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Introduction. The .motion of a charged particle under the influence of the
earth's magnetic field may be calculated to first approximation by considering
the field to be equivalent to that of a magnetic dipole situated at the center of
the earth. The question of existence and uniqueness (for fixed values of energy
andangular momentum) of an orbit entering the dipole has long been of interest
to mathematicians and physicists. In the early 1900's, Stormer [4] found a formal
series expansion, which, if it converged, would represent a trajectory running
into the singularity. From this expansion, and many numerical calculations,
he was led to conjecture the existence and uniqueness of a "Stormer orbit"
entering the dipole. In 1944 the Swedish mathematician Malmquist [3] succeeded
m proving the existence of at least one such solution whose asymptotic expansion
was given by the formal series of Stormer. In this paper we will first present an
alternate proof for the existence of a Stormer orbit, and then establish its unique
ness;. We will then be able to "read off" the behavior of all trajectories in the
vicinity of the dipole. Moreover, our method will be applicable to more general
Hamiltonian systems of two degrees of freedom.

The author expresses his gratitude to Professor Jurgen K. Moser for suggesting
this problem, and for many helpful discussions while this paper was in prepara
t i o n , r r

1. A fundamental theorem.

a. In this section we prove a theorem concerning the behavior of solutions of
a differential equation in the neighborhood of an equilibrium point, and in
Section 2 we will apply this theorem to the dipole field. We state our result as
follows:

Theorem, jLet q, yx , ya be three real coordinates and set y - yx + iy2)r -
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(« + M2)1". Consider the system of equations

(1.1) f a ■ r * + K q , y , y ) , c > i ,

dy
J, - -*'%, y, fly + g(q, y, g),

whereh and fare real valued, g complex valued C* functions. Set *

IWL-sup Z,r* 13**1,ns i -o
cztiJ assume

O ll/IU = 0(8-); IMU = 0(8-); ||a - a(0, 0,0)|u _ OCB07

w_% c, « > 0.
jTAen /or iV sufficiently large, specifically

N > max (a + 1, 2a - c, 3a - 2c - 1),
(fie orWfe <,/ (11) arc topologically equivalent to the orbits of (1.1) withf - a - 0

__Cr , C 6XtStS ° ""^ lw*cto,» '-^V into the origin r - 0 wd au n i q u e t r a j e c t o r y r u n n i n g o u t . r , / . L . u ' a m a
The structure of all solutions of (1.1) for / = , - n IhLl i Z^ u .,

denote this system by <I DO is quit/JpltA tra ec'tol t ^ «£■£

S iff*" C°n-Sm ^ ^ C°°rdinate * increases monotonicaUy (seTlW1) mth tune ,. The negative q axis is the unique trajectory entering the oS
and the positive g axis is the unique trajectory leaving the origlTIhe conS
of our theorem is simply that if the perturbation g if smaJe^uIhuT^l
orbits to a sufficiently high order, remain on the cyhnders |tf - Z^nr 1
the orbit structure is essentially unchanged. Alternatively, 'we ^ZytuZ

zt::J£̂ rurally stable *we ̂only ™«-*-̂
^ ^ ^ ^ fi ^ S t h V n S ^ r r ^ !By this we mean the foUowins: Given 6 -> n . -, n .k ^T ™ , ~
that if feW.jrfrWisthe image .tttaerofa po nf (» Jv T" A' 3°Ch
then |rf,)| < .. xte main ^ of ™'^*^*.«^» O «d jfr) < ft

w e I S h T m a p X * _ M _ V , " f t * » " ^ T ° f f i • *
- a o . u t . o n , f r o m t h e i r £ _ ~ _ t _ £ £ ^ ~ £ " ^
a s s u m e s t h e f o r m r - i 1 . T h i s m a p p i n g
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(1.2)

Figure 1. Orbits of (1.1) with/ = g a 0.

gi = . + Tra + Kg, </, y) = F(_, y, S),
M :y_= e"ioy + 0(g, 2/, £) = G(g, y} y)}

co = / A(g(r), i/(r), £(r)) dr,
Jo

where J and 0 satisfy the same assumptions as / and g in (*). Any trajectory of
(1.1) entering the origin is an invariant curve of the mapping M. Conversely,
mny invariant curve of M entering the origin gives rise to a solution of (1.1)
approaching the origin if we take the orbit issuing forth from any point on this
©urve. Similarly for orbits leaving the origin. Our method of proof will consist
©f first establishing the existence of invariant curves of the mapping M and then
showing that these (2) invariant curves are indeed the desired solutions of
(1.1) entering and leaving the origin.

6. Existence of Invariant Curves of M. In the following we will take T > 0
and prove the existence of an invariant curve y = <t>(q) of the mapping M where
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tf is a complex valued function defined for q .> 0 and tf (0) - 0. In an exactly
analogous manner one can show the existence of an invariant curve of M entering
the origin. Our existence proof is based on an iteration procedure: We start
with a trial curve y = tf0(g) and look at its image curve y - tf,(g) under the
mapping M. From (1.2) tf, satisfies the functional equation
< L 3 > * i W. 7 , t f o , * > ) = < ? ( ? , t f , , * , , ) .
We then define the curve y - tf4(g) as the Arth iterate under Moiy- tf0(g), and
show that tf4(g) -+ tf(g) uniformly in 0 £ q :£ constant. The curve y = tf(g)
will then be the desired invariant curve of M leaving the origin. This will be
the justification of our intuitive idea that the region C+ flows into a unique
solution of (1.1) leaving the origin, since y - tft(g) is the image, at time r - kT
of the initial curve y — tf0(g).

Uniform boundedness of iterates: We will now determine a > 0 so that if
ltf*(g)| £ gI+", then also |tf*+1(g)| g q1*" or equivalently
< 1 4 > l * * * i ( 3 . ) | a * ? ? + s " .

Figure 2
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Let x(q) = q4 + q2a. Since

ffi ._ ff + Tq* - Ax(q)q%
l**.i(ffi)|2 - |G(ff, ** , «|f __ ff2+2a + Aq**1**,

for ff sufficiently small, a > 0, and A > 0, equation (1.4) is implied by

(1.4)' g2+2a + _4ffy+1+a £ g2+2a(l + Tq*'1 - ixlg)}-1)1^
which will be satisfied for sufficiently small q i% 0 provided we can choose a > 0
so that

(i) 0 < a < N - a.
Thus, we require that iV be greater than a.

Uniform boundedness of first derivatives of iterates. We now seek to determine
fi > 0 so that if \<f>'k\ g g", then also |̂ +1| ̂  q*} where <££ = dxt>k/dq. By differentiat
es (1-3) and using the estimates for/, 0 and h in (*) we see that fi > 0 must be
chosen so that the inequality

q* + Aq*+° + Aq1"'1 £ (ff + Tq* - Ax{q)q*)\l + aTq*'1 - Ax{q)q*'1)i
is satisfied for q _± 0 sufficiently small. Thus we have the additional relations

(ii) 0 < fi < N - a,
(iii) fi < 1 + a + c — a.
Uniform boundedness of second derivatives of iterates. In proving that the

orbits of (1.1) are topologically equivalent to the orbits of (1.1)' it will be crucial
that the invariant curve y = ^(ff) is differentiable at q = 0. To guarantee this
we now show that

,,.-l«'l -_7=H«;il -.7,
for any fixed y > 0 and ff sufficiently small. By differentiating (1.3) twice with
respect to q we are led to the inequality

7 + i(g-"' + q"-2 + g-2+")
(1 + aTq-1 - ii(g)ga-,+")2

(1.5) I t fWff,) ! g „ , m a_. , ,

for some constant _l > 0 (here we have assumed a ^ fi). Inequahty (1.5) will
certainly be satisfied for q ^ 0 sufficiently small if

(iv) a - 1 < a - 2 + fi; le. fi > 1,
(v) a - 1 < 2V - 2; i.e. iV > a + 1,
(vi) a — 1 < c — 1 + fi; i.e. fi > a - c.

Note that (ii) and (iv) imply (v) for a > 1, and that (i)-(vi) can be satisfied if
N > max (a + 1, 2a - c, 3a - 2c - 1).

From the preceding we can conclude that a subsequence <f>nk of 4>k converges
uniformly to a differentiable function <t>(q), 0 _* q _£ const., with <£'(0) = 0.
However, we cannot conclude as yet that y = 4>{q) is an invariant curve for the
mapping M, since the entire sequence <£*(<?) may not converge. To show that this
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cannot happen, we resort to a device first utilized by Hadamard [2]. Namely we
will prove that if <fc.(ff) and $n(q) are the n-th iterates under M of <f>0(q) and
&(ff) respectively, then

!*.(_) — &(ff)| -» 0, uniformly for 0 ^ q ^ const,
provided

!*o(ff)| __ ff1+a; [*o(ff)I g ff^,

!*o(ff)l -S ff1+a; K(s)| ̂  <z>.
Thus the entire sequence <t>k(q) converges to 4>(q), 0|g| const.

P r o o f . W e m a k e t h e s u b s t i t u t i o n ^ - —

-?•
where 0<5<l-|-o.. In terms of the coordinates q, v the mapping M assumes
the form

\, (1.6) ffi " « + r«f + qJ(q, q'v, q'v) - P(q, q'v, q'g),
v _ «""*> + §(q, q'v, q'v) *, ..

where

Q - 4 - 0(gY-),
Q

1 £ Ax(q)Q'~l ~ 0(q'-1+' + q'-l+2a),
in the region |v| g g,+-'. The sequence of curves y - tft(g) goes over into the
sequence of curves

v = Uq) ~ *&•
„ f . 9Hence,

l*»(«)l_g1+~V
l«(ff)l ^ 4/-',

where 4 wifl always denote a fixed large positive constant. The same estimates
hold for &(g). To show that |ft(g) - fh(_)\ -+ o we proceed as foUows:

(1-7) |**«(fc) - fc«(fc)| ^ |* t+l(g.) - &+l(g-,) |

+ l^+.(?i) - &+1(g.)
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where

ffr == hq, _V*. ffV*),
9i = ^(ff, q*fo, q%).

Since

l^+i(ffi)l -- ^ff?"' tl A<f~\ (for a different A)
and

Iffi - ?i! __ Ax(ff)ff-1+a|^(ff) - &(ff)|,
the second part of (1.7) may be estimated by

(1.8) |fc+1(fc) - &+1(ffO! __ Ax(g)^-V-1+V*(ff) - Mq)\-
Applying the Mean Value Theorem to G in (1.6) we obtain

(1.9) |*t+l(ffO - fc+l(fc)l -- (- ~ ^ ff°") l**(_) - Uq)V

Inequality (1.9) follows easily from (ii)-(iii), the estimates for v and g, and the
fact that

—^ -r = 1 - 6Tqa~l + OixiqW1).(l + Tq^ + f)'
Hence (1.8) and (1.9) yield

(l.io) l^te) - &+1(ffO| g (i - y ff""1) \Uq) - W_)l,

for ff ^ 0 sufficiently small. Note that the difference at the point qx is estimated
by the difference at the point ff. Iterating (1.10) fc times we see that

i**+1(_) - *_+i(«>i -s * n (i - -f --1).
where fi0 is an upper bound for \\p0(q) — #o(ff)|- (One can take /xo = 2.) To
complete our proof we must show that

n ( l - f j T ^ - r O a s * . - » - .

This follows immediately from the inequality

. « - l , , f f( 1 . 1 1 ) f f - . 1 S ; x + a k T r i ,

which we now prove. Let w = qa~l. From the relation

g. = g + Tq' + fiq); /*(«) = W + Q'+*°)>
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we see that

Wi = w(l + Tu + £V ,
ff

or, more generally,

wx - u[l + (a - l)ru + 0(u)].
Hence

or equivalently,

for tt sufficiently small. Iterating this inequality fc times we find that

Therefore

which proves (1.11).

— __ - + akT.
U _ k t t

^ t t
t t - i 1 + akuT

Remark. Actually, we can prove something stronger; namely that q_"kl has
exact order 1/fc. This will be shown in (c).

Thus for N sufficiently large, we have shown the existence of a differentiable
curve y = 0(g), 0(0) = 0 (0 ^ q ^ const.) which is an invariant curve for the
mapping M. In an exactly analogous manner we prove the existence of an in
variant cu.rve of M which runs into the origin. Below we will show that these
invariant curves are indeed the unique solutions entering and leaving the origin.

c. Uniqueness of invariant curves. From the discussion at the end of (a) it
follows immediately that the orbits entering and leaving the origin are unique
if we can establish the uniqueness of the corresponding invariant curves of the
mapping M. Actually the uniqueness of these curves among the curves satisfying
\4>\ -S |ff|1+a, [0'| __ |gf, |0"| _S 7 is already established by the above argument.
Now we prove uniqueness in a stronger sense. Any point (g, y, y) for which the
iterates under M approach the origin must He on the above curve. Our proof
proceeds as follows: From our previous work we know the existence of a curve
y = 4>(q) defined in a neighborhood of q = 0, which is invariant under M and
which satisfies

l*(8)l S |g|,+a,

W{q)\ S |gf.

§ f f l i « W r i y ^
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Setting £ = y — tf(g), our mapping in the coordinates g, £ assumes the form
(1.12) q. - q + Ttf + |* + ^ + Kq, * + tf, I + tf),
( 1 . 1 3 ) f , = y l - t f ( g l )

- «'"ft + tf) + 0(g, € + tf, I + tf) - tf(g,)
= «-'•* + e-'-tf(g) + flg, { + tf, | + tf) - tf(g,).

Note that now «is to be considered as a function of g, £, f, and in these variables
satisfies the same estimates as h(q, y, y) in (*). Since

£ = V - tf(g) - 0,
is an invariant curve of M, i.e. £ = 0 => {, = 0, we may estimate the last three
terms of (1.13) by the Mean Value Theorem: If sa = ga + |£|2 and d denotes a
partial derivative with respect to | or £, then

i&r'-tf i ̂  4£-=As"*e>s

\9tK9,S + *,l + $\_A»K-1,

|3tf(g,)| £ 4s-1+".
Thus it is easily seen that

C i - 1 4 ) , « i - « • ' - € + » * ( « , « , ! ) .
where

> 1 4 ) ' | 0 * ( « . * , © I _ A [ { | « \
for

X = min (a + c, N - 1, a - 1 + fi) = a - 1 + fi,

by (ii) and (iii). (Strictly speaking, in using the Mean Value Theorem, the
derivatives must be evaluated at an intermediate point f, with 0 < |f| < |£|.
In our case, though, since X > 0 it follows trivially that (1.14)' is valid.) We
will now show that the invariant curve approaching the origin is unique; i.e.
§* t £* —▶ 0 <=» £o = 0. The uniqueness of the invariant curve leaving the origin
will follow in an exactly analogous manner.

Setting rjk = |&|2 we see from (1.14) that

n**i = n_(l + G*(qk, £*, &)) - *»(l + Gt),
where \G*k\ _% Asl. Hence

V*+i = ?o]I(l + G*).

I f fWPt i l yWi iMWr^^
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Now, if we can show that
C O

< 1 1 5 ) _ > £ < » , ( f o r s * - + 0 ) ,
t - 0

then xt follows immediately that Vo - 0 since UU (1 + G*) converges to a
non-zero number. Hence „t -* 0 implies *, - 0 aa we wanted to show.

The proof of (1.15) will be divided into two parts. Firstly, we will show that

<L16> l& l - i < r \q . \ , < r > 0 ; fo r s t -» 0
and secondly we will establish the inequality

( 1 . 1 7 ) | « J - » ^ 2 J Q i " ' . , _ - / , , t s a / 2

The proof of (1.15) will then follow immediately for

£4 li const £ |?»|x ^ const £ ft)""'" < «■>,

since X > a — 1.
Jtemarft. From (1.17) and (1.11) we may deduce that g_» , (g > 0) and

g* (g < 0) each have exact order 1/k. Namely, we observe that |g,| and a ,
both satisfy similar equations, i.e.

I?i| - |g| ~ S \q\' + 0(|g|°+« + Ijj-*-), g < o,
and

Q-x = g - ?Y + 0(go+« + <r*°), ? > o.
Hence we can estimate both qk and g.t from above and below by const/*.

Proof of (1.16). Since gt approaches zero we see from (1.12) that
J

-q.= _Z(Ts:+z,),
where

«. = z.(q. , %, , I)
- Kq. , $. + tf(g,), I + tf(g.)) + rfej + |{ + HqJl*]"2 -Ts',,

and

^ — 0 for

(From this we may infer that £;_, <<«..) From (1.14) we may write
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and consequently

aaX + l>a + /3. Thus for fc sufficiently large we have

Hence

l_l _:#_:<
- < r - J b

|6| £ £ \qk\ - crlftl,

which proves (1.16).

Proo/ o/ (1.17). By (1.16) we may restrict ourselves to the region |£| ^ a\q\.
Thus, we may write (1.12) in the form
(1.18) 3l = q + o\q\' + 0(x(q)\q\'); x(q) = |g|' + |g|2".
Setting

u - (-g)-1,
we see from (1.18) that

«, = (-qTl[l - K-qr1 + o(x(g)g-,)r1,
= tt[l - S(a - l)w + 0(u)]f

which implies that
1 1 5 (g - 1 )
«, " u ^ 2

for u sufficiently small. Iterating this inequahty k times we see that

1 ^ I ... * g(g ~ D „ 2 + fc g(a - D«
u t — t t 2 2 u

Hence

u | . - i < ; 2 j g l ^|g*> - 2 + fc S(a - 1) (gr1 '

as we wanted to show. Thus, the invariant curves of M entering and leaving
the origin are unique.

Remark 1. From the uniqueness of the invariant curves of M entering and
leaving the origin, it now follows that these 2 curves are the unique solutions of
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(1.1) entering and leaving the origin. Namely, we make the following observa
tions:

(1) There exists an open ball S. containing the origin such that if all the
forward iterates (qk, yk) of a point (g, y) Ue in S% , and (gt, yk) -+ (0, 0), then
y = tf (?)•

(2) There exists a smaller ball Sl C & such that for time r ^ T the orbit
(under (1.1)) of any point starting in Si remains in 5,.

(3) About each point P of St there exists a ball of radius S(P) such that for
tune r g T the orbit beginning at P remains in this ball. Furthermore, S(P) -> 0
as P -> the origin. Now, let r denote the curve y - tf(g), const ^ q S 0. Choose
J-, in r n 5, , and let L be the orbit through P0 . It is clear from (2) and (3)
that L remains in S2 for all T ^ 0, and approaches the origin as r -» » Hence
L is an invariant curve of the mapping M, and from (1), L must coincide with
r. In exactly the same manner, we show that the invariant curve of M leavine
the origin is also an orbit of (1.1).

Remark 2. It is now possible to prove our earlier conjecture that the
cusped like region C+ flows into the singular solution as r -> + _ Namely let
T» be an mcreasing sequence of times with Tk -+ _ and \Tt - Tk..\ bounded
from above and below. The mapping Mk which takes solutions starting at time
t = r, with initial values (g, y) into their values (g. , yt) at time r = 74+1 can
b e w r i t t e n i n t h e f o r m '

Qi = q + (Tk+l - Tk)r" + /*,
M * ' V . = e - ' - y + g * ,

« - / h(q(r), y(r), y(T)) dr,

where /* and g* satisfy the same estimates as / and 0 in (1.2) Let M" = M o
-f»-i o . -OM,, and let y = tft(g) be the image under M" of an initial curVe
y - tfo(g). In exactly the same manner as before we can show that <bk(q) con
verges uniformly for O^g const, to a unique curve y - *(g). Since y - tf (g)
"' S0luta?n of the deferential equation (1.1), it is an invariant curve for all the
Mt, and hence all the M". Consequently, by uniqueness, *(g) _, <t,(q).

Remark 3. To prove the existence and uniqueness of the solutions entering
and leaving the origin, we need only require that (i)-(iii) be satisfied; i.e. the
smg^ar solutions need not be differentiable at the origin. However, we need
differentiability of the singular solution in order to complete the proof of our
theorem. To interpret the conditions (i)-(vi) assume that the function h(q, y v)
in (1.1) is identically constant. In this case the constant c in (*) may be taken
as large as desired and the inequahties (i)-(vi) reduce to the single inequahty
N > a + 1. (The conditions (i)-(iii) reduce to N > a.) This is rather surprising
since one would intuitively expect that the theorem is true for N > a The
-requirement that N be greater than a is certainly necessary: As a counterexample
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eonsider the system of equations

fT = qr+s\ s* = yl + yl,

_^ ~ y. + 2qVl ,

~fa = -Vi + 2QV' -
For this system (with a = 2, N = 2),

ds Vl dr + V2 dr
d r [ y \ +

Hence for
f t 1 "

= 2gs.

we have the equations

£ = ff + s>

d r * '

2= *?

with the solution
f c — & > „ = ^ o* 1 - & r ' * 1 - 7 7 0 r

Therefore any orbit with ?0 _S 0, 770 __ 0 must run into the origin. The locus of
points $ _i 0,77 g 0 is the closed solid right circular cone C illustrated in Figure
3. .Any orbit starting inside or on C must run into the origin as r —> + <». This
phenomena is known as funneling. Similarly, all orbits with £0 i_ 0, tj0 __ 0 run
backwards into the origin.

d. The structure of solutions in the neighborhood of r = 0. In this section we
complete the proof of our theorem by describing completely all solutions in
Hie neighborhood of r = 0. This will be accomplished by constructing a local
feomeomorphism & which maps the trajectories of (1.1) onto the trajectories of
(1.1)' with a change of parametrization. To this end we set £ = y — 0(g), r2 =
_f + |£|2 and write the equation (1.1) in the form

^ = r ' + / * (g , f ,S , | / * | ^ r ^ ;e>0 ,

(1.20) fT - -ihi + g*(q} £, 1), |g*| g> A |£|rx; X > a - 1,

A = &(_, '* + *,! + *),
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• - y .

Figure 3

and denote by (1.20)' the system (1.20) with f* - g* _. 0. The main tool in our
proof will be the following lemma:

mUmma. There exists y > 0, S > 0 such that the orbit (g(r), t(r)) of (1 20)
mth initial values (g0, 6), |g0| < ,;fe, < y satisfies h %K » T Kl'M)
(1-21) 1161 ^ |{(r)| ^ 2|6|,
provided \q(r)\ g 5.

Proo/ of Lemma. There exists r, > 0 and 5 > 0 such that dq/dr ^ r'/2 for
131 § o, Hj ̂  -y, . Take 7 - Y./2. Now, the solution £(r) of (1.20) is given by

Hence
tt» = exp (-,• JT ftjg, + exp (-* jf A) £ exp (* £ ft),* rf/.

max |f| £ |6| + .1 max ||(0| f/d*',



max
OS«_r
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lax |{| ^IfcT— A max |*(0| [ rxdtf.

To estimate /J rx eft' observe that

for \q(r)\ ^ 5, |£| ^ 7!. For X 2: a the integral on the right is trivially estimated
by 25. For a— 1< \ < o we have

f' ->- ^<9r 1 , 25x+1"tt/ r ag S 2 / —- ag = -——J-, * - Jo ga"x * X + 1 - a

Thus it is clear that we can choose 5 > 0 so small so that

fltol -- |*(r)| __ 2|&|,
provided |g(r)| ^ 5. (If |£0| < 7l/2 then |£(T) | wiU remain less than 7l for |g[ g 5.)
This completes the proof of the Lemma.

To construct the homeomorphism ^, let Nt be the interior of the cylinder
|g| __ 5, |£| =- 7. Let C2 be the surface generated for [g| g 8 by the flow under
(1.20) of the circle |£| = y in the g = 0 plane. Define iV2 to be the open region
bounded by C2 and the planes q = _L$. It is clear from the construction of N2 ,
^together with the existence and uniqueness of the singular solution £ = 0 that
any orbit in N2 with £0 s* 0 must leave N2 at q = 5 for some n > 0 and at
g = —5 for some r2 < 0. (see Figure 4). We now define a transformation >£
taking the trajectories of (1.20)' in Nt onto the trajectories of (1.20) in N2 by
identifying points with the same g-value; i.e. the point (g, £) in Nt, £ ?* 0, which
lies on the trajectory of (1.20) with initial value (0, £0) is mapped by & onto the
point (g, #;), where \f/_ is the £ value of the trajectory of (1.20) with initial value
(0, |o) when it reaches g. On the g-axis, ̂  is defined to be the identity. It is clear
that the transformation ̂  so defined maps Nx onto 2V2 in a 1 — 1 manner, and
that _> and ^"l are continuous for £ j** 0. To prove that ^ is indeed a homeo
morphism, we must verify continuity at £ = 0; i.e. we must show that

£ -» 0 «=> ̂ £ -> 0.
But this follows immediately from inequahty (1.21). The proof of our theorem
is now complete.

Remark. Note that our theorem is true for N > a if the function g in (1.1)
<san be estimated by

i.6. if y sa 0 remains a solution of the perturbed equation. An open question
is whether the theorem is true for |g| ^ ArN, a < N £ a + 1.
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Figttbe 4. The region N2

J2. Application to the dipole field.
* /a. The earth's magnetic field is assumed here to be equivalent to the field

produced by a magnetic dipole situated at the center of the earth. Such a field
can be described in cylindrical coordinates p, z, <f> by the equations

B = curl A,

A = ^* ( r2=p* + z* ) ,

where M is the moment of the magnetic dipole, which points in the negative
z direction, and $ is a unit vector in the <f> direction (see Figure 5). The magnetic
lines of force are given by

r = a cos2 9,

<l> = constant.
To write the differential equations of motion for the Stormer problem it is most
convenient to employ a canonical formulation described by the Hamiltonian

I M M ^ W M i ^ ^ ^ ^ M g ^ S J ^ S A



STRUCTURAL STABILITY

i-hk+t+b-ltf]-
485

where

Vp — mPt

p, = mz,

p* = mp2j> + gpA,
and m and ff denote the mass and charge of the particle. Since H is independent
of time, the energy

E - \mv2 =-_?,

is a constant of the motion. A second integral is obtained by noting that H is
independent of the angle 4>. Hence, the canonical angular momentum

p* - ffMr,
where r is defined by this equation is a constant of the motion, and

Z

Figube5
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We now restrict ourselves to the case r > 0, and introduce the dimensionless
variables

z' = Tz,

p' = Tp,

m
It is easily seen that the equations of motion for these dimensionless variabfes
are derived from the new Hamiltonian

where we have omitted the primes for convenience. The potential

vanishes along the curve r = cos2 0 and is positive elsewhere. Since the Hamilton
ian is a constant of the motion, the particle is restricted to Ue in the region 0 g
V ig H. This region assumes three different forms depending on whether H is
less than, equal to, or greater than 1/32. These regions are illustrated in Figure 6

In the following we shall establish the existence and uniqueness, for each value
of H > 0, of the Stormer orbit which enters the singularity from above the equa
tor (0 > 0), and describe completely all solutions in the vicinity of the dipole
Note that 9 -> */2 for an orbit which enters the origin. The situation is com
pletely analogous for those orbits below the equator, i.e. 6 < 0

6. In polar coordinates r, d, p,, p, , the Hamiltonian (2.1) assumes the form

a i r ^ ( * + $ + ^ ( ^ f ^ ) 2 .
We now introduce new orthogonal coordinates -4 d /£ QMi> +. 6

a - a(r, e) - r ~ cos' 6
r '

via the generating function

where

n _ _ d F C O S 2 e m p h
to r2 y* ^ (sin $)1/2 '

>mm
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V = H

Fiqukb 6a. Allowed region V(p, z) < &.

P' = dd
dF 2 sin 6 cos 6

Pa -
1 r cos 0

\3/2 Pbr • - 2 ( s i n 0 ) 3
(a and 6 are not to be confused with the "dipolar" coordinates a and 6 of Dragt

/ _
)

In terms of the new canonical variables the Hamiltonian H assumes the form

( 2 . 2 ) H . [ ^ _ . m _ ^ ] p J
4. r 1 4- i KI - o) "I el . "'+ L[l ~ r(l - a)]1'2 + 4[l-r(l- a)]3'2} 2 ^ 2(1 - a)/ '

where r is assumed to be expressed in terms of a and b.
c. In order to apply our theorem to the dipole field, we change the singular

point into an equilibrium point. This is accomplished by the change of time scale
f d t
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Our trajectories are now the zero energy solutions of the Hamiltonian

(2.3) X = r^-|) = [4(l-a)-3r(l-anf+ -^-^

+ 2 Ua-ra-a))"3 + 4(l-r(l-a))3^\pl ~ E) >
where E/2 is the constant value (energy) of (2.2). To solve for r = r(a 2.)
o b s e r v e t h a t v ' * '

(sin 6)1'2 [1 - r(l - a)]"4'
Setting y = 6(1 - a). ^ = r(j _ a) we see that

V - (1 - x)1"'
Since dy/dz - 1 atx = 0, we may solve for x as an analytic function of v
neighborhood of y - 0. Thus, we have

r = b ^ . r J a J )1 — a '

in a

/>

Figure 6b. Allowed region V(j>, z) < ^.
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Figure 6c. Allowed region V(p, z) > &.

where n is a power series in 6(1 - a) beginning with second order terms. Hence,
we may write

where

with

K 2 + h 2— + Kl(-a> b> ?••?•» JS).

#» = Z. C/*«(P» , E)a'bkpl ,
i . k . l

J + f + I _ *.
For our later convenience we will make the transformation

a -* 2U2a

so that

.-E_
2l~

a3 + 4pl^2(a2+pl).
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d. To lowest order our trajectories are now the zero energy solutions of the
H a m i l t o n i a n .

Ko - a2 + p2a + _b3(p2b - E).
These solutions are quite simple to describe since all orbits lie

a2 + pl - c2.
Moreover, in the b, ph plane, these orbits are the curves (seK Figure 7),

b3(pl — E) = —2c2. ao i^f M
Notice that in this approximation there is a unique orbit (ph = —(E1/2), a —
pa = 0) entering the origin, and a unique orbit (ph = (i?1/2), a = pa = 0) leaving
the origin. To describe the motion more fully, set

It is easily verified then that
q = b " 2 p b , y - a + i p . . $ - ? % * ? . + * * & *

fT = __^{Q2 + 2W'\
& - - * ,

IF bs

dr 2iy,

which is essentially the system (1.20)' with the exponent a - 7/3.
e. Our goal now is to show that the perturbation Kt does not destroy this

"structure." To this end we first show that on the energy surface K - 0 we
may solve for 6 as a function of the variables g, a, pa

Proof. The equation K = 0 yields
. [g* + 2(a2 + v\) + 2K.(a. b. p. . v..V'30 i F 5(2.4)

^ b

Figxtrb 7. The integral curves b^pf — E) = —2c1.
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We now replace ph in (2.4) by
ff

Pb - £3/2'

Since the only terms of Kx involving p\ are of the form
c i k l ( E ) a Wa P l ; * * * ,

we see that Kt is an analytic function of a, 6, p«, ff. (Later we will solve (2.4)
with a Kx depending on ph , n i^ 2. However, this Hamiltonian will have the
property that after replacing pb by ff/63/2, it is an analytic function of a, b, p., ff,
with order 8/3.) To solve for b we write (2.4) in the form

( 2 . 4 ) ' b , = T b , ^ ^ f f f * * * »
a n d p r o c e e d b y i t e r a t i o n , i . e . s e t ^ ^ ^

In the region

( 2 . 5 ) 6 . : S _ l - 3 [ q * + 2 ( a 2 + p l ) r 3 ,

we may estimate Ki(a, 6, pa, ff) by

\Kx\ _ A[q2 + 2(a2 + p2a)]i/3.
Hence for 6„ satisfying (2.5)
- ^ «<,.. \<? + 2(a2 + P^11/3[l +U(q2 + 2(a2 + pl))1'3]1'30 - S 0 » + i § J r i T a

^ 2|V + 2(a2 + pD]1/8= _ j p l / 3 j

for [ff2 + 2(a2 + p2)]1/3 -S 7/A. It is now a simple matter to show that

\Tbn+l - Tbn\ ^ A(q2 + a2 + pl)U3\bn+_ - 6J,
if 60 satisfies (2.5). Thus, T is a contraction for r2 = g2 + a2 + pl small enough,
and the iterates converge to a non-negative function 6 = b(a, pa , ff) with

fc ~ [ff2 + 2(a2 + p2)]l/3. ~ r % ^

Also, one easily verifies now that

d& ~ -T73 , d2& ~ -473 , r2 = q2 + a2 +pl .r r
In terms of the variables ff, y = a + ipa, the differential equations of motion

assume the form

% = _lm(q2 + 2\y\2)7/' + 1(q,y,y),

l ^ ^ ^ F ^ - f . W j ^ « « ^
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dy
fa - ~2iy + g(q, y, y),

where

|3*/l ^ Ar3-", k - 0, 1, 2.
Unfortunately, the function g is proportional to r5/s, and we cannot use our
theorem since already N - 5/3 is less than a - 7/3. To rectify this situation,
we will now devise an averaging method for the Hamiltonian (2.3) so that K
will be a function of a2 + pl alone through any desired order in r.

/. Averaging method. To each term

cikl{Pi, E)aibkp'a ,
in the power series expansion of K, we assign the weight

■ . 2k , .

In this manner, the Hamiltonian (2.3) may be written in the form

K - Km + K{s/3) + KW3> + • . .
where

*"' = a2 + pl + $b3(pl - E),
and KM includes all terms of K of order s. We seek new canonical variables

fc,Jh , &, * (where fc and ,1 will have weight 1, and fc will have weight 2/3)so that the transformed Hamiltonian r(fc , fc , Vl, ,2) will be a function of |? +
% alone, through a given order. To this end we construct our transformation with
the aid of a generating function

W(a, b, Vl , Vl) - aVl + bna+j: Ww(^a'bWx , j + # + I *> 1

- win + wW3> + w("3i + ...,
with the canonical relations

d W , d W W 3 )P' = la-=r»+-j^-+-'->
d W , d W W 3 )

, . d W , d W i 8 / 3 i
( 2 . 6 ) * » » ^ 1

fc = — = 6 + dW<*m +
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Taking a, b, i;., and ija as independent variables, we may write

/ 2 7 V K - f n h d W d W \ v ( d W d W \( 2 . 7 ) K ^ ^ m — ^ ^ r ^ ^ ^ ^ ^ j .

Proceeding by induction, we assume that the W{*\ <r < 8 have already been
determined so that r(<r>, o- < s, has the desired "normal form." Equating terms
of order a in (2.7) we obtain the equation

( 2 . 8 ) D W M - T M + P { 9 ) ( a , 6 , m , * ) ,
for Wu\ where

and PM is a polynomial of weight s which is known to us in terms of K and
W('\ <r < 8, which have already been determined. (What's important for the
success of this averaging method is that 63(pJ — E) gives rise, in the variables
a> b, Hi > V2 , to terms of order s involving only W{*\ with <r __\ s — 4/3.) To
discuss the equation (2.8) we express all polynomials in terms of

f = a + irji, f = a — zih ,
and note that

DCff') - 2id - i)f'f'•
We decompose any polynomial P into two parts

P = P-V + Pr ,
where P* contains all terms of P which are admitted in the normal form of T,
(i.e. PN only contains terms of the form c(6, rj2)f*f', k = I), while P* contains
the remaining terms. This decomposition is clearly unique and we have DP^ = 0.
Observe that DW, for any polynomial W, belongs to the second part of the
decomposition. Therefore, the equation (2.8) reduces to

DW(8) = Pi°,
r(a) = -Pjp.

The first equation is solvable for WU) since PR9) is in the range of D. The second
equation says that TU) is in normal form. For T to be in normal form through
order s, we simply truncate W after W{°\ Notice that this averaging method
yields the asymptotic expansion of the orbit entering the origin. Namely, by
setting & = rji = 0 in (2.6) and using the energy relation K = 0, we can calculate
the asymptotic expansion of the singular orbit to any desired order. In addition,
by truncating the normalized Hamiltonian V at order 5, we see that all trajec
tories lie on the invariant cylinders

£i + li = constant,
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to order s. Thus, this averaging method provides a formal description of all
orbits to any desired order.

We are now ready to apply our theorem to the dipole field. Firstly, we average
out the Hamiltonian K through order 17/3, i.e. we find new canonical variables
fi 112 > Vi 9 Vn such that the new Hamiltonian

r - (g + 1/2) + § « - E) + r<*"> + ...,
is a function of £ J + iyf , £ 2 , rj2 through order 17/3. We then solve for £2 as a
function of & , rjx , and q = ^'V , as previously described. (Since Kx only de
pends on pl through the combination bnpl , n ^ 4, one easily verifies that 6 ^
0 <=> £2 __ 0, and that T is analytic in the variables |x , rjx , £2 , g after the sub
stitution 173 - ff/g/2.) With

\2£,/8

= 2^V
) 3 / l 0f- ^2

3_V/I0.c j. - ^2El/*J % '
our differential equations of motion become

fr - (q2 + MV' + Kq, y, y),( 2 . 9 ) a r
dv
-^ = -iyh(q, \y\2) + g(q9 y, y), (Areal)

where the functions /, g, h satisfy the inequalities (*) of (1.1) with € = 2/3,
c = 2/3, N > 14/3. Since

r(8/3) — 32?g2 £2^2 3£2 /^2 , 2\1 - " 4 4 4 " ( G + fi ) .

we find

where

ff = r7/3 + terms of order ^ 3,
y = — thy + terms of order > 14/3,

A- (2- «*,+ ■••),
and £2 = _4(£ + ^J + ig2)1/3 + ... is of order 2/3. Thus, we cannot take c
greater than 2/3. One easily verifies that for a = 7/3, c = 2/3, the relations
(i)-(vi) of the previous section can be satisfied if N > 14/3. Hence our theorem
applies to equation (2.9) and we have a complete description of all solutions
in the neighborhood of the dipole.

g. Uniqueness of asymptotic orbit. What we have proven concerning the
uniqueness of the Stormer orbit entering the dipole may be stated precisely as
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follows: For each value of energy and angular momentum there exists a 8 > 0
and a differentiable curve C such that any orbit starting in the region

R:jii + b2 + p2a < 52,
and not on C must leave R. Since

— r2Pr cos 6 + 2rp9 sin 0Pa " cos3 d + 2sin0sin20'

we see that a, 6, and p« will be sufficiently small if we are close enough to the
dipole, i.e. if r is close to 0, and 6 is close to tt/2. A priori, it is entirely possible
that a trajectory can enter and leave R in such a manner that for a sequence of
times tk —▶ ®, r(tk) —» 0. However, one can easily show that such a trajectory
(if it exists) must cross the equator infinitely often. Namely, we first observe
(Stormer [4], pp. 240-241) that the quantity z/rz cannot achieve a minimum
(majrimum) for z > 0 (z < 0). Any such orbit must enter and leave the region

T

for some fixed 8Q > 0 infinitely often. Consequently, along this trajectory, the
function z/r* achieves infinitely many maxima and minima, which can only
be possible if the particle crosses the equatorial plane infinitely often. We sum
marize this result as follows:

Theorem. LetH = E and the angular momentum P+ = y > 0 be given. If an
<frbit enters into the domain

D+ = [(p,z)\V(p,z) £E,z>0},
then it leaves this domain D+ in a finite time, or otherwise agrees with the unique
asymptotic orbit approaching the dipole from above.

h. Generalizations. Consider now Hamiltonian systems of two degrees of
freedom which can be written in the form

( 2 . 1 0 ) H - - ^ ± J S + p l + H x ,0

where <r > 2/3, and b'Hi in an analytic function of a, b, pa , Pb which is small
compared to a2 + pl + V. We regularize (2.10) by the change of time scale

f dt
J h ' ;b9

our solutions are then the zero energy solutions of the Hamiltonian

(2.11) K = a2 + pl + b°(p2b -E)+Kl9 Kx = VHX .
Setting q = b*/2ph , y = a + ipa , and neglecting the perturbation term Kx in
(2.11) the differential equations of motion are
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- * - / >

Figtjbe 8. The region (shaded) «/r« > io.

dq
d
i - ffE(a* + ?° + A3"2'2'
T \ E I

d_ _ _
dr 2iy.

Here the exponent a of (1.1) is (3«r - 2) A. In order to apply our theorem to the
full Hamiltonian K, we assign to the variables a, p. , b the weights 1, 1, 2/<r
respectively, and by our averaging method find new variables fc , „,, fc , „,, so
that K only depends on g + „» through a sufficiently high order. (It will cer
tainly suffice to average out through order 3a - 9 - 6/<r.) H we now solve
for

«• = *.(€x ,m,q- &'%),
on the energy surface K - 0, then the differential equations of motion for the!
variable g, y - fc -J- i„ will satisfy the hypotheses of our theorem.
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