle. Moreover, since
the field B is a convex function along a line of force, we would expect that
the particle, as it moves into regions of stronger field at higher latitudes, will
be reflected back toward the equator by converging lines of force. To what
extent this is true will be discussed in the following sections. '

To write the differential equations of motion for the Stérmer problem, it is
most convenient to employ a canonical formulation described by the Hamil-
tonian

1 Ps 2
H=5-[p+p2+ (—;——qA)] (1.3)
where ) n;' =m9we
b, =mp
P, = mz

P = mp*$ + gpA.
Since H is independent of time, the energy
H=1i{m®=E

is a constant of the motion. A second integral of the motion is obtained by

noting that H is independent of the angle . Hence the canonical angular
momentum

= Lo
ps = gMT, = Lg (1.4)
where I' is defined by this equation, is a constant of the motion. (The integra-
ton constant I has the dimensions of a reciprocal length.) The three dimen-
sional problem is now reduced to the simpler problem of finding the two-

dimensional motion of a particle in the p — z plane under the influence of
the potential

Vie,z) =L~ (i - L)z. (1.5)

Once p(t) and z(z) have been found, ¢(¢) is then determined by integrating
the equation

¢ = —Hﬂ¢
which yields
1 tyqMI? M
#0) =40+ [ o (LPT -5 ar. (1.6)

e
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The sign of I plays a crucial role in determining the general properties of
trajectories. The radial derivative of ¥V is given by

£ VY = ’q;Mz (—F--L)(—P——E), 7

P */\p rd

which is strictly less than zero for I" negative. A negative radial derivative
for the potential corresponds to a repulsive radial force, since —r - VV'is the
the component of the force in the radial direction. Hence all trajectories
characterized by a negative I" must extend to infinity and cannot be trapped.
In additien the particle is restricted to lie in the region V(p, 2) < E. This
region is indicated in Figure 3.
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Fic. 3. TheregionV < Efor I' < 0.

Note also that no orbits extend into the dipole (r = 0) for I" negative.

The situation is very similar when I' = . For p unequal to zero the radial
derivatiwve of V' is again negative. However, p = 0is a solution of the equations
of motion. Hence the trajectory

() =V2mEt+ 25, 2,<0
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runs into the Hpiis fr2nn below the equator, and

g{[)W—NZMEt—!—Zo, zo>0

is a trajectuty it i{)w the éipole from above the equator. All orbits
starting in 1h aliaifedd region of Figure 4 must extend to infinity.

Z
Z

,VS E
/

t'ui, 4 Theregion V < Efor I' = 0.

For the atwly \\( Imumlcd. trajectories, therefore, we restrict ourselves to
the case I' .- W ia ¢onvenient at this point to introduce the dimensionless
variables

2 =1rIz
P =1Ip
¢ = (1.8)

m -
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- -~
It is easilly seen that the equations of motion for these dimensionless variables
are derived from the new Hamiltonian

H=Y0r+p+3(—5) (19)

r3

where we have omitted the primes for convenience. In this system of units
the particie has the dimensionless velocity

y - 1
Wo=23 o =49, g:f?
where = V.. &
1 (qM LA
y,*—Tg(q )r4. (1.9)

The dimensionless constant y, is that used by Stérmer {14]. Note that the
angular momentum I” is now normalized to one.

The peotential
/,A 8 o = _1. _l. — _P— ?
4-2 b Vi) =3 (G~ %) (1.10)

vanishes along the curve 7 = cos? A, and is positive elsewhere. (The line of
force r = cos? A corresponds in our old coordinates to the line of force
r = I oos? A.) Since the Hamiltonian H of (1.9) is a constant of the motion,
the particlie is restricted to lie in the region 0 < V < H. This region assumes
three different forms depending on whether H is less than, equal to, or greater
than 1/32.

From Figure 5 we see that any trajectory starting in the oval like region
surrounding the curve ¥V = 0 (r = cos? A), with initial energy less than 1/32
can never leave this region for otherwise it would encounter larger values of V.
The almeost periodic motions we shall find will all lie in this oval like region,
where the value of H will be very small. These solutions will gyrate about the
line of force r = cos?A and oscillate back and forth across the equator.
Furthermore, we shall show that these motions can penetrate arbitrarily close
to the dipole, a result which was somewhat unexpected.

One camnot expect to trap particles with H > 1/32, since the region
V < H extends continuously to infinity. However, for just this reason these
solutions are important. Namely, a trajectory cannot extend into the dipole
from infimity unless H > 1/32. Such trajectories play a role in the theory
of the polfar aurora (Stormer [14]).

Unfortunately, there are no further known constants of the motion, so
that the system of equations derived from the Hamiltonian (1.9) is as simple

3

V= g e
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Fic. 5. Allowed region Vip, 2) < H for H < 1 /32.
V4
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F1c. 6. Allowed region V(p, z) > 1/32.
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Z .

Fic. 7. Allowed region V(p, 2) < H for H = 1/32.

a system as one can achieve. In general, it has no known explicit solutions.
The equations can, however, be solved in terms of elliptic functions for the

special initial conditions -
z2=2=0

in which case the orbit is confined to the equatorial plane (since the magnetic
field is perpendicular to the -equatorial plane, and the force gv X B is
perpendicular to B). The general properties of all equatorial orbits can be
obtained by considering the integral curves

2
E=%[p2+(%—plz)] (L11)
in the p — g plane (Figure 8). As is to be expected, the shape of the trajectory
depends on whether E is less than, equal to, or greater than 1/32.

For E > 1/32 all trajectories run off to infinity, and no periodic solutions
exist. For E.= 1/32, the circle p = 2 is a periodic orbit (in the x — y plane).
Moreover, one trajectory spirals into this circle from within and one from
without (Figure 9). For E < 1/32 there exist two distinct types of orbits. For
po < p <2, the orbits are all periodic, and for p > 2, the orbits run off to
infinity.
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Fic. 8. Integrals curves in the P — p plane for equatorial orbits.

Stérmer has done extensive work in calculating other families of periodic
solutions [14]. A general method to obtain all these periodic motions was
presented by De Vogelaere [4]. We shall obtain, as a corollary to our result on
the existence of almost periodic solutions, infinitely many periodic solutions,
which likewise will lie in the oval like region of Figure 5.

The behavior of the equatorial orbits for small excursions out of the equato-
ral plane may be examined by perturbation methods. Expanding V as a
power series in 2 and applying Hamilton’s equations, one obtains

£+(P;1)z=0+(9(z3) (1.12)

B+ — D2 ~p) = 0+ 0(a9) (1.13)

If the terms of second and higher order in z are neglected, the solutions to
equation (1.13) are the equatorial orbits, and are therefore known periodic
functions of time (for p < 2, E < 1 /32). Equation (1.12) then becomes Hill’s
equation. Its solution can be written in the form

z = Cey(t) + De-9t)(—i) (1.14)
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Fic. 9. Orbits in the x — y plane spu'ahng into a periodic orbit, for E = 1/32.

where C and D are arbitrary constants and y(t) is periodic in time with the
same period as p(t). The constant £, the characteristic Poincaré exponent
determines the stability of the orbit. It can be only real or purely imaginary.
If Q is real and 0, the motion in the 2-direction grows (within the approxi-
mation made) without bound. If Q is purely imaginary the motion is bounded
(for time intervals in which the neglected terms have negligible effect) and is
therefore stable. The behavior of £ as a function of y, has been studied by
De Vogelaere [5] who finds that all orbits are stable for y; > 1.3137.

In Section 3, we shall show the existence of a family of two dimensional
invariant tori on each energy surface H = const. in the four dimensional
phase space of a particle. Any trajectory starting between two such tori (on the
same energy surface) can never escape, and will remain trapped between these
two tori fowever. This is a much stronger result than De Vogelaere’s. However,
our result is only valid for values of v, much greater than 1.3137.
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2. ALmosT PErioDIC MOTIONS, MOSER'S THEOREM

(a) We will be concerned in this paper with Hamiltonian systems of two
degrees of freedom, and, in particular, with proving the existence of quasi-
periodic solutions for systems close to integrable ones.' To this end we con-
sider a geometrical theorem which will be basic for the following. This
theorem refers to area preserving mappings defined in an annulus in the plane.
How the reduction of the differential equations to a mapping can be carried
out will be seen later on.

We describe an annulus in the plane by polar coordinates R = x2 4 2
and the polar angle 8. The annulus is given by

IKR<K2
and the area element by
dxdy = } dR d9.
Consider now an area preserving mapping M = M., of the form

R, =R+ ¢f(R,0,¢)

(2.1
0, =0 4 g(R, 6, €)
where f, g have period 2 in 0 and Y(R) rotetzant
y'(R)=;—I’;;eo n 1<R<2 2.2)

This mapping is defined in the annulus 1 < R < 2 but need not map this
annulus into itself. Note that any closed curve C surrounding R = 1 and
its image curve MC must intersect each other, for otherwise one of them
would lie inside the other and the areas [ R d6 and Jrc R d6 could not agree.

TueoreM (Moser [11]). Let y'(R) % O and let any closed curve C sur-
rounding R = 1 and its image curve MC intersect each other. The Sunctions f, g
are assumed to be sufficiently often differentiable. Then Jor sufficiently small «
there exists an invariant curve I' surrounding R = 1. More precisely, given any
number w between y(1) and y(2) incommensurable with 2w, and satisfying the
tnequalities

w

__EI 52
2 gl =clel

 There is a theorem by Kolmogorov and Arnold [2] guaranteeing the continuation
of quasi-periodic motions under small perturbations of the Hamiltonian. However,
this theorem does not quite apply to our case since the second frequency w, will be
small. For this singular case we resort to Moser’s theorem.

L
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for afl mtegers p, q and some constant ¢ > 0, there exists a differentiable closed
curve
R =F(¢,¢)

0 =4 +G(49)

with F, G of period 2w in § which is invariant under the mapping M . —provided e
is suffuciently small. The image point of a point on the curve (2.3) is obtained by
replacing $ by ¢ -+ w.

For Hater applications we need an extension of the previous theorem. If
the mapping (2.1) is replaced by

(2.3)

Ry = R+ ¢f(R, 6, ¢)

(2.4)
0, =04 o+ ey(R) + °g(R, 0, €)
where:§ < p < o, then the conclusion of the previous theorem remains true.
The essential point is that the perturbation term is small compared to the
“twist”™ y(R).
To =pply Moser’s theorem to prove the existence of invariant tori for a
Hamiltmnian system of two degrees of freedom, we first approximate the
Hamiltenian H (if possible) by an integrable Hamiltonian Hj, ; i.e. we write

H = HyR,,R;,¢) + €H\(Ry,6,, Ry, 8, ¢) 2.5)

where as; = 0H,/dR, is of order one, and the frequency ratio w,/w, varies
over a megion of order €* w1th k < I (wy = 0H,[0R,). On the energy surface
H = ¢ we solve for

H8Ly b &)=<

R, = ¥(R,, 0, , 0,). (2:6)

Using #; as independent variable instead of ¢ and setting R, = R, 8, = 6,
we fimd from Hamilton’s equations that Hy= B = Ry 6= Ro,

2 dR  —H, do Hy
98" = g = . 2.7
del HR; ‘@1 HRI ”Q =‘é;—_§9 B é)‘r'—a{’_‘g_-/;

2 Ay

One verifies easily that on H = ¢ these equations take the form

dR do ,
y F Dy; B = —Px @7

a&l¢=cik

4 e2e]
where @ is defined in (2.6).
The system (2.7) is again Hamiltonian, of one degree of freedom, but non-
autonomsous. To eliminate the independent variable we follow the solutions

. _ b -l J//
505/8/2-% e . ¢g = == = L/ i I
% oy o e/ 4 oH

o C’Q
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from 6, = 0 to the next intersection with 8, = 2. This defines a mapping
which—by Liouville’s Theorem—preserves the area J R db. This mapping
will have the form

R(27) = R(0) + ¢ (<)

(2.8)
6(27) = 6(0) + « + eR) + (<)

with y'(R) # 0. Note that the condition 7(R) # 0 means that the frequency
ratio w,/w, varies on the energy surface H = ¢, The important point is that
the frequency ratio varies over a region which is large compared to €, i.e.
the twist ety(R) is small compared to the neglected terms. Moser’s Theorem
guarantees infinitely many invariant curves of the mapping (2.8), for suffi-
ciently small e. Any curve invariant under this mapping generates an invariant
torus if we take all solutions which issue forth from the invariant curve, and
on those tori, the motion is quasi-periodic with two frequencies.

In this case a quasi-periodic motion will densely cover a two dimensional
invariant torus in the four dimensional phase space of the particle. Any

always remain between these two tori. (Warning: This is not true for » >2)
This provides a powerful tool for proving the stability of periodic orbits. In
the following section we shall show the existence of quasi-periodic motions
in the earth’s magnetic field which lie near the equator. All trajectories near
the equator which are caught between two such tori must remain near the
equator forever. This is the stability result for “near equatorial” orbits which
we mentioned in the preceding section.

restrict ourselves to systems with two degrees of freedom.
Consider a Hamiltonian H of the form

H‘%: W%y + wyxy + eH(x, , x, !y17y2).+€2H2 + (2.9)
where x; is conjugate to y,; and H has period 27 in y, and Y2, le,
H(x, y; + 27) = H(x, ¥i)-
We would like to find new canonical variables x,’, ¥i’ so that H will be in-

dependent of the angular variables y,’, ¥z through terms of order #. To this
end we consider a generating function of the form

S =y%" + 3y + eSy(xy, %2, ¥1,¥;) + €S, + - (2.10)
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with
s .28
o’ re = ox/ "

If we denote the Hamiltonian H expressed in terms of the primed variables by

x‘=

(2.10y

H(x', y') = wnxy’ + wpxy + eHy(x, %) + &H, + - (2.11)
then from (2.10)

oS.
e R :J’z) =H. (2.12)

., 08 .
H(x1 et + e

Equating terms of order ¢ in (2.12) we see that

oS aSs, = ., oo
wl_l' +‘02‘“‘1 = H,(x/, x,") — Hy(x), %/, » s Ya)- (2.13)
m %y,

In order for S, to be periodic in ¥, and y, we must require that the right hand
side of (2.13) have mean-value zero. Hence -

. , , l 27 M27 , ,
Hy(x), ) = (2—1’—)2 fﬂ fo Hy(x)', x3', 31, 2) dv, dy,, (219)

i.e. H, is the mean value of H; . We still cannot solve for S} since a Fourier
series expansion will contain the small divisors jye, + Jaws . We therefore
require that the frequencies satisfy the infinitely-many inequalities

Goo) Zyljl— (2.15)
for all integers f, , j, with | j | = |, | + | Ja | > 0, and with some constants y
and r > 1. If the right hand side of (2.13) has the Fourier expansion

Z ak(x') ei(k.v)
k#0

then S, is given by

. a(x') e
S =3 Tk, o) ) erry,

k0

To determine S, we note that equating terms of order % in (2.12) yields

a8 0
wl_fc+w,5y§: =B, +G,—H, (2.16)

1



where G, depends only on S;, H;, 0 <i <k — 1. Thus H, is determined
by setting the mean value of the right hand side of (2.16) equal to zero, and
then S, is determined. To eliminate the y dependence of H through order n,
we simply truncate the series for S after €S, .

The above method may be extended to the case where the lowest order
term H, of H is given by

H, = Hy(x; , xy).
We simply choose x' = 10 so that

w; = oH(x")
ox;

are rationally independent numbers satisfying (2.15), and then restrict the
variables x’ to a small neighborhood

Lx— a0 | = O,

Finally, if the frequency w, is zero to lowest order, we first eliminate the N
dependence of H through order n. Then, if we can find new variables so that
H, is also independent of y,, we may eliminate the ¥ dependence through
order n.

3. MamN ResuLt. ExisTENCE oF Quast-Periopic MOTIONS

(2) In this section we will prove the existence of quasi-periodic solutions
of the Stormer problem. These motions will all lie in the oval like region of
Figure 5 and will satisfy H <€ 1/32. Moreover, these motions may penetrate
arbitrarily close to the dipole.

(b) Dipolar coordinates. Since our intuitive idea of the motion is a gyration
about a line of force and an oscillation along the line of force, it is natural to
introduce new “orthogonal” coordinates a(p, 2), b(p, %) such that the curve
a(p, ) = const. defines a magnetic line of force. The magnetic field lines are
given by the equation

r

a=——
cosZ A’

(a = const.). 3.1

From the equation

Gadb Oaodb
55; P 0 3.2
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we find that

-

sin A -
b(p, 2) = .

(Any function of b together with a provide an orthogonal coordinate system.)
The new canomical variables may be obtained from the generating function

Flp, 2,04, pp) = a(Pg 2)ps + b(p, 2)ps (3.4)
by employing the standard relations

(3.3)

N

oF oF 2a

Sop TP BTy Ttttk 5
. oF oF oa b '
b= e = b(p, 2); b= i 551% + EP"

In terms of these new variables the Hamiltonian H of (1.9) takes the form

_l/pd (a — 1)
H(a, Pu ’ b Pb) Py ( + ) + 2a4 COSG A (3'6)
where
g cosA g abcos?A
—h“‘—l+3sin2)\’ hy T 14 3sin2)” G

It is understood that sin A and cos A are to be expressed in terms of a and b.
We now wish to restrict ourselves to a region in phase space where the
energy H will be small. This is to conform with our notion that in the course
of one gyratiom about its guiding field line, the particle should see an approxi-
mately constamt magnetic field. Thus we consider the change of variables

a—1=2ea b=
Pa=€Py  Pp=€Ps,

where € is 2 small parameter. The condition @ — | = €%« means that we
require the particle to remain near the guiding field line r = cos?A. Our
system will remain Hamiltonian if we take

H(e, B, pa » ) = HJé". (3.9)

Our next step is to try and approximate H by an integrable Hamiltonian.
To this end we first show that A(a, b) is an analytic function of @ and b for &
small. Squarimg equation (3.1) and multiplying by (3.3) yields

(3.8)

sin A
a2h = m . (3.10)
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The derivative of the right hand side of equation (3.10) with respect to A is
one at A = 0. Therefore, we are guaranteed that A(a, b) is an analytic function
of 3 = a% for | z | small. Hence, we may write

sin? A = €28 + de!(of? — BY) + Gy(w, B, €)
cos~8 A = 1 + 3e28% + 6e¥(282 — B%) + Gyl B, <)

where G; can be written in the form G («, B, ) with G; analytic in the varia-
bles «, B, e. These expansions are trivially derived from the relation

(3.11)

2 sin? A
ah? = Ty (3.12)
The Hamiltonian (3.9) may now be written in the form
H=H,+ H,+ H, 4+ H, (3.13)
where
2 2
Hy =Lt

Hy = 5 (6802 — 463 + st + )

H, = 35 0aftpt — 302 — 2upt + 3ingt + 208 — 208)
and ’ H

Hg = ‘sﬁs(a’ B, DPasbsse)

with Hg analytic in all its variables.

We shall now show that H, + H, + H, can be transformed into an
integrable Hamiltonian, modulo terms of order 8. Firstly, define new coor-
dinates R, @ via the formula

a=V2Rsinf#, p, = V2Rcosh. .19

From their definition, R and §_are canonical coordinates. The magnetic
moment M of the particle will be proportional to €!R (to be shown in
Section 4). Note also that H, = R, and R is constant to order 2. Next, we
employ Lindstedt’s method to average out the 8 dependence of H to order
€5, i.e. we define new variables R', ¢, 8’, p,’ so that H is independent of ¢
through order %. The frequency w, of (2.9) is zero, while w, = 1. In the
notation of Section 2,

1 27 €2
B=5] i Hadd = 5 [OR(BY + (2] (3.15)




and

‘ﬁ"" B el M3, a?;;‘:}? /ag;f;’:]do (3.16)

The generating function S,, = Sy(R’, 0, B, ps’) is given by

Sy = ——2-[3322” in 20 — 4R (—cos b + 3 9)] G.17)

Performing the integration in (3.16) we find that the Hamiltonian (3.13) may
be writtem in the form

H =H,+ H,+ H,+ H, (3-18)
where

H,=R

2
H, = = ORE* + p¢*)

1 69R,
H=% (9/3%2 —21R: — 4'3‘).

(we have suppresses the primes for convenience), and Hg = 0(c®).
For fived R the curves -

9RB? + p,* == const.

are ellipses in the 8, p, plane. These curves may be transformed into circles
(with the same area) by the generating function

F(6,8, R, , ps"y = (OR))/* Bpsr + OR, . (3.19)

1 X, 1 X; !

Setting Y% T
B = V2R,sinf,, p’ =V2R,cos8, (3.20)

we see that H, is independent of 6, . Hence, we may employ the Lindstedt
method to average out the 6, dependence of H to order 8. In terms of new
canonical variables which we again call R, , 6,, R;, 6, the Hamiltonian H
now assumes the form

13R2

H =R, +3¢RVR, + 521 (—21R,= + ) +H,  (32D)

where Hgy = ¢H(R;, R,, 81 ,0,,€), with Hy analytic in all its variables.
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Thus, we have succeeded in approximating H by an integrable Hamiltonian
F=H-H,

to order €%. We now apply Moser’s Theorem to prove the continuation of
quasi-periodic motions under the perturbation Hy . As described in Section 2,
we solve for Ry = (R, , 8, , 8, , €) on the energy surface H = ¢, and take 0,
instead of ¢ as independent variable. We then follow the solutions from
6, = 0 to their next intersection with 8, = 2x. This defines an area preserving
mapping which we denote by M. Since

6,  Hg,

B, = H, =3eVR, ——e 1R, + (%) (3.22)

and

R = 12 3¢ Rz

+ C(eY), (3.22

the mapping M has the form, in the coordinates R = R, , 6 =6, ,

R=RQ2r) =R+ &f(R, 0, ¢
M: (@) =R+ &f(R. 69 (3.23)

0 = 82n) = 0 + 3112 — % 'R + €%2(R, 0, ¢)

where R = R(0), § = 6(0) and f, g are analytic in the variables R, 8, ¢. This
mapping is of the form (2.4) with p = 4, 0 = 6, and

YR =—2 0.

Hence, Moser’s Theorem applies.

Thus, we have established the existence of quasi-periodic motions thh

two frequencies for sufficiently small e. Since we restricted b to be small, all
these motions must lie near the equatorial plane. Moreover, these motions
gyrate tightly about the guiding field line r = cos? A (or 7 == ' cos® A in
our old coordinates). A typical motion is illustrated in Figure 10.
These orbits all cross the magnetic field line at an angle near 90° since the
velocity of the particle parallel to the magnetic field is much smaller than the
total velocity. This follows from the fact that p, = €3p; is of third order small
while p, = €2p, is only of second order.

(c) Quasi-periodic motions which penetrate arbitrarily close to the dipole.
Our goal now is to prove the existence o quasi-periodic motions which
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Nz

A0S

I\}

F1c. 10. A quasi-periodic motion in the p — z plane.

need not lie near the equatorial plane. To this end we consider, intead of (3.8)
the change of coordinates

a—1=%;: b=4df

Do = €Dy Po = €Pg

(3.24)

where again e denotes a small parameter. Let M and N be two fixed constants,
with NV very large. We then consider all variables to be complex, and restrict
ourselves to the region T defined by

lal +1pa |l +1ps|l <M
|Reb| <N (3.25)
|Imb | < 8(M, N, ¢)

where & depends on M, N, and ¢ and will be chosen so that the Hamiltonian
(3.6) is analiytic in the variables a, b, p, , P, in the region T, for e sufficiently
small. To fimd the singularities of H in the complex 4-space we consider again
the equatiem (3.10)

sin A

2h —
=T
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With 2 = 4% and y = sin A(a, b), we observe that
dr=1+43
dy (1 =y
Hence the only singular points are Y = £,y = 4i/v/3. It is clear that for

fixed M and N, § may be chosen so that sin A # Flfor [Imbd| <3, and e
sufficiently small. The points ¥ = +4/v/3 correspond to the points

(3.26)

3V3
2 .
z2=a% = j:t—w .

Lettinga‘=a1+iaz,b=bl+ibz,weseethat
&% = ab — ab, + i(ab, + aghy). (3.27)

For fixed M and N, we now restrict § and e still further so that

Ialbz‘*‘azbl|<1_3€

thus excluding the points z = 443 v/ 3/16. The new Hamiltonian

1 1 2 2
H(2a 8,05, @) = 5 Ha, b, p, , 1) =5(%+&_)

o
+ 2(1 + ea)* cos® A (3.28)
is now analytic in all variables in the region T. Note that although N is fixed,
it may be chosen as large as desired. The points (@ = 1 + ea, b = N) all lie
very close to the dipole, and approach the dipole as N — 0.

(d) Our next task is to approximate the Hamiltonian by an integrable one.
We cannot expand H in powers of ex and ¢8 as we did previously, since now
B ~ 1/e. Instead we expand H in powers of (@ — 1) = ex only. Since sin A and
cos~1 are analytic in T we may write

1+ 3sin? A = K,(8) + Fy(a, )

(3.29)
cos A = Cy(b) + Fy(a, b)

where F(a, b) = O((a — 1)). (&((a — 1)*) denotes an analytic function which
vanishes, together with its first 2 — 1 derivatives with respect toa, ata = 1.)
The Hamiltonian (3.28) may thus be written in the form

H=H,+H, (3.30)
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where

K,C?
Hy= S (Kpa + o)+ =500 (330

and H, = eH,(x, B, Pa , Ps » €), with H, analytic in all its variables. The
arguments of the functions C, and K, are b = €B.

(¢) The next logical step is to transform the Hamiltonian Hj into an inte-
grable one, modulo terms of order e. We start by finding new variables o,
P so that H, is a function of («)* + ( p.’)? alone. These variables may be
obtained from the generating function

Fiew .92 25) = Ktopy +122 (331)
where the arguments of the functions K| and fare €B. It would suffice (for the
purpose stated above) to take f = . However, a judicious choice of f will
enable us to express H, explicitly, and thereby simplify most of the later
calculations. The new canonical variables o, p,’, §', pg’ are determined from
the relations

N 0 , , oF
- P":a_u:K;lMPa; ﬂ =-a—P—7-=‘£
8 (3.32)
, oF oF , € ,
o =7 =K' P =7 =fWpy' — 7 Ky K Vop,

where K& and f® denote the derivatives of the functions K, and f with
respect to & = €.

A point in the p — z plane is determined from the coordinates o, 8’ in the
following manner: Given o and £, the point lies on the magnetic field line
r = a cos® A, where

a =14 e[l + 3(f')2H4 (3.33)
The coordinate b on this magnetic field line is then found from the relation
f) =f(B) = <B'. (3-34)

We cannot solve (3.34) exactly for b. However, for the f we shall determine it
will be seen that as €8’ increases (decreases) to +1(—1), b increases (decreases)
to +00(—c0); and that the latitude A, fora = 1, is precisely

sin3 (¢8).

Thus, '(£) essentially describes the motion along a line of force, for the coor-
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dinate a near one. In terms of the primed variables the Hamiltonian (3.30)
assumes the form

H= \C"zﬁ?l [ + (2.9 + CVE(F 8,70 +- H, (335

with H, = @(e).
(f) We shall now show that the Hamiltonjan H, is an integrable
Hamiltonian, i.e. we shall find new canonical coordinates R, 8, ], 4 so that

Hy, = Hy(R, ]). To this end we define canonical coordinates R, # in place
of o/, p.’ by the relations

« = V2Rsin g, 2 = V2R cos 6. (3.36)

Hj is now independent of 4, Hence the coordinate R, which we shall later show
(see Section 4) js proportional to JJ/e2, is a constant of the motion to lowest
order in €. To lowest order, § is given by the equation

6 = w, — CVK,. (3.37)

r = f wy dt, (3.38)
Our trajectories are now the zero-energy solutions of the Hamiltonian
F= wil(H — k) =F, +F, (3.39)
where 4 is the constant value of the Hamiltonian (3.35) and

Fy=R4 ﬁ (XY pa')? — 28

(3.39)
H
F,_ = w‘ll .

Thus, to lowest order we have decoupled the motion in o', p.’ and in g, 0.
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his puts into evidence the integrability of thie truncated system.
In this approximation the motion in the f', p5’ plane is described by the
amiltonian

® = LR - o (3.40)

hich we now calculate. For this purpose we observe that w; = C; VK,
\d ' all are expressed in terms of f(b) = f(ef) = B if we define f(b) by

N
b= (3.41)

herefore, P can be expressed in explicit algebraic form. To show this write
sin A = £,(8) + O((a — 1))

'here we have f, = f (see @%b = sin A/(1 — sin® A)?). Then compute

w, = ————:11_*)/23;’: with y=ef
nd -
PO S (et S W
L4327 1+37  wVI+3
Jence 2t

I U A0 T O ¢ Sk ') S L 00
2w, [1+3y2 2}’] 2V1 + 32 [1+3y2 2h]' (3:42)

The motion in the 8, p;’ plane derived from the Hamiltonian F,, is qualita-
ively determined by considering the level curves (see Figure 1)

U W (s
= @ + 32 '2'(1 +372)3/2(PB) (3.43)

4

n the §’, 5’ plane. For ¢ > 0 these curves are not closed and asymptotically
ipproach the lines y = +1. The curves corresponding to ¢ = 0 are hyper-
holas defimed by

}ps')? — 3k =h. (3.44)

For ¢ < , the components of these curves in | y | < 1 are all closed, and lie
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inside the domain bounded by y = +1 and the hyperbole, with the point s
in Figure 11 determined from the equation

h (14 32pa
T A=

The quasi-periodic orbits obtained previously correspond to small oscillations
in the g, p’ plane about the equilibrium corresponding to equatorial orbits.

(3.45)

[
|
!
!
!
[
|
l
[
|
l
l
!
|

| =

!
|

Fic. 11. Level curves in the y, s’ plane of @ = const.

Since we are only considering the zero energy solutions of F, the constant ¢ is

essentially —R. Hence 8'(r) and 28'(7) will be periodic functions of 7 if we

neglect the term F in (3.39). Thus we have justified our intuitive idea that

the guiding center of a particle oscillates along a line of force between two

mirror points. This motion is indicated schematically in Figure 12. To lowest

order, the particle mirrors at a latitude A = sin-! s where
k(1 + 3s2)1s2

R~ T—wp (3.46)
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. Thus, the smaller R, the closer the particlé. approaches the dipole. It is
also clear from Figure 11 and the discussion concerning the coordinates
o', B’ that there exist orbits of the unperturbed system F, in the region

| 8| < N which achieve | 5| > 3N/4.

<Sin A~s
r=Ccos’\

Fic. 12. Schematic descriptioﬂ of guiding center motion.

Finally, since the curves (3.43) are closed for ¢ < 0, we may introduce the
familiar actiom-angle variables J, ¢ in place of B, py’, where the action [ is
given by

(1 + 3x2)3/2 1/2

4v2 ¢ 2
]:Tjogh(1+3x)+c—m§— dx. (347)

([ is simply the area of the closed curves (3.43) in the #', ps’ plane.) In terms
of the variabfes R, 6, ], ¢ the Hamiltonian F, takes the form

Fy = R+ c(e]). (3:48)
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Thus, we have succeeded in showing that the Hamiltonian F, is integrable.
The two frequencies of motion determined by F), are
__&F,

=== =1

°oR
17

Wy = = == ¢C

- (3.49)
5]

’

where ¢’ denotes the derivative of ¢ with respect to ¢J. Incidentally, the fact
that w, is proportional to « is in agreement with our notion that the particle
oscillates slowly along a line of force, while gyrating rapidly about it. Note
also that the action J, which is the longitudinal adiabatic invariant divided
by €2, is constant to lowest order.

We now apply Moser’s Theorem to prove the existence of quasi-periodic
motions for the full Hamiltonian

F=R + c(‘]) + e1';‘1(R’ e]) 0, ¢! E) (3‘50)

where F, is analytic in all jts variable. On the energy surface F = 0 we
solve for R = &(cJ, 6, $, €) and take 4 instead of ¢ as independent variable.
We then follow the solutions from 6 = 0 to their next intersection with
0 = 27. This defines a mapping M, which in the coordinates 7 — ef, dis
given by

- ry=r2n) =r+ f(r, 4, ¢)
=90 = ¢ + ecr) + (7, 4, €)

with f, g analytic in all its arguments. The intersection property of a curve
with its image curve still holds, trivially. Hence, the above mapping M is of
the form (2.4) with p = 1, e =2 and

(3.51)

S

Ar) =c(r). (3.52)
To apply Moser’s Theorem now, we need only verify the condition
Y(r)=c"(r)#0 (3.53)

Le. y(r) should be a monotonic function of . Unfortunately, we cannot
calculate y(r) explicitly and must be content with numerical calculations,
Figure 13 below shows the graph of y(r) versus c. It is clear that 4(r) has a
single stationary point at ¢ = —.70. At this point the non-degeneracy
condition (3.53) is violated.

Thus, with the exception of one point, Moser’s Theorem guarantees the
existence of quasi-periodic motions, close to the unperturbed motion defined
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by the Hammiltonian F, , for sufficiently small e. Since some of the unperturbed
motions: achieved | & | > 3N/4, then for sufficiently small e there will exist
quasi-pesipdic motions for the full Hamiltonian which achieve | 5| > N/2.
By choosimg N large these quasi-periodic motions can penetrate arbitrarily
close to tihe dipole. Of course, the larger we choose N, the smaller we must
take ¢, ke the tighter the particle gyrates about its guiding field line.

y(r)

-1.014

[} 1 1
-1 -.70

Fic. 13. (‘;faph of y(r) versus c.

We nowr wish to schematically describe these quasi-periodic motions in
coordinate space, rather than phase space. In the p-z plane, the particle is
confined t the oval like region in Figure 5, with V very small, and it rotates
slowly aremnd the z-axis in accordance with the equation

a0 = [ (5 — £ ) dr + const. (3.54)

It will be: shown in the following section that the quantity p,2/k,2 in (3.6) is
v,3, where v, is the velocity of the particle parallel to the magnetic field. To
lowest ordler in ¢ we then have

o _ b [L— (B
o = TR (-39

For R smumll, the particle crosses the equatorial plane (8’ = 0) at an angle

505/8/2-9:




near 90°. As ef’ increases to its maximum value S, the quantity v,%v,2
decreases monotonically to zero. When the particle crosses the field line

plane. Thus, the particle crosses the guiding field line in a sequence of angles
which monotonically approach 90°, This situation is illustrated in F igure 14.

decrease monotonically, until the particle is moving nearly parallel to the
field at the equator. Note that as the particle moves into regions of high
latitude, it begins to gyrate rapidly, since the cyclotron frequency becomes
large,

motions, we are automatically guaranteed infinitely many periodic solutions,
We outline the proof briefly. Each quasi-periodic motion densely covers a

two dimensional invariant torus in the four dimensional Pphase space of the
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tonian F of (3.53), it is possible to introduce coordinates R, 0 on S so that the
mapping M has the form

R, =R+ (R, 6, ¢)
=0+ ey(R) + ezg(r, 8, €).

A mapping M of this form is a “twist” mapping, and the Poincaré-
Birkhoff fixed point theorem (Birkhoff [3]) guarantees the existence of at
least twe fixed points. Since each fixed point represents a periodic solution,
we have established the existence of infinitely many periodic solutions to the
Stérmer problem (which also lie in the oval-like region 5, with H very small).

4. Quasi-Periopic MoTioNs IN A ROTATIONALLY SYMMETRIC
MacNETIC “MIRROK” FIELD.

(a) We consider now a rotationally symmetric magnetic field B, i.e. a field
which is independent of the azimuthal angle ¢. The motion of a charged
particle in such a field can be described by a Hamiltonian of the form

=Ll e ?

- Hex 00 2) =5 (02 28 +5(-—4e.2), @)

where we have normalized the mass and charge to be one, and I'is the constant

electromagnetic angular momentum. of the particle. The magnetic field B
may be determined from the equation

B=VxA 4.2)
with :
A = A(p, z)$.
The components of B in the p and z directions are then
B % (4.3)
B, =124
pop

We make the following assumptions on the magnetic field B:
(i) The field strength is a convex function along a segment S of
a magnetic field line L

(il The potential A(p, z) is an analytic function of p and 2z in a
neighborhood T of S.

(it} The magnetic field is unequal to zero on S.
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Under the assumptions (i-iii) we shall prove the existence of quasi-periodic
motions in 7. -

(b) The main step in our proof is to transform the Hamiltonian (4.1) into
a Hamiltonian of the same form as (3-6). This is accomplished with the aid
of the following Lemma.
Lesova.  The magnetic kines of force are given by the equations
PA(p, 2) = ¢ = const (4.4)

Proof. ‘The vector

¢ o4y, 24 |
n=(F+W)p+32-z (4.5)
is perpendicular to the curve
Afp, 2) —-f =0. (4.6)
From (4.3) we may write
éd . 10 .
B=—-—"p +;$ (p4)z. (4.7)
Hence,
¢ 04 24y 1 4 94104 [ ¢ A\ e4
n-B= (pTJ”Tp )~ % )*(TJFT,, )2 = (Tz*T}E

which vanishes along the curve A(p, 2) = ¢. Thus,n - B — 0, and the curves
(4.4) coincide with the magnetic field lines.

Since by (iii) the magnetic field does not vanish in a neighborhood of S,
we may introduce orthogonal coordinates a(p, z), b(p, 2) such that the curves
a(p, 2) = const. define a magnetic line of force. By the preceding lemma we
may take

a(p, z) = pA(p, 2). (4.8)

The coordinate b(p, z) is then determined from the equation

Sadb  oach
aa*x—ag—& (4.9)
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To effect a canonical transformation. we use the generating function

F(a,b, ps, ps) = alp, 3)pa + bp, 2) P » (4.10)
and the Hamiltonian (4.1) assumes the form

1w—m

H(a! b ba vPb) =5 (h 21’02 + hozpbz) + P

(4.11)

where

(@.11y

: and the coordinates p, z are assumed to be expressed in terms of a4 and b. As
mentioned in the previous section, the quantity 4,%p,? is v,% To prove this,
note that

o =

B _(pdipd) 1(

B - B o\ aP +_)

=( Zm+@ﬂ
G+

by virtue of (4.3) and (4.8). But

ba _0a (?fﬁ_a_a@_b)
appz azpa b

Hence
ot = w [(gf)z(gg)z + (2—:)‘(—2—%)’ -2 Z—,‘i = g‘ﬁ]
\dp oz,
- e (G + G B + 6 &) + G @]

(%) + (33)

[ + &)

= R’py®.
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(c) The Hamiltonian (4.11) is now very similar to (3.6) and we proceed in
the same manner as in Section 3, Our first step is to consider only those
particles with angular momentum I" for which the magnetic line of force

alp, z) = pA(p,z) = I’

coincides with the field line /. (Of course, if the magnetic field is convex along
every field line, then no restrictions are placed on I') As in the previous
section we consider only those trajectories which stay near the guiding field
line a(p, 2) = I, and which have small energy. Thus, we take

a—I = ex
Pa=€Pa
b=¢B
Py = epy

with |« |, | p, 1, | ps | bounded and e sufficiently small so that h?, hy?, and p?
are analytic functions of a and 5. The new Hamiltonian has the form

1 1 s 2
H B bar ) = 3 H = 5(hp2 + hipg) + 5 @12

To approximate H by an integrable Hamiltonian we write

ha* = a,(8) + 0((a — 1))
k? = by(b) + O((a — 1)) (4.13)

;’—2- = &() + 0((a — 1))

The Hamiltonian (4.12) may then be written in the form

H=H, + H, (4.14)

wl;ere
~&(, . a b '
Ho= 3 (22 +2at) + 2ppe (4.14)

and H, = eH\(a, €8, 2, , ps, €), with H, analytic in all jts variables. The
arguments of ¢, , b, , and ¢, are b = B.
Our next step is to introduce new variables o, p.’ in place of @, P, so that
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H, is a fanction of («)2 + (#a) alone. This is accomplished by taking the
generating function .

Flo, B, o' p6') = Kuopd' + Bt

where K; = ¢/a, . In terms of the new variables H assumes the form
AV ne b ,
B, = v, (SEEEL) 1 2 ey (415)

Settimg o = V2Rsin 8, p.’ = V2R cos §, we note that to first order in €,
R is comstant and

b =w =Vae . (4.16)

The quantity 2R is the magnetic moment M, and w, is the cyclotron frequency
B evaluated along the magnetic field line L. To prove this recall that

a5y + (@) L

6 =
VPR laar .
Hence
1 (8a\2 , 1 (da\®
2 — = = [==
W = G P ( 3p) + P (32‘)
94 2 A 04 \?
- ( oz ) (T op )
= B®
Since ¢y pg2 = v,% to lowest order, it now follows immediately that
ol
R= 2B

to lowest order.
Again we change the time scale so that the frequency w, becomes 1; ou
trajectories are then the zero energy solutions of the Hamiltonian

1 :
F=_-(H—h @.r
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where % is the constant value of the Hamiltonjan H. The lowest order term

F, of F is now given by

- bps)®  h
F°_R+T—¢:;’ (4.18)
where the arguments of b, and w, are ¢B'.
To determine the motion in the B, p’ plane to lowest order, i.e. to deter-
mine the motion along the guiding field line I, we consider the level curves

b(psy* h _
ﬁl - @, = (4.19)

in the 8, p’ plane. Under the assumption that w, = B is a convex function
these curves will be closed for

k E
Bpin < — PR M < Bpax (4.20)
where B, and Brax are defined in F igure 15 below, and E is the energy
of the particle. To show this simply write the curves (4.19) in the form

(£ = ,,2—1(12 + cwy). ‘ (4.19y

Hence the motion along S will be periodic for ¢, 4 satisfying (4.20). The region
outside (4.20) is usually referred to as the “loss cone” of the particle, since one
cannot hope to trap particles in that region,

Finally, we introduce action angle variables J, 4 in place of 8, p,’ (for ¢
satisfying (4.20)). The Hamiltonian F now may be written in the form

F=R + C(E.]) + GFI(R1 ‘]) 6, ¢r €) (421)

where F, is analytic in all its variables. This is exactly the situation we
encountered for the dipole field. It remains to check the nondegeneracy
condition

(r)#0

with r = ¢J. This is something which must be checked for each magnetic
field. Moser’s Theorem will then guarantee quasi-periodic motions in the
region ¢’(r) 5= 0. These motions densely cover two dimensional invariant
tori in the four dimensional phase space of the particle. Moreover, any trajec-
tory starting between two such tori can never escape. Hence all particles which
are adiabatically trapped are, in fact, rigorously trapped for all time. N. ote also
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L .

that the argument in the preceding section &)nceming the existence of infi

nitely many periodic solutions is carried over exactly to the more general case.
(d) To conclude this section, we would like to show the impossibility of

trapping charged particles in a “planar” magnetic field, i.e. a field whose

magnitude and direction do not depend on the coordinate 2. A particle moving
in such a field can be described by the Hamiltonian

H(x,y,2,p,,p, y02) = 3P+ 2+ (P — A(x, y)). (4.23)

B

Bmax

FiGure-15

The quantity p, is a constant of the motion since 84/dz = 0. We may
now apply our method to get quasi-periodic motions in the x — y plane. The
motion in the z-direction is then found by integrating the equation

£ = p, — A(x(1), y(2))- (4.24)
However, even if x(t) and y(t) are quasi-periodic functions, we cannot expect

%(t) to be quasi-periodic. In fact, the mean value of 4(x(£), y(¢)) need not be
P:, in which case the motion in the z-direction will definitely be unbounded.
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