Structural Stability and the Stoérmer Problem
_MARTIN BRAUN®

Communicated by J. MosEr

Iquoducﬁon. The motion of a charged particle under the influence of the
earth’s magnetic field may be calculated to first approximation by considering
the field to be equivalent to that of a magnetic dipole situated at the center of
the earth. The question of existence and uniqueness (for fixed values of energy

and’angular momentum) of an orbit entering the dipole has long been of interest
to mathematicians and physicists. In the early 1900’s, Stérmer [4] found a formal
series expansion, which, if it converged, would represent a trajectory running
into the singularity. Frém this expansion, and many numerical calculations,
he was led to conjecture the existence and uniquencss of 8 “Stdrmer orbit”
entering the dipole. In 1944 the Swedish mathematician Malmquist [3] succeeded
in proving the existence of at least one such solution whose asymptotic expansion
was given by the formal series of Stérmer. In this paper we will first present an
alternate proof for the existence of a Stérmer orbit, and then establish its unique-
ness. We will then be able to “read off”” the behavior of all trajectories in the
vicinity of the dipole. Moreover, our method will be applicable to more general
Hamiltonian systems of two degrees of freedom.

The author expresses his gratitude to Professor J tirgen K. Moser for suggesting
this problem, and for many helpful discussions while this paper was in prepara-
tion,

1 A fundamental theorem.

a. In this section we prove a theorem concerning the behavior of solutions of
a differential equation in the neighborhood of an equilibrium point, and in
Section 2 we will apply this theorem to the dipole field. We state our result as
follows:

Z‘he.orem. Let g, y1 , y2 be three real coordinates and set Y=+ ,r=
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0693A, and by the National Aeronautics and Space Administration under Contract No. NGL
40-002-015.
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I 1,
(q’ + Iylz) V3 Consider the system of equations } : 7 97)

e
d%g =r'+fg,y,9, a>1,
(1.1

d; . _ i
-d—-z = —zh(q, ¥, Py + g(q, 9,

where h and f are real valued, g complex valued C* functions. Set

2
ll6ll2 = sup 3°+* |a%|,
rSR k=0
and assume o
) 1flle = 0@®*);  |gll= = 0@®™; Ik — k(o, 0, 0)||= = OR"),
, with ¢, e > 0.
Then for N sufficiently large, specifically
N > max (a + 1, 2e — ¢, 3a — 2c — 1),

the orbits of (1.1) are topologically equivalent to the orbits of L) withf=g=0.
In particular there exists a unique trajectory running into the originr = 0, and a
unique trajectory running out. End of Theorem.

The structure of all solutions of (1) forf=g=0 (henceforth we shall
denote this system by (1.1)’) is quite simple. All trajectories lie on the cylinders
¥: + ¥; = constant and the coordinate ¢ increases monotonically (see Figure
1) with time 7. The negative g axis is the unique trajectory entering the origin,
and the positive ¢ axis is the unique trajectory leaving the origin. The content
of our theorem is simply that if the perturbation g is small enough, 7.e. if all
orbits, to a sufficiently high order, remain on the cylinders [y]* = constant, then
the orbit structure is essentially unchanged. Alternatively, we may say that the
system (1.1)' is structurally stable if we admit only perturbations f, g satisfying
the conditions (*).

The first step in our proof is to establish the existence and uniqueness of an
orbit running into the origin, and one running out of the origin. Observe that for
f = g = 0, the solid closed cusped like region C, (see Figure 2) flows into the _
positive ¢ axis as r — @, and C_ flows inta the negative ¢ axis as r — — o, °
By this we mean the following: Given ¢ > 0, e > 0, there exists To(4, €) such -
that if (g(r), y()) is the image at time r of a point (¢, , y,) in C, , and q(r) < ¢, :
then [y(r)| < e. The main idea of our proof will be to show that if C, is small |
enough, then it flows under (1.1) into a unique solution leaving the origin, and
C_flows, a8 7 — — , into a unique trajectory entering the origin. To this end
we consider the mapping M induced by the differential equation by following
all solutions from their initia] values to their value at time r = T. This mapping
assumes the form
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Froure 1. Orbits of (L.1) withf = g = 0.

@ = q + Tr* + j(QI Y, ’!7) = F(Q; Yy, :17),
1.2) M:y=e"y+ a9 =Gy, )

[ haw, v, 56 a,

where J and § satisfy the same assumptions as f and ¢ in (*). Any trajectory of
(1.1) entering the origin is an invariant curve of the mapping M. Conversely,
any invariant curve of M entering the origin gives rise to a solution of (1.1)
approaching the origin if we take the orbit issuing forth from any point on this
eurve. Similarly for orbits leaving the origin. Our method of proof will consist
of first establishing the existence of invariant curves of the mapping M and then
showing that these (2) invariant curves are indeed the desired solutions of
{1.1) entering and leaving the origin.

b. Existence of Invariant Curves of M. In the following we will take T > 0
and prove the existence of an invariant curve y = ¢(g) of the mapping M where

)
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¢ is a complex valued function defined for g 2 0 and ¢(0) = 0. In an exactly
analogous manner one can show the existence of an invariant curve of M entering
the origin. Our existence proof is based on an iteration procedure: We start
with a trial curve y = ¢,(g) and look at its image curve y = ¢,(g) under the
mapping M. From (1.2) ¢, satisfies the functional equation i

(1.3) $:(F(q, ¢, $o) = G(g, do , Po)-

We then define the curve y = ¢,(q) as the kth iterate under M of y = ¢,(q), and
show that ¢.(g) — ¢(¢) uniformly in 0 < ¢ < constant. The curve y = ¢(g)
will then be the desired invariant curve of M leaving the origin. This will be
the justification of our intuitive idea that the region C, flows into a unique
solution of (1.1) leaving the origin, since ¥ = ¢u(g) is the image, at time r = kT
of the initial curve y = ¢,(q). Te—

Uniform boundedness of iterates: We will now determine & > 0 s0 that if
[6:(9)| = ¢'*, then also |¢,.,(g)| < ¢"** or equivalently -’

(1'4) I¢E+I(Ql)|’ = an".

o

=y,
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Let z(q) = ¢" + ¢’°. Since '
@ 27+ T¢" — Az(9)¢",
[s1(@)]’ = |G(g, ¢4, )’ = ¢ + A,
for g sufficiently small, « > 0, and 4 > 0, equation (1.4) is implied by
(14) ¢+ AGTTT = ¢+ T~ Aa(QgrT)"

which will be satisfied for sufficiently small ¢ = 0 provided we can choose « > 0
so that
@ 0<a< N —a.

Thus, we require that N be greater than a.

Uniform boundedness of first derivatives of tlerates. We now seek to determine
B > 0sothatif ]| < ¢, then also |¢],,] < ¢, where¢] = d¢,/dg. By differentiat-
ing (1.3) and using the estimates for §, § and A in (*) we see that 8 > 0 must be
chosen so that the inequality

¢+ Ag"* + A" < (g + Tq* — Az(9)g")’(1 + aTq"* — Az(g)g" ™),

is satisfied for ¢ = O sufficiently small. Thus we have the additional relations

(@ 0<B<N-—aq '

@) f<l+a++c—a

Uniform boundedness of second derivatives of iterates. In proving that the
orbits of (1.1) are topologically equivalent to the orbits of (1.1)’ it will be erucial
that the invariant curve y = ¢(g) is differentiable at ¢ = 0. To guarantee this
we now show that

Syl s,

for any fixed ¥ > 0 and ¢ sufficiently small. By differentiating (1.3) twice with
respect to ¢ we are led to the inequality

+ A‘(qc—-l-o-ﬁ + qN—2 + q¢-2+3)
1.5 (g =X e
( ) l (q )I (1 + aTqu 1 _ Az(q)q —l+ﬂ)2

for some constant A > 0 (here we have assumed a = g). Inequality (1.5) will
certainly be satisfied for ¢ = 0 sufficiently small if

v) a—1<a—2+48;ie8> 1,

v) a—1<N-~2;ie.N>a-+1,

(vi) a—1<c¢c—1-+8;7e.8>a—c
Note that (ii) and (iv) imply (v) for @ > 1, and that (i)-(vi) can be satisfied if

N>max(@+1,2a — ¢, 3¢ — 2 — 1).

’

From the preceding we can conclude that a subsequence ¢., of ¢, converges
uniformly to a differentiable function ¢(q), 0 < ¢ < const., with ¢’(0) = O.
However, we cannot conclude as yet that y = ¢(g) is an invariant curve for the
mapping M, since the entire sequence ¢,(g) may not converge. To show that this

e
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cannot happen, we resort to a device first utilized by Hadamard [2]. Namely we
will prove that if 4.(q) and $.(¢) are the n-th iterates under M of ¢,(¢) and

&0(q) respectively, then
[6s(9) — #.(9)] — 0, uniformly for 0 < ¢ < const.

" provided ’ ,
(@] = % 8] = ¢,
5P| = ¢"%; 1i()] = .

Thus the entire sequence ¢,(g) converges to ¢(¢g), 0 < g < const.

Proof. We make the substitution
Y

v = 3

where 0 < § < 1 + a. In terms of the coordinates ¢, v the mapping M assumes
the form

@ = ¢+ T¢" + 9f(g, 9™, ¢'5) = F(q, ¢, ¢'5),

v+ 0, 0% 4% _ a0
1 (1 + Tq,_.l + f)g (q) v! 1.)),

(1.6)

where

i=4 = 0@,

q
f é Az(q)qu—l = 0(q¢-l+e + q —l+2a)’

in the region [v] < ¢'**~*. The sequence of curves ¥ = ¢:(q) goes over into the
sequence of curves .

v = (g = ?i,qz'

Hence(,
W’A(Q)l = ql"—‘:
[¥i(g)] = Ag,

where A will always denote a fixed large positive constant. The same estimates
hold for ¢4(g). To show that |y.(g) — ¥1(g)] — 0 we proceed as follows:

(1-7) l'l’kﬂ(Ql) - ‘hﬂ(%)l = W/&n(QI) - ';1:4-1(?1)'
+ I‘hﬂ(@) - &kﬂ(%)
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where -
9r'=ﬂF(Q: qa% ’ qa'h);
N &= Fg, ¢, V).
Since '
[Fn(a)| < AZ™ < A¢™,  (for a different 4)
and
lgn — @l S Az(@)g* i) — 9@,

the second part of (1.7) may be estimated by

(1.8) [\ZH»I(QI) - lhu(qx)l = Ax(‘l)qﬂ-aqa—”al'l’k(‘p - ‘pk(Q)l
Applying the Mean Value Theorem to G in (1.6) we obtain

36T .-
(1.9) l'r”tu(‘.h) - 'hu(Qx)l = (1 ~ Tz q 1) l\h(Q) - ‘h(Q)l
Inequality (1.9) follows easily from (ii)-(iii), the estimates for » and §, and the
fact that

1
. Q4+ T¢ " + 1)
Hence (1.8) and (1.9) yield

=1— 8T¢"™" + 0((9)g"™)-

W10 Wenle) — Gl 5 (1= Z 0™) 0@ = 0,

for ¢ = 0 sufficiently small. Note that the difference at the point ¢, is estimated
by the difference at the point ¢. Iterating (1.10) k times we see that

|¥re1(@) — Yen(@] = o H (1 - §2Z q:_vl) ’

where o is an upper bound for |¢o(g) — ¥o(g)]. (One can take p, = 2.) To
complete our proof we must show that

k
H(l—-%q’i’,‘)-—)O as k— o.
r=0Q

This follows immediately from the inequality

a=1

a—1
(1.11) q—-k g 1 + akTqa—l ’

which we now prove. Let u = ¢°”'. From the relation

@=qg+T¢ +a; @ =0+ ),
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we see that
) j‘ a=1
u,=u(1+Tu+q—) R

or, more generany,
u; = u[l + (a — 1)Tu + O(u)).

Hence

ull [l — (@ — DTu + O@)] 25‘ oT,

Rl

or equivalently,

1 1
usu + aT,

- 1
for u sufficiently small. Iterating this inequality % times we find that

1 1
;‘_—kéai-'akT.

Therefore

U

.
Yor S T Ghul

which proves (1.11).

Remark. Actually, we can prove something stronger; namely that ¢*}' has
exact order 1/k. This will be shown in (¢).

Thus for N sufficiently large, we have shown the existence of a differentiable
curve y = ¢(g), $(0) = 0 (0 < ¢ < const.) which is an invariant curve for the
mapping M. In an exactly analogous manner we prove the existence of an in-
variant curve of M which runs into the origin. Below we will show that these
invariant curves are indeed the unique solutions entering and leaving the origin.

c. Uniqueness of invariant curves. From the discussion at the end of (a) it
follows immediately that the orbits entering and leaving the origin are unique
if we can establish the uniqueness of the corresponding invariant curves of the
mapping M. Actually the uniqueness of these curves among the curves satisfying
6l = la"** I¢'l = lgl’, I¢”| = v is already establisked by the above argument.
Now we prove uniqueness in a stronger sense. Any point (g, y, ) for which the
iterates under M approach the origin must lie on the above curve. Our proof
proceeds as follows: From our previous work we know the existence of a curve
¥ = ¢(g) defined in a neighborhood of ¢ = 0, which is invariant under M and
which satisfies

()] = lq'*e,
l¢'(@)] = |gf’.
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Setting ¢ = y — ¢(g), our mapping in the coordinates g, £ assumes the form
(1.12) @ =gq+ T+ [+ oI+ Jg.t +6,E+ ),
13 f o=y — é(e) -

=“CEF) +4at+6,F+8 — 8(a)

=t + e (@ + 0g, £+ 6, E+ ) — o(q).

Note that now  is to be considered as a function of g, £, £, and in these variables
satisfies the same estimates as h(g, y, ) in (*). Since
E=y—9(@ =0,

is an invariant curve of M, i.e.£{ = 0= ¢, = 0, we may estimate the last three
terms of (1.13) by the Mean Value Theorem: If s* = ¢* + |¢|* and 9 denotes a
partial derivative with respect to £ or £, then

Asl+ a
sl—c

lae—(a¢l é = Asa-u,

l0g(q, £ + ¢, + &) < 4",
[0¢(g:)| < As*'*2,
Thus it is easily seen that

(1.14) b=e""t 4+ ¢%g 4 D),
where

(1.149) lg*(g, & B)| = Altls,
for

A=min(a+e¢,N—-1l,a—14+8) =a—1+8,

by (i) and (iii). (Strictly speaking, in using the Mean Value Theorem, the
derivatives must be evaluated at an intermediate point {, with 0 < [f] < ¢
In our case, though, since A > 0 it follows trivially that (1.14)’ is valid.) We
will now show that the invariant curve approaching the origin is unique; %.e.
@, & — 0 e & = 0. The uniqueness of the invariant curve leaving the origin
will follow in an exactly analogous manner. '

Setting 7, = |£.|* we see from (1.14) that

me = m(l + G*(q, & ) 33)) = n(l 4 G*%),

where |G%| < As) . Hence

k
Tar =m0 [L (1 + G*%).

r=0
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Now, if we can show that !

(1.15) N < », (for s, —0),

k=0 . !

then it follows immediately that », = 0-since IIr (0 + G*) converges to a
non-zero number. Hence 7, — 0 implies 5, = 0 as we wanted to show.

The proof of (1.15) will be divided into two parts. Firstly, we will show that

(1.16) &l S olg, c>0; for s,—0
and secondly we will establish the inequality

a=1 2 Iqla—! — a/a
W el s 5= T(L+ .

=2+ ok(a — 1) g’
The proof of (1.15) will then follow immediately for

(Ma—1)
2 s < const Y lg:* < const 3 (kl-) < o,

since A > a — 1.

Remark. From (1.17) and (1.11) we may deduce that g-x , (g > 0) and
¢ (¢ < 0) each have exact order 1/k. Namely, we observe that lg:| and ¢,
both satisfy similar equations, 7.e.

leal = lgl = 81l + O(lg]** + |¢I"**%), ¢ <0,

and
€1 = ¢ = Tq + 0@ + ¢"**), ¢>0. -
Hence we can estimate both ¢ and ¢_, from above and below by const/k.

Proof of (1.16). Since g, approaches zero we see from (1.12) that
J

~Q = ; (TS: + Z,),
where
2, =.Z-(Q- ' &, Ev)

= Ja. & + #(a), B + $(¢) + T[g® + | + #(g.)|1** — Ts:
and

i—:—-»O for s, — 0.

(From this we may infer that 22,8 < .) From (1.14) we may write

lfbnl = 'E&I - AS:”;
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and consequently

Gl =4 28" <4 s,

ek r=k

esA+1>a+ 8. Thus for k sufficiently large we have

T .
qul = 5 st y
r=k
A - .
lsbl é é— st .
Hence

A
&) < T |le = "‘QIJ:

which proves (1.16).

Proof of (1.17). By (1.16) we may restrict ourselves to the region Jt| < olql.
Thus, we may write (1.12) in the form

(L18) @ =g+ dlg* + 0(z(@lal");  =(9) = lgl* + lal™.
Setting
u= (-7,
we see from (1.18) that B
' = (=@l — (=9 + o(x(dg" ",
= [l = &a — Du + 0@)],
which implies that

1 1 8a — 1)
— = A\ AR 5
u,=u+ 2 !

for u sufficiently small. Iterating this inequality k times we see that

lgl+k6(a—1)=2+k6(a—l)u.

u - u 2 2u

Hence

a~1 2 IQI‘H
™ = s e =D [

as we wanted to show. Thus, the invariant curves of M entering and leaving
the origin are unique.

Remark 1. From the uniqueness of the invariant curves of M entering and
Ieaving the origin, it now follows that these 2 curves are the unique solutions of
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(1.1) entering and leaving the origin. Namely, we make the following observa~-
tions:

(1) There exists an open ball S, containing the origin such that if all the
forward iterates (q. , 4:) of a point (g, y) lie in 8, , and (g, ) — (0, 0), then
¥ = ¢(9). E

(2) There exists a smaller ball 8, C S, such that for time r < T the orbit,
(under (1.1)) of any point starting in S, remains in S, . .

(3) About each point P of S, there exists a ball of radius §(P) such that for
time » < T the orbit beginning at P remains in this ball. Furthermore, §(P) — 0
as P — the origin. Now, let I denote the curve ¥ = ¢(9), const < ¢ < 0. Choose
Poin I' N 8, , and let L be the orbit through P, . It is clear from (2) and 3)
that L remains in S, for all r 2 0, and approaches the origin as r — «. Hence
L is an invariant curve of the mapping M, and from (1), L must coincide with .
I. In exactly the same manner, we show that the invariant curve of M leaving .
the origin is also an orbit of (1.1).

Remark 2. 1t is now possible to prove our earlier conjecture that the
cusped like region C, flows into the singular solution as r — + . Namely, let
T, be an increasing sequence of times with 7', — « and |Ty — T,_,| bounded
from above and below. The mapping M, which takes solutions starting at time
7 = T, with initial values (g, y) into their values (g1, v1) at time r = T,,, can
be written in the form

@ =q+ (Tlu-x =T + 1*,
M,: = e_“y + g*,

o= [ .' " ha(), 9(0), 50 dr,

where f* and g* satisfy the same estimates as fand gin (1.2). Let M* = M )
My ,0---0oM,,andlet y = #:(g) be the image under M* of an initial curve
¥ = ¢o(9). In exactly the same manner as before we can show that ¢,(¢) con-
verges uniformly for 0 < ¢ < const. to a unique curve y = y(q). Since y = o(q)
is a solution of the differential equation (1.1), it is an invariant curve for all the
M, , and hence all the M*, Consequently, by uniqueness, ¥(g) = ¢(g).

Remark 3. To prove the existence and uniqueness of the solutions entering
and leaving the origin, we need only require that (i)-(iii) be satisfied; 7.e. the
singular solutions need not be differentiable at the origin. However, we need
differentiability of the singular solution in order to complete the proof of our
theorem. To interpret the conditions ()—(vi) assume that the function (g, v, %)
in (1.1) is identically constant. In this case the constant ¢ in (*) may be taken
as large as desired and the inequalities (i)-(vi) reduce to the single inequality
N > a + 1. (The conditions (i)—(iii) reduce to N > a.) This is rather surprising
since one would intuitively expect that the theorem is true for N > g, The
requirement that N be greater than a is certainly necessary: As a counterexample
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consider the system of equations

ég?-q’+3’, S=y+u,

dr
d
% =¥y + 2qy, ,
d
dl: = —y, + 2q¥. .

For this system (witha = 2, N = 2),

ds _Ddr TVar
dr [y +w)” e
Hence for
E=gq + S,
n=qg-—38,
we have the equations
o
dr &
dn _ .
- dr T
with the solution
& — Mo

‘£A=l-—£o‘r’ T e

Therefore any orbit with £, < 0, 7, < 0 must run into the origin. The locus of
points§ < 0, n < 0 is the closed solid right circular cone C illustrated in Figure
3. Any orbit starting inside or on C must run into the origin as r — + ». This
phenomena is known as funneling. Similarly, all orbits with & = 0, 7, = 0 run
backwards into the origin. :

d. The structure of solutions in the neighborhood of r = 0. In this section we
eomplete the proof of our theorem by describing completely all solutions in
the neighborhood of » = 0. This will be accomplished by constructing a local
lomeomorphism ¥ which maps the trajectories of (1.1) onto the trajectories of
(1.1)" with a change of parametrization. To this end we set § = y — ¢(g), r* =
g + |¢|° and write the equation (1.1) in the form

9 =+ @, 5D, 1P| S 4775 > 0,

a0 Lo _m+teedlelsAkPr>a-1,

h=h(q:£+¢;§+$)’
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Figure 3
and denote by (1.20)’ the system (1.20) with f* = g* = 0. The main tool in our
proof will be the following lemma: '

Lemma. There exists y > 0, § > 0 such that the orbit (q(7), £(7)) of (1.20) ".
with initial values (g, , &), || < 3, [£o] < v satisfies

(1-21) %lfo' = IE(T)' = 2[50')
provided |q(r)| < 6.

Proof of Lemma. There exists 71 > 0 and § > O such that dg/dr = r*/2 for
lol =5 &l < v, . Takey = v,/2. Now, the solution £(r) of (1.20) is given by

£() = exp (—i fo h)go + exp (—zfo h) fo exp (z' f., h)g" dt.

Hence
max [£| < [&] + A max ]E(t)]f rrdt,
0sStsr 0stsr ]
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max l$| &6l — 4 max HO) f rdt.

To estimate 7 r* d’ observe that

‘/;rxdt'r'f xgt dq$2f X—odq,

for |g(r)| < 3, |t| = v, . For A\ = a the integral on the right is trivially estimated
by 23. Fora — 1 < X\ < a we have

- 25X+l-—u
f_x dg = 2[ a-k “ +1—a

Thus it is clear that we can choose § > 0 so small so that

3l = 1t = 208l

provided |q(r)| = 5. (If [£&] < v1/2 then |£(r)| will remain less than v, for lgl = 8.)
This completes the proof of the Lemma.

To construet the homeomorphism ¥, let N, be the interior of the cylinder
lgl < 8, [¢] = 4. Let C, be the surface generated for lgl < & by the flow under
(1.20) of the circle |(| = v in the ¢ = 0 plane. Define N, to be the open region
bounded by C, and the planes g = 4. It is clear from the construction of ¥, ,

_together with the existence and uniqueness of the singular solution £ = 0 that
any orbit in N, with £, 0 must leave N, at ¢ = § for some 7, > 0 and at
g = — for some 7, < 0. (see Figure 4). We now define a transformation ¥
taking the trajectories of (1.20)' in N, onto the trajectories of (1.20) in N, by
identifying points with the same g-value; 7.e. the point (g, £) in N, , £ £ 0, which
lies on the trajectory of (1.20) with initial value (0, £,) is mapped by ¥ onto the
point (g, ¥£), where y£ is the £ value of the trajectory of (1.20) with initial value
(0, &) when it reaches ¢. On the g-axis, ¥ is defined to be the identity. It is clear
that the transformation ¥ so defined maps N, onto N, in a 1 — 1 manner, and
that ¥ and ¥ are continuous for £ # 0. To prove that ¥ is indeed a homeo-
morphism, we must verify continuity at ¢ = 0; i.e. we must show that

fE—- 0yt —0.

But this follows immediately from inequality (1.21). The proof of our theorem
is now complete.

Remark. Note that our theorem is true for N > a if the function g in (1.1)
can be estimated by

lo] = Alylr",

t.e.if y = 0 remains a solution of the perturbed equation. An open question

_ is whether the theorem is true for |g| < A7, a < N 2 a + 1.
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Frauore 4. The region Ny

/ Application to the dipole field.

a. The earth’s magnetic field is assumed here to be equivalent to the field
produced by a magnetic dipole situated at the center of the earth. Such a field
can be described in cylindrical coordinates p, z, ¢ by the equations

B = curl A,
M
A="F8 @ =042,
where M is the moment of the magnetic dipole, which points in the negative

z direction, and ¢ is a unit vector in the ¢ direction (see Figure 5). The magnetic
lines of force are given by

'r = acos’ b,

¢ = constant.

To write the differential equations of motion for the Stormer problem it is most
convenient to employ a canonical formulation described by the Hamiltonian
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g ot (- ) ]
where u
P, - mp,
P. = mz,
Ps = mp'd + gpA,

and m and ¢ denote the mass and charge of the particle. Since H is independent
of time, the energy

H = im® = E,

is a constant of the motion. A second integral is obtained by noting that H is
independent of the angle ¢. Hence, the canonical angular momentum

Py = QMI‘,

where T is defined by this equation is a constant of the motion, and

80 = o0 + 1 [ (HE ) gr,

> ~

z

F1GuBE 5
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‘We now restrict ourselves to the case I' > 0, and introduce the dimensionless

variables
2’ = Tz,

o’ = Tp,
t’ = r_aqgt.
m

1t is easily seen that the equations of motion for these dimensionless variables
are derived from the new Hamiltonian

@D 7=i@+i+3 (- 2),

r

where we have omitted the primes for convenience. The potential

vanishes along the curve r = cos® § and is positive elsewhere. Since the Hamilton-
ian is a constant of the motion, the particle is restricted to lie in the region 0 < °

V < H. This region assumes three different forms depending on whether H is

less than, equal to, or greater than 1 /32. These regions are illustrated in Figure 6.

In the following we shall establish the existence and uniqueness, for each value
of H > 0, of the Stormer orbit which enters the singularity from above the equa~
tor (8 > 0), and describe completely all solutions in the vicinity of the dipole.
Note that @ — /2 for an orbit which enters the origin. The situation is com-
pletely analogous for those orbits below the equator, 7.e. § < 0.

b. In polar coordinates r, 6, P-, Py , the Hamiltonian (2.1) assumes the form -

1 ’) 1 (r — cos’ 0)’

’ =={p? 3 DL 0s

2 H 2 (p, te T 2" cos® 0\ 1 )

We now introduce new orthogonal coordinates dodh 2O g

G o Jer Sy

2
r— cos 4§
a=a(r,0)=—————r s

r

b=b(r,0)=m,

via the generating function

cos® 0 »
F(’) 0;P¢;Pb) = (1‘—?—“ ¢+(S'T’.W/—2pb;

where

_9F _ cos’ ¢ D
P = or - rz Da + (sin 0)1/2 y

2 s
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e
E 7
o P

S

Fiaore 6a. Allowed region V{p, z) < 4.

_OF 2sinfcosf _1reosd
Do EY) r a 2 (Sln 0)3/2 Ps
(a and b are not to be confused with the ‘“dipolar” coordinates a and b of Dragt

)

In terms of the new canonical variables the Hamiltonian H assumes the form
_ - 2 2
02 H=|¥;9 30-d ] P2

r r 2
1 1 rl—a Ds a
+ [[1 —r(l — a)]'? Ty 1 —r(l— a)]m] 2 + 2(1 — a)r*’

where r is assumed to be expressed in terms of a and b.
c. In order to apply our theorem to the dipole field, we change the singular
point into an equilibrium point. This is accomplished by the change of time scale

=fﬂ.
T r3
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Our trajectories are now the zero energy solutions of the Hamiltonian
e E) 41l —a) — 3r(1 — M Pe o &

2.3) K=r (H 2] = [4(1 — @) — 3r(1 — a)"] 2 + 20 —a)

P 1 r(l — a) .
+ 2 {[(1, —-r(l — a))l/’ + 41 — r(l — a))a/a]l’b - E} '

where E/2 is the constant value (energy) of (2.2). To solve for r = r(a, D) :
observe that

P r )
S Ene” T ==

Settingy = b(1 — a), z = r(1 — a) we see that

=%
y= a -7

Since dy/dz = 1 at z = 0, we may solve for = as an analytic function of ¢, in a
neighborhood of y = 0. Thus, we have :

_ ri(a, b)
r—b+—~—-1__a

?

FiGure 6b. Allowed region Vip, 2) < &
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Froure 6c.  Allowed region Ve, 2) > 4.

where r, is a power series in b(1 — a) beginning with second order terms. Hence,
We may write

K=St0 p BB, k6,0, ),
where
E ¢, , E)a’b'p, ,
with
i+Zriz1
For our later convenience we will make the transformation

a— 21/20

ps 2
80 that
a® + 4p} — 2(a* + p2).
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d. To lowest order our trajectories are now the zero energy solutions of the .
Hamiltonian %/ L P

Ko =a +p + lb’(pf

R 7/ rri,
Moreover, in the'd, p, plane, these orbits are the curves (s Fig
bs(pb - E) = —‘202 deo fﬂr!ﬂ' ]!

Notice that in this approxxmatlon there is a unique orbit (p, = —(E'?), a =
P. = 0) entermg the origin, and a unique orbit (p, = (E'?), a = Pa = 0) leaving
the origin. To describe the motion more fully, set '

1=V, ymatin. g-Idiy, 2,
It is easily verified then that = 2 b, W5, =7 K,
i ‘
—dg Euo (L‘ig_]}l_lf)wa
dy E b
Z = —2y,

which is essentially the system (1.20)" with the exponent a@ = 7 /3 7
e. Our goal now is to show that the perturbation K, does not destroy this :
“structure.” To this end we first show that on the energy surface K = 0 we
may solve for b as a function of the variables g, g, Pa . :
Proof. The equation K = 0 yields

b = [¢* + 2(a® + p2) + 2K,(a, b, p. , pb)]ua.
E1/3

(2.9)

P, |

A

e \&

Figure 7. The integral curves b¥(p,! — = —2c,
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We now replace p, in (2.4) by

o=

—

Since the only terms of K, in%r'olving p; are of the form
cu(B)ab'pipy; k24

we see that K, is an analytic function of a, b, . , ¢. (Later we will solve (2.4)
with a K, depending on p, , n = 2. However, this Hamiltonian will have the
property that after replacing p, by ¢/b*?, it is an analytic function of a, b, p., ¢,
with order 8/3.) To solve for b we write (2.4) in the form

@4y | b,= Tb,

s F::"iu«ml?’
and proceed by iteration, i.e. set mit bonbeddinn
bu+1 = Tbu .
In the region
2
@5 b < 2os [¢" + 2067 + P21,

we may estimate K;(a, b, p. , q) by

K| < Ald + 2(a® + pD1'
Hence for b, satisfying (2.5)

- i .O < b, < [q’ -+ 2(a2 + p:]l/a[l '22,‘,1(92 + 2(a2 + p:))l/:s]\/a

< 2¢" + 2@ + g
= EI/B

2

for [q" + 2(a® 4+ pH]® £ 7/A. It is now a simple matter to show that
[Tbars — Th| < A(¢* + a® + P)*|bars — bal,

if b, satisfies (2.5). Thus, T is a contraction for r* = ¢* + a® + p} small enough,
and the iterates converge to a non-negative function b = b(a, p. , ¢) with

b~Ig" + 2 + pOI ~  *%
Also, one easily verifies now that
1 1
ab~r—1,—,, a’b~;.—,3-, r=q¢ +a+p..

In terms of the variables ¢, ¥ = a + 7p, , the differential equations of motion

assume the form

d 3 7 =~
Eg = 57 (@ + 2 W) + fa, v, D,
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dy _ . _
dr = 21'y + g(Q: Y, y)r

where
0%l = 4F™*,  k=0,1,2.

Unfortunately, the function ¢ is proportional to r*?, and we cannot use our
theorem since already N = 5/3 is less than ¢ = 7/3. To rectify this situatiop,
we will now devise an averaging method for the Hamiltonian (2.3) so that K
will be a function of a* 4+ p? alone through any desired order in r.

f. Averaging method. To each term

ciu(ps E)aibkpi ’

in the power series expansion of K, we assign the weight
K)

s$=j4 %’f + 1.

In this manner, the Hamiltonian (2.3) may be written in the form
K = K(B) + K(S/Z) + K(9/3) + A
where
K(” = a2 + p: + %bz(p: - E))

and K includes all terms of K of order 5. We seek new canonical variables
£, M, %, 12 (Where £, and 4, will have weight 1, and £, will have weight 2/3),
so that the transformed Hamiltonian T, £, m, 12) will be a function of R
m alone, through a given order. To this end we construct our transformation with
the aid of a generating function

W(a: b; M, TIz) = an + bﬂz + E Wuz(’lz)aibkﬂ: ’ ] + %k +1 2 %

=W 4 e + W 4oL ,
with the canonical relations

oW ) A
po—aa—ﬂl+ da +""

aw AW &
Pb=35‘=’h+T+ ttt

aW (8/3)
+ W

(2.6) " " an
(8/3)
£2=ﬂ=b+aw +...

91, 12

N gy o g e w R L e
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Taking a, b, n, , and 7, as independent variables, we may write

_ oW W) (W W
(2-7) K(a» b: da 2 ab ) = P(am ' 315’ T, ﬂz)'

Proceeding by induction, we assume that the W, ¢ < s have already been
determined so that I''”, ¢ < s, has the desired “normal form.” Equating terms
of order 8 in (2.7) we obtain the equation

28 DW® =T + P“(a, b, n, , na),

for W, where

L,

a3
D = 29, — % 205;
and P is a polynomial of weight s which is known to us in terms of K and
W, ¢ < s, which have already been determined. (What’s important for the
success of this averaging method is that b*(p} — E) gives rise, in the variables
a, b, 71, 72, to terms of order s involving only W'”, with ¢ < s — 4/3.) To
discuss the equation (2.8) we express all polynomials in terms of

t=a+in, {=a-—in,
and note that
D('EY) = 2@ - LT
We decompose any polynomial P into two parts
P =Py+Pa,

where Py contains all terms of P which are admitted in the normal form of T,
(¢.e. Py only contains terms of the form c(b, 7.)¢*¢", k = 1), while P contains
the remaining terms. This decomposition is clearly unique and we have DPy = 0.
Observe that DW, for any polynomial W, belongs to the second part of the
decomposition. Therefore, the equation (2.8) reduces to

Dw(a) — P;t),
2 = —py’.

The first equation is solvable for W’ since P’ is in the range of D. The second
equation says that I'*”’ is in normal form. For T to be in normal form through
order s, we simply truncate W after W*”. Notice that this averaging method
yields the asymptotic expansion of the orbit entering the origin. Namely, by
setting £, = 7, = 0in (2.6) and using the energy relation K = 0, we can calculate
the asymptotic expansion of the singular orbit to any desired order. In addition,
by truncating the normalized Hamiltonian T' at order s, we see that all trajec-
tories lie on the invariant cylinders

& + 77 = constant,
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to order s. Thus, this averaging method provides a formal description of all
orbits to any desired order.

We are now ready to apply our theorem to the dipole field. Firstly, we average
out the Hamiltonian K through order 17/3, i.e. we find new canonical variables
&, &, m, 1 such that the new Hamiltonian

= (& + n) +§—;(n§—E’)+I“m’+

is a function of & + 4} , £, 7, through order 17/3. We then solve for £, as a.
function of E: ym,and g = £y, , as previously deseribed. (Since K, only de-
pends on p; through the combination b"p? , n = 4, one easily verifies that b =
0 < ¢ = 0, and that T is analytic in the variables ¢, , n, , & , ¢ after the sub-
stitution 53 = ¢/£2/%.) With -

3\
q= (2E1/o) Eglzﬂz ’

l 3 3/10 }
y=3n (W) & + ),

our differential equations of motion become
d

T= (e + W™ + 10, v, B,
(2.9)

d :
d_?‘t/' = —iyh(g, lyl) + 9(g, ¥, 9), (hreal)

where the functions f, g, & satisfy the inequalities (*) of (1.1) with ¢ = 2/3,
¢ =2/3, N > 14/3. Since ‘

I\(S/S) 3Ef; Ez"lz 352 (Elz + 177)

4 4
we find
= 7" 4 terms of order = 3,
9y = —1thy -+ terms of order > 14/3,
where

h = (2 - ' 2+ - ')7 I
and & = A + nf + 3¢")"° + --- is of order 2/3. Thus, we cannot take ¢
greater than 2/3. One easily verifies that for a = 7/3, ¢ = 2/3, the relations i
(1)~(vi) of the previous section can be satisfied if N > 14/3. Hence our theorem .
applies to equation (2.9) and we have a complete description of all solutions
in the neighborhood of the dipole.

g. Uniqueness of asymptotic orbit. What we have proven concerning the
uniqueness of the Stérmer orbit entering the dipole may be stated precisely as
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follows: For each value of energy and angular momentum there exists a § > 0
and a differentiable curve C such that any orbit starting in the region
R:a+ b+l <&
and not on € must leave R. Since

_ 7'p. cos § + 2rp, sin 0
® " cos’ 0+ 2sin fsin 26’

we see that a, b, and p, will be sufficiently small if we are close enough to the
dipole, z.e. if r is close to 0, and @ is close to 7/2. A priori, it is entirely possible
that a trajectory can enter and leave R in such a manner that for a sequence of
times ¢, — =, r(i;) — 0. However, one can easily show that such a trajectory
(if it exists) must cross the equator infinitely often. Namely, we first observe
{Stormer [4], pp. 240-241) that the quantity z/r* cannot achieve a minimum
{maximum) for z > 0 (z < 0). Any such orbit must enter and leave the region

ol
v

S ,

for some fixed 6, > O infinitely often. Consequently, along this trajectory, the
function z/r* achieves infinitely many maxima and minima, which can only
be possible if the particle crosses the equatorial plane infinitely often. We sum-
marize this result as follows:

Theorem. Let H = E and the angular momentum Py = v > 0 be given. If an
orbit enters into the domain

D, = {(P;’ Z) l V(P: z) s E; z > 0})

then it leaves this domain D, in a finite time, or otherwise agrees with the unique
asymptotic orbit approaching the dipole from above.

h. Generalizations. Consider now Hamiltonian systems of two degrees of
freedom which can be written in the form

2 2
(2.10) H=‘—’%’2+p§+H.,

where ¢ > 2/3, and b°H, in an analytic function of @, b, p. , p» Which is small
compared to a® + p? + b°. We regularize (2.10) by the change of time scale

dt
= | =;
bﬂ
our solutions are then the zero energy solutions of the Hamiltonian
(2-11) K = az + p: + b,(p: - E) + Kl ) K1 = b’Hl -

Setting ¢ = b**p, , ¥ = a + ip. , and neglecting the perturbation term K, in
(2.11) the differential equations of motion are
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—— N
<
1"
r

—== 0

F1aure 8. The region (shaded) z/r# > &.

ig - o-E(az + :+ q2)3¢—2/2'
dr E ’
d .

d—i-l_ = —2y.

Here the exponent a of (1.1) is (3¢ — 2)/e. In order to apply our theorem to the
full Hamiltonian K, we assign to the variables a, p, , b the weights 1, 1, 2/¢
respectively, and by our averaging method find new variables §1ym, 6, m,80
that K only depends on £ + »? through a sufficiently high order. (It will cer-'
tainly suffice to average out through order 3a = 9 — 6/¢.) If we now solve’
for

£ = &k, my yq = 5/2112),

on the energy surface K = 0, then the differential equations of motion for the !
variable g, y = £, + 45, will satisfy the hypotheses of our theorem.
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